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ADVERTISEMENT 

TO THE 

READERS. 

THE Excellence of Profcffor Saunderson's 
ElemaUs of Algebra is univerfally acknowledged: 
But as that Work contains many curious and ele- 
gant Pisces^ which are racher. of Advantage and 
Artiufement to Frofideots in the general Science of 
the Mathemadcs^.than of neceflary Ufe to Scudpts in 
Algebra : Some of the principal Tutors in the Uni* 
verfity oiCatnbridge were defii'ous of having fuch Partt 
fele&ed from the whole as would give their Pupils.a 
clear and cpmprehenfive Knowledge of Algebra, withf- 
out puttipg uiem promifcuoufly to the Expence qf 
purcnaGngtwo Volumes, Quarto, in which the original 
Work was pubiifhed. The Public is indebted to a 
Gentleman'in that Univerfity, of diftiriguiflied Judg- 
ment and Skill in the Mathematics, for feleding tKe 
ieveral Parts which make up the ioHo wing Work : 
Nw have we been wai^ting in our Endeavours to hav^ 
|t printed as correAly as poifible. 
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BEFORE I enter upon my province^ it 
may not be aniifs.to acquaint my young 
difciple what preparations he is to make, 
and what qualifications I expedl of him 
beforehand, that we may neither pf us find ourfclycs 
difappornted afterwards. I expe6t fhcri thaf, he 
knows how to add, to fubtradl, to multiply, to di- 
vide, tof find a fourth proportional, and to extraft'. 
rooty, efpeci ally the fquare root,: nay I expedt fur- 
ther, that he ihi(ll n6t pnly be able to. perform all 
thefe operations exadUy* and readily,, but alfo that he 
fliall bealDle to apply them upon all/common occa- 
fions ; in a Word, I expedt that he^ be tolerably well 
fkilled in common Arithmetick, at leafi fo far as 
relates to whole numbers : for this reafon it is that I 
have prefixed a few arithmetical queftions, wherein 
he may firft try his ftrength and Ikill before he ven- 
tures any further j they are for the moft part very 
eafy, I cannot fay indeed they are the beft chofen, 
but they were fuch as lay in my way when I firft 
begun this work and was haftenjng to matters of 
greater moment, and I do not fee but they may, if 
ftudied with care and attention, anfwer well enough 
the end they were intended for : If he finds no diffi- 
culty in thefe, he will have little reafon to doubt of 
his fuccefs afterwards ; but if he does, he ought then 
at laft to become fenfible of his own defefts and to 
endeavour to fupply whatever is wanting, and to cor- 
real whatever is amifs before he enters himfelf under 
my condudl •, in the mean time he has my leave to 
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hope that T fhall be lefs upon the referve with him 
when he falls more immediately, under my care. 

N. B. The praxis of the rule of proportion, and 
of the rule for extrading the fquare root, not being 
(properly fpeaking) of the njjture of Citnplt poJiulafOy 
but father dedudble from the four firft ; I (hall not 
fail to demonftrate thefe rules fo foon as I fhall find 
proper opportunities for that purpofe. 

^ejlions.for exercife in Multiplication. 

•Multiplication is taking any one number called the 
tnpltiplicand as often as is expreffed by any other 
numbljf called multiplicator, and the number 

produced by this' operation is called the produdt: 
^h^Ce it follows,, that the produft contains the mul- 
tjjplicarid as often as there are units in the multiplica- 
tbt, and that^ if a number Qf ^ -greater denomination 
is to be reduced. ta an ec^ivalfent number of a lefs, 
if muift be done By ni)u]tipjif ation. As for example ; 
In a pound fterling there are 20 fhijtings ; therefore 
in every fum of money copfifting of even pounds, 
there are twenty times as many fhillings as there are 
pounds ; therefore if any number of pounds be mul- 
tipHed by 20, thfc produft will be an equivalent 
number of (hillings ; and the fame muft be obferved 
in all other cafes. 

Q^U E S T. I. 

It is required to reduce 456 pounds^ 13 jhilUngs and 
4 pence into JJoillings^ pence and farthings. 

Anfwer. Shillings 9^1^ 

Pence 109600 

Farthings 438400. 



Quest. 
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Q^U EST, 2. 

A certain ijland contains ^6 counties y every county 37 
parijhesj every parijb 38 families^ and every family 
39 Perfons : I demand the number, of parifheSj fa* 
milies and perfons in the whole ifland. 

Anfwer. Parifhes 1332 

Families 50616 
Perfons 1974024. 

Qjs E s T. 3. 

In 1730 TearSy 42 weeks and 3 days^ bow many 
minutes ? 

N. B. A year confifls oiF 365 days 6 hours, and an 
^ "hour of 60 minutes. 
Hours in one year 8766 

In 1730 years 15165180 

In 42 woks 3 days 7128 

In the whole 151 72308 

Minutes in the whole 9 1 03 3 8480. 

Qj3 E S T. 4. 

^bere is a certain field 102004 feet long^ and 102003 
feet broad: I demand the number of fquare feet there- 
in contained. 

Anfwer. 104047 140 12, 

Q^U EST. 5. 

^hm is a td^taih floor 24 feet^ 4 inches broad^ and 
96 feet^ 6 inches long : I demand how many fquare 
inches are therein contained. 

Anfwer. 338136 fquare inches. 

A 2 Qj3 z ^ t; 
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Q^U E S T. 6. 

A certain piece of wood i foot^ 2 inches thickj 3 feet^ 
4 Inches broad^ and 5 feet^ 6 inches long, is to be 
cut into fmall cubes like dies^ each of which is to be 
a quarter of an inch every way : 1 demand into how 
many dies the whole may be refolved. 



Anfwer. The whole may be refolved into 2365440 


dies. 




Q^U EST. 


7- 


/ demand the number of changes that may be rung 


on 12 bells. 




Changes upon 2 bells 


2 


on 3 bells 


6 


on 4 bells 


24 


on 5 bells 


lao 


on 6 bells 


720 


on 7 bells 


5040 


on 8 bells* 


40320 


on 9 bells 


362880 


on 10 bells 


3628800 


on 1 1 bells 


39916800 


on 12 bells 


479001600 


Q^U EST. 


8. 



IIovj many different ways can four common dies come 
up at one throw ? 

Anfwer. 1296 ways. 

Q^U EST. 9. 

Sttppofe one undertakes to throw an ace at one throw 
' with four common dies ; what probability is there of 
bis effecting it ? 

Anfwer. By the laft queftion four dies can come 
up 1296 different ways with and without the ace ; 

and 
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and by a like computation, they can come up 625 
ways without the ace ; therefore there are (>-] i ways 
wherein one or more of them may turn up an ace ; 
therefore the undertaker has the better of the lay in 
the proportion of 67 1 to 625 . 

Quest. 10. 

^bere areJwo inclofures of the fame circumference^ that 
iSy both inclofed with the fame number of pales ; but 
one is a fquare whofe Jide is 125 feet^ and the other 
an oblong or long fquare. 124. feet in breadth^ and 
126 in length : qusere which is the greater clofe^ 
that isy whichj casteris paribus, will bear mofl 
grafs. 

Anfwer. The fquare : for that contains 15625 
fquare feet; whereas the other contains but 15624. 

^ejiions for exercife in Divijion. 

The defigii of divifion is to fhew how often one 
number called the divifor is contained in another call- 
ed the dividend, and the number that (hews this is 
called the quotient -, whence, and from the definition 
of multiplication already given, I obferve i^. That 
the divifor multiplied by the quotient, and confe- 
quently the quotient multiplied by the divifor, will 
always be equal to the dividend, provided there be 
no remainder after the divifion is over ; but if there 
be, then this remainder added to, or taken into the 
produd will give the dividend, which is the bell 
proof of divifion. 2/i/y, That as the divifor is fuch 
a part of the dividend as is expreffed by the quo- 
tient > fo alfo is the quotient fuch a part as is expreiP- 
cd by the divifor. Thus 12 divided by 3 quotes 4 ; 
therefore 3 is a fourth part, and 4 a third part of 12. 
^dly^ Hence may a number be found that Ihall be divi* 
fible by any two given numbers whatever without re- 
mainders, to wit, by multiplying the two given num- 

A 3 \^\% 
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bers together. Thus if I would have a number that 
can be divided by both 6 and 9 without any re- 
mairiders, I multiply 9 by 6, and the produft 54 
will anfwer both conditions j though 1 8 be the leaft 
number of that kind. A^hlyy Multiplication and di- 
vifion by the fame number are the reverfe of each 
other, and fo muft neceflarily have contrary effefts : 
for whereas multiplication increafes a number by 
taking it as often as is expreffed by the multiplica- 
tor, divifion (on the contrary) leflens it, by taking 
only fuch a part of it as is exprefled by the divifor. 
^tbly^ Hence if a number of a leffer denomination 
be to be changed into an equivalent number of a 
greater, as farthings into pence, pence into fhillings 
£s?f. it muft be done by divifion, as the reverfe is 
done by multiplication. 6thly^ Whenever it is pro- 
pofed to know how often one quantity of any kind 
is contained in another of the fame kind, the num- 
bers reprefenting thefc quantities muft be reduced to 
the fame denomination before any divifion can take ^ 
place. Thus if I would know how many thirteen- 
pencehalfpennies there are in 20 Ihillings, I muft 
not only reduce the thirteenpencehalfpenny to 27 
halfpence, but alfo the 20 ftiillings into 480 half- 
pence ; and then muft enquire by divifion how often 
27 halfpence are contained in 480 halfpence, that 
is, how often 27 is contained in 480 ; the quotient is 
17, and the remainder 21, that is 21 halfpence; 
for in all divifion, the remainder muft be of the 
fame denomination with the dividend whereof it is 
apart; therefore in 20 fhillings there are 17 thir- 
teenpencehalfpennies, and 10 pence halfpenny over, 

Q^U EST. II. 

// is required to reduce 987654321 farthings into 
pounds^ Jhillings and pence. 

Anfwer. 987654321 farthings are equivalent to 
246913580 pence and i farthing; or to 20576131 
Ihillings, id. Ij; or to 1028806 jH^unds, iis. id. iq. 

Q U E S Tf 
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Q^U EST. 12. 

One lends me 1296 guineas when they were valued at 
iL IS. and Jixpence apiece : how ntany mtift 1 pay 
him when ibey are valued at iL is, apiece f 

Anfwer. 1326 guineas, i8lhillings. 

Q^U E S T.. 13. 

A certain floor 23 feet 4 inches broads g6 feet 6 in- 
ches longj is to be laid at the rate' of 12 pence the 
fquare foot : I demand what the whole charge will 
amount to. 

Anfwer. The floor contains 338136 fquare in- 
ches, or 2348 fquare feet and 24 fquare inches 5 
therefore the whole charge amounts to 1 1 7 pounds, 
8 fliil lings and two pence. 

Quest. I4i 

There is a certain cooler 36 inches deep, ±2 inches wide^ 
and 72 inches long : I demand its Jolid content in 
Englijh gallons. 

Note. An ale gallon is 282 cubic inches. 

Anfwer. The veflTel contains 108864 cubic inches, 
that is, 386 gallons, and 12 cubic inches over. 

Q;^u E ST. 15. 

A cubic foot of water weighs 76 pounds ^ Troy or 
Roman' weight \ and air /^ 860 times lighter than 
water : I demand the weight of a cubic foot of air. 

Ns Bi A pound Ttoy contains. 12 ounces, one 
ounce 20 petmyw^ghts', and' one pennyweight 24 
grains. 

A 4 ilnfwcr* 



8 Q^UESTIONS is 

Anfwer. A cubic foot of air weighs Troy weight 
I oz. I pwl, 5 gr. 

QjJ E ST. i6. 

The mean time of a lunation^ that is^ from new moon 
to new moon^ is 29 days^ 12 bours^ 44 minutes 
and 3 feconds \ and a Julian year confifts of 365 
days^ 6 hours : I demand then bow many lunations 
are contained in 19 Julian years. 



Hours in a Lunation 


708 


Minutes 
Seconds 
Hours in 1 9 Julian years 


42524 

2551443 
166554 


. Minutes 
Seconds 


9993240 
599594400 



I^unations 2355 and i hour, 2%\ 25'' over. 
Q^u EST. 17. 

In what time may all the changes on 12 bells be rungy 
allowing 3 feconds ta every round? SeeQiieftion 
the yth. 

The number of changes on 12 bells 479001600 
The fime 1437004800 feconds, 

or 23950080 minutes, 

or 399168 hours, 

or 45 year?, 27 weeks, 6 days, 18 hours. 

QjJ EST. 18. 

A General of an army dijlributes 15 pounds^ 19 
Jhillings and 2 pence halfpenny^ among 4 captains^ 
5 lieutenants and 60 common foldiers^ in the manner 
following : Every captain is to have 3 times as much 
as a lieutenant^ and every lieutenant twice as much as 
4 common foldier: I demand their feveralfhares. 

The 
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The fliare of a common ioldier 3^. 44.^ 

of a lieutenant 6s, gd.l 

o\ a captain l/. 01. 4d.l 

^epkm for excrcife in the Rule ff Three. 

Andfrft in ike Rule of Three Dire3. 

The rule of proportion, or rule of three, or by 
ibme thi" golden rule, is that which tcachcth, hav* 
ing three numbers given to find a fourth propor- 
tional, that isj to find a fourth number that ihall 
have the lame proportion to fome one of the num- 
lers given, as is expreilcd by the other two^ and 
iCTctore whenever a queftion is propofed wherein 
bch a fourth proportional is required, that queftion is 
faid to belong to the rule of proportion. Now in 
queftions of this nature, efpecially where the num- 
bers given are not merely abftraft numbers* but are 
applied to pamcular quantities, three things are 
uliially required, to wit, preparation, difpofition, 
and operation- 

Firtt as to the prepararion, it muft be obferved that 
of the three numbers given in the queiUon> two will 
always be of 'the fanne kind, and muft be reduced to 
the fame denomination, if they be not fo already ; 
and if the remaining number be of a mixt denomi- 
nation, that alfo muft be reduced co fome fimple 
one- 

Secondly, in difpofing the numbers thus prepared^ 
thofe two that are of the fame denomination muft be 
made the firft and third numbers in the rule of pro- 
portion, and confequently the remaining number 
muft be the fecond. But here particular care muft 
be taken, that of the two numbers that are of the 
fame denomination, that be made the third in the 
rule of proportion, upon whicli the main ftrefs of the 
queftion lies, or to which the queftion more imme- 
piateiy relates^ or which contains the demand i and 
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the place of this number being once known, the 
other two muft take their places as above direded. 
This ordering of the numbers for the operation is 
comnrionly called, ftating of the queftion. 

L^ftly, having thus ftated the queftion, multiply 
the fecond and third numbers together ; divide the 
produft by the firft, and the quotient thence arifing 
will be the fourth number fought •, which fourth 
number, as ,well as the remainder, if there be any, 
muft always be underftpod to be of the fame dencH 
mination with the fecond. As for example, 

Q^u EST. 19. 

A piece of flate weighing 3 poundsy 4 ounces and 5 
pennyweights^ Troy weighty is valued at 5 Jhillings 
and 6 pence an ounce ; what is the value of the 
whole ? 

Here we have three quantities concerned in the 
queftion, viz. 3 pounds, 4 ounces and 5 pennyweights; 
one ounce ; and 5 fhillings and 6 pence ; whereof 
the two firft^ which are of the fame kind, muft be 
reduced to the fame denomination, and the laft to 
a.fimple one v thus : for one ounce I write 20 penny- 
weights ; for 3 pounds, 4 ounccaand 5 pennyweights, 
80.5 pennyweights ; and, for 5 fhillings and 6 pence, 
66 pence y and fo the numbers are fufficiently pre- 
pared. In the next place 1 enquire which of the two 
numbers 20 and 805, which ^re of. the fame deno- 
mination, is that upon which the main ftrefs of the 
queftion lies, and I find it toibe 805 ; for the main 
bufinefs of this queftioi> is to- enquire into the value 
of 805 pennyweights of plate •, the reft being no more 
than data in order to difgover this : So I make 805 
my third number, 20 which is a number of: the fame 
denomination my. firft, aoc}.66n!)y fecond, an4 ftate 
the qucftiop thus ; If 20 pennyweights of flatt be 
worth 66j^ence^ what wiliSog pennyweights of plaU 

be 
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be worth ? Now to anfwer this qucftion, I multiply 
805 by 66y and the produft is 53130 ; this I divicte 
by my firft number 20, and the quotient is 2656,^ 
and there remains 10, that is, ijp pence •, ...there- 
fore to render my quotient; more compleat, I 
bring the remaining 10 pence into 40 farthings, and 
fo divide again by 20,. and find the quotient to be 2» 
that is, 2 farthings, without any remainder ; fo the 
value fought is 2656 pence, 2 farthings; that is, 
1 1 pounds, I fhilling and 4 pence halfpenny. 

AJempnfiratitm of this Praju^. 

Cafe ijt. Now to demonftrate this manner of 
operation, I. ftiall refume the foregoing queftion, but 
at firft under a different fuppofition, as thus ; If one 
pennyweight of plate coji . 66 pence ^ what will 805 
pennyweights coji ? Hiere nobody doubts but that 
upon this fuppofition, 805 pennyweights will coft 
805 titoes 66 pence, or 66 times 805, that is, 53130 
pence ^ therefore in all ihftances of this kind, that 
is, where the firft number in the rule of proportion is 
unity, the fourth number muft be found by mul- 
tiplying the fecond and third numbers together, 

Cafe 2d. Let us now put the queftion as if was zx 
firft ftated, to wit. If 20 pennyweights of plate b£ 
worth 66 pence ^ what will 805 pennyweights be 
worth ? Now upon this fuppofition it is eafy to fee, 
that neither i pennyweight, nor confequently 805 
pennyweights will be worth above a 20th part of 
what they were in the former cafe ; and therefore wie 
muft not now. fay that 805 pennyweights are worth 
53130 pence, but a 20th part of that fum, viz. 
2656 pence 2 farthings : and as this way of reafoning 
will be the fame in all other inftances, it follows 
now, that In the rule of proportion^ let the numbers 
given bt what they will, the fourth number muft be had- 
bynmhiplying. the fecond and third numbers together ^ 
md dividing theproduff by the firft. Q^ E, D. 
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QjU EST. 20. 

Hotv far will one be able to travel in 7 days 8 hours j 
at the rate of i^ miles every 4 hours^ allowing 1 2 
hours to a travelling day ? 

Anfwer. 299 miles. 

Quest, 21. 

What will 1296 yards of walling amount to^ at the 
rate of 4 fhillings and 5 fence a rody a rod being 5 
yards and a half? 

4nfwer. 52 pounds, 8 pepce, 3 farthings- 

Quest. 22. 

/# the mint of England a pound ofgold^ that is^ 1 1 
ounces fine and i allay ^ is at this time coined into 
44 guineas and an half: I demand how much Jier ling 
a pound of pure gold is worthy obferving that the 
allay is valued at nothing. 

Anfwer. 50 pounds,' 19 fhillings and 5 pence 
i penny. 

Qu E s t. 23. 

What is the annual inter eft of ^^y pounds ^ 6 fhillings 
and 5 pence at the rate of 6 per cent ? 

Anfwer. 59 pounds, 4 fhillings and 9 pence 
i; penny. 

Q^u est. 24. 

^he circumference of the Earth according to the French 
menfuration is 123249600 French feet : I demand 
the fame in Englifh miles. 

N.B. 
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N.B. A thoufand French Feet are equivalent to 
1068 Englifh feet; 3 feet make a yard, and ij6o 
yards make a mile. 

Jn/wer. 1 3 1 630573 EngUfti feet, 
or 43876857 yards and 2 feet, 
or 24930 miles, gy yards and 2 feet. 

QjJ EST.. 25. 

Suppqfing all things as in the foregoing quejiion^ 1 de- 
mand bow hng a found will be in f^ing from pole t9 
pole J upon, a fupfojition that a found paffes over 
1 142 feet in a fecond of time. 

Anfwer. 16 hoyrs and 32 feconds. 

Qjf E ST. 26. 

Manfieur Huygcns found that at Paris, the length of a 
. pendulum that fwung fectmds^ was three feet y 8 lines 
and 4 : / demand ifs length in Englifh meafure. 

Noie. A line is n P^^ of an inch, and 1000 
French half lines are equivalent to lObS Englifh ^ 
lines, as in the 24th queftion. 

Anfwer. The length in Englifh meafure of a 
pendulum that fwings feconds, is 941 Englifh 7 
lines ; or 39 inches, 2 lines and 4^. 

Quest. 27. 

I demand in how long a time, a pipe that difcharges 15 
pints in 2 minutes ^ ^^ feconds y will fill a cifiern that 
is 36 inches deep, 42 inches wide^ and 72 inches 
long, (fee queftion the 14th.) 

Anfwer. In 31707 feconds 5 or 8 hours, 48^ 27^ 

"Eos 
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For as eight pints make a gallon, fo alfo eight 
ifdbic'hilf inchtt, that is, eight friiall cubes of half 
Jin^ihcJh evfei^Way tiUkc bnfe cubic inch ; therefore 
a pint contains 282 cubic half inches, and fifteen 
pints 4230; but the whole veflel contains 108864 
cubic inches by Qudft. 14*, which are equivalent to 
870012 cubic half inches; therefore this queftion 
ought to be ttatfcd thus ; 

j[/* 4230 cul^ic half inches he dif charged in ig^feconds 
, af time^ in what titm will 870912 cubic half ith' 
cbes be d^ijocirgsi? And the anfwer is. 



In 8 hours, 48^ ?»7^., as above. 

.- QjjE s t; 28. 

If a wall 6 feet thich^ ^feet bigb^ and 432 feet longj 
coft y 20 founds in building j what will be the price 
tf a wall 9f ibe Jkme' mdteriab^ that is i^ feet 
thick, it feet high and S76fiit long? 

In the former wall are contained 23328 cubic feet; 
in the latter 124416; therefore the anfwer to this 
queftion is 3840 pounds. 

Q^u EST. 29. 

A certain fteeple projeSed upon level grdUnd a fhuibw 
to the difiance of 57 yards, when a fdHr-fM ffi^ 
perpendicularly ereSled cafi afhadow of 5 feet 6 in- 
ches : what was the height of thejteeple ? 

Anfwer. 41 yards, i foot, 4 incJhes. 
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QjJ E S T. 30. 

^wo perfons A and B tnake a Joint Jiock ; A puts in 
g72 pounds^ and H /^i^6 pounds^ Jor the fame tiwe^ 
and they gain 114 pounds^ 2 Jbillings : I demand 
each marls Jhare of the gain. 

Both their flocks make 868 pounds: fay tftcn^ if 
868 pounds (lock, bring in 114 pounds, z (hillings 
gain, what will 372 pounds, ^*s part of the ftock 
bring in? Anfwer. 48 pounds, 18 Ihillings for A*% 
(hare of the gain ; and this fubtrafted from the whole 
gain, leaves 65 pounds, 4 (hillings, for JS's (hare 
of the gain. 

Note. If there be ever fo many partners, their 
fhares of the gain muft all be found by the rule 
of proportion^ except the lafl:, which may be had 
by fubtradion ; but it would be better to find them 
all by the rul<i of proportion, becaufe then, if all 
the (hares when added together, make up the whole 
gain, it will be an argument that the work is right- 
ly performed. 

Quest. 31. 

Two perfons A and B make a Joint Jiock % A puts in 
4^6 pounds for 2 months j and B 620 pounds for 3 
months ; aitd they gain 456 pounds. What will be 
each man* s Jhare of the gain ? 

In order to give an anfwer to this queftion, it 
muft be con(idcrcd, that it is the fame in the cafe 
of trade, as it is in that of money let out to interc(t, 
where time is as good as money, that is, whoever 
lets out 49 6 pounds for 2 months, is intitled to the 
fame (hare of the whole gain, as if he had let out 
twice as much, that is, 992 pounds, for one month : 
in like manner, he that lets out 620 pounds for 3 
months^ has a* right to the fame (hare of the gaivn^ 
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as if he had let eut three times as much, that is, 
i860 pounds, for i month: fubftitute therefore 
thefe luppofitions inftead of thofe in the queftion, 
•which may fafely be done without affcfting the con- 
clufion, and then this queftion will be reduced to 
the form of the laft, without any confideration of 
the particular quantity of time, thus ; Two mertbants 
A and B make a joint Jlock ; A puts in 992 pounds^ 
and B i860 pounds for the fame time ; and they gain 
456 pounds.' JVbat will be tkeir refpeStive fhares of 
the gain? 

Anfwcr, A's fliare will be 158 pounds, 12 (hil- 
lings and 2 pence i and jB's, 297 pounds, 7 (hillings 
and 10 pence. 

' " Q^u E s T. 32." 

If two men in three days will earn 4 fhilUngs^ bow 
much will 5 men earn in 6 days ? 

This and the following queftion belong to that 
which they call the double rule of three, wherein 5 
numbers are concerned : thefe numbers muft always 
be placed as they are in this example, that is, the 
two laft numbers muft always be of the fame deno- 
mination with the two firft refpedtively, and the 
number fought of the fame denomination with the 
middle one ; then may the queftion be reduced to 
the fingle rule of three two ways, either by ex- 
punging the firft and fourth . numbers, or , the fc- 
cond and fifth : if you would have the firft and 
fourth numbers expunged, you muft argue thus ; 
two men will earn as much in three days, as one 
man in two times 3, or 6 days ; alfo 5 men will earn 
as much in 6 days, as one. man in 30 days; fubfti- 
tute therefore this fuppofidon and this demand, in- 
ftead of thofe in the queftion, and it will ftand thus ^ 
If one man in 6 days will earn four fhillings, how 

much 
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much will one man earn in 30 days? Which is as 
much as to fay. If in 6 days a man will earn 4 ^/7- 
lings^ bow much will he earn in 30 days ? 

Anfwer. 20 fhillings. 

If you would have the fecond and fifth numbers 
expunged, you muft argue thus ; two men will earn 
as much in three days, as 3 times two or 6 men in 
one^day ; alfo 5 men will earn as much in 6 days, 
as 30 men in one day ; put then the queftion this 
way, and it will ftand thus 5 If 6 men in one day 
will earn 4 fhiilings, how much will 30 men earn 
in one day ? That is. If in any quantity of time 6 men 
will earn 4 fhiilings^ how much will 30 men earn in 
the fame time ? * 

Anfwer. 20 (hillings, as before. 

Whofoever attends to both thefe methods of ex- 
termination, will eafily fall into a third, which in* 
eludes both the other, and in praftice is much 
better than either of them ; for at the conclufion of 
both operations, the number fought was found by 
multiplying 30 by 4, and dividing the produft by 6 : 
Now if he looks back, and traces out thefe num- 
bers, he will find that the number 3p came from the 
multiplication of the two lafl numbers 5 and 6 to- 
gether, that 4 was the middle number in the que- 
ftion, and that the djvifor 6 was the produft of the 
two firft numbers 2 and 3 multiplied together; 
therefore In all queftions of this nature^ if the three 
lajl numbers be multiplied together y and the produSl be 
divided by the froduil of the two firft^ the quotient will 
give tjbe number fought ^ without any further trouble. 
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Q^U E S T. 33. 

If for the carriage of three hundred weight 40 mileSy 
I mufi pay 7 fhiUings and 6 pence^ what muji [pay 
for the carriage of 5 hundred weight 60 wiles ? 

Anfwer. 225 pence, or 18 Ihillings and 9 pencc« 

^ejiions in the rule of three Inverfe. 

Hitherto we have inftanced in the rule of three 
direft ; but there is alfo another rule of proportion, 
called the rule of three inverfe ; which as to the pre- 
paration, and difpofition of it's numbers, differs no* 
thing from the rule of three direft, but only in the 
operarion ; for whereas there, the fourth number 
was found, by multiplying the fecond and third 
numbers together, and dividing by the firft ; here 
it is found by multiplying the firft and fecond num- 
bers together, and dividing by the third. All that 
rertiains then, is. to be able to diftinguilh, when a 
queftion belongs to one rule, and when to the.othcr 5 
in order to which, obferve the following dircftions : 
If more requires fHorey or tefs requires lefSy work by the 
rule of three direSl\ hut if more requires lefs^ orlefs re^ 
quires tnore^ work by ibe rule of three inverfe. The 
meaning whereof is, that if, when the third number 
is greater than the firft, the fourth muft be pro- 
portionably greater than the fecond ; or if, when 
the third number is lefs than the firft, the fourth 
muft be proportionably lefs than the fecond, the que- 
ftion then belongs to the rule of three direft : But if, 
when the third number is greater than the firft, the 
fourth muft be lefs than the fecond ; or when the 
third number is lefs than the firft, the fourth muft be 
greater than the fecond ; in either of thcfe cafes, the 
queftion belongs to the rule of three inverfe, and 
inuft be refolved as above direAed. 

As 
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. As for example, 

Qj; EST. 34. 

If 12 men will eat up a quantity of provijion in 15 
days^ haw long will 20 men be in eating up the fame ? 

This queftion is of fuch a nature, that more re- 
quires lei's ; for 20 men will confume the fame pro- 
vifion in lefs time than 12; therefore the queftion 
belongs to the rule of three inverfe ; fo I multiply the 
firft and fecond numbers together^ and divide by 
the third, and the quotient 9, that is, 9 days, is 
an anfwer to the queftion- 

A demonjlraSion of the rule of three Inverfe. 

If I was to anfwer this queftion by pure dint of 
thought, without any rule to direft me, I Ihould 
jeafon thus : whatever quantity of provifion lafts 12 
men 15 days, the fame will laft i man 12 times as 
long, that is, 12 times 15, or 180 days; but if ic 
will laft I man 180 days, it will laft 20 men but the 
20th part of that time, that is 9 days : here then 
the fourth number was found by multiplying the 
firft and fecond numbers together, and dividing the 
produft by the third ; and the reafon is the fame in 
all other cafes, wherever the rule of three inverfe is 
concerned. ^ £. I?- 

Qu EST. 35. 

One lends me 372 pounds for j years and % months^ cr 
92 months: how long muft 1 lend him 496 pounds 
for an equivalent ? 

Anfwer. 5 years, 9 months. 

B 2 Qj3 ^ ^T^ 
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Q^U EST. 36. 

Ifafquare pipe 4. inches artd 5 lines wide, will dif charge 
a certain quantity of water in one hour's time \ in 
what time will another fquare pipe, i inch and 2 
lines wide ^ dijcharge the fame quantity from the fame 
current ? 

The orifice of a fquare pipe 4 inqhcs, 5 lines, or 
53 lines wide, contains 2809 fquare lines ; and the 
orifice of a pipe i inch, 2 lines, or 14 lines wide, 
contains 196 fquare lines. Say then, If an orifice of 
2809 fquare lines will dif charge a certain quantity of 
water in one hour \ in what time will an orifice of 1^6 
fquare lines dif charge the fame ? 

Anfwer. In 14 hours, 19^ 54^ 

Q U E S T. 37. 

If '^ men, or \ women, will do a piece of work in 56 
days, how long will one man and one, woman be in 
doing the fame ? 

Becaufe of the 3 men, or 4 women, fome number 
mull be found that is divifible both by 3 and by 4 
without remainder i fuch an one is die number 12, 
which is the produft of 3 and 4 multiplied together ; 
(fee obfervation the third upon the definition of di- 
vifion :> make then 3 men or 4 women equivalent to 
12 boys, and you will have i man equivalent to 4 
boys, I woman to 3 boys, and i man and i woman 
to 7 boys, and the queftion will Hand thus \ If 12 
hoys will do a piece of work in 56 days, how long will 
7 boys be in doing the fame ? 

Anfwer. 96 days. 

Qj; EST. 
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QjU E S T. 38. 

If 5 oxen^ or 7 colts^ will eat up a cJofe in 87 days^ 
in what time will 2 oxen and 3 colts eat up the 
fame ? 

Anfwer^ In 105 days. 

Q^U EST. 39. 

If 2 acres of land will maintain 3 horfes 4 d^^s^ bow 
long will 5 acres maintain 6 borfes ? 

This queftion may perhaps at firft fight, be taken 
to be fomewhat of the fame nature with the 3 2d 
and 33d queftions, which belonged to the double rule 
of three diredl ; but when it comes to be examined 
into more narrowly, it will be found to be of a very 
different nature : for we cannot fay here as we did 
there, that 2 acres will laft 3 horfes as long as t 
acre will laft 6 horfes •, this would be a very unjuft 
way of thinking, and wherever it is fo, the queftion 
ought to be referred to another rule, which they 
call the double rule of three inverfc •/ the propriety 
or impropriety of this thought, being an infallible 
criterion whereby to diftinguifh, . when a queftion 
belongs to one rule, and when to the other. All 
queftjons belonging to this rule, as well as thofe 
belonging to the other, may be reduced to the An- 
gle rule of three two ways ; either by expunging 
the firft and fourth numbers, or the fecond and 
fifth; but then the methods of extermination are 
different:. In queftions of this nature, if the firft 
and fourth numbers are to be expunged, the 2 firft 
numbers are to be multiplied by the fourth, and the 
2 laft by the firft ; but if the fecond and fifth num- 
bers are to be ejfpunged, then the two firft numbers 
are to be multiplied by the fifth, and the two laft 
by the fecond : thus in the queftion before us, if wc 

S 5 ^wJl^ 
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would exterminate the firft and fourth numbers, We 
muft multiply the two firft numbers, that is, 2 and 
3, by the fourth, that is, by 5, and fay, that 2 
acres will laft three horfes'juft as long as 10 acres will 
iaft 15 horfes ; we muft alfo multiply the 2 laft 
numbers, to wit 5 and 6, by the firft, that is, by 2, 
and fay, that 5 acres will laft 6 horfes as long as 10 
acres will laft 12 horfes: ufe now thefe numbers 
inftead of thofe in the queftion, and it will be 
changed into this equivalent one-. If 10 acres of 
land will maintain 1 5 horfes 4 days, how long will 
ID acres maintain 12 horfes ? Strike out 6f the 
queftion the firft and fourth numbers, which being 
equal, will be of no ufe in the conclufion, and then 
the queftion will ftand thus-. If 15 horfes mil eat np 
a certain piece of ground in 4 days^ bow long will i z 
horfes be in eating up. the fame ? 

Anfwer. 5 days ; for this queftion belongs to the 
rule of three inverfe. 

If we would exterminate the fecond and fifth 
numbers out of the queftion, we muft multiply the 
two firft numbers by the fifth, and fay, that i a- 
ctes will laft 3 horfes juft as long as 12 acres will laft 
18 horfes •, we muft alfo multiply the 2 laft numbers 
by the fecond, and fay, that 5 acres will laft 6 horfei 
as long as 15 acres will laft 18 horfes: ufe theie 
numbers inftead of thofe in the queftion, and it will 
be changed into this equivalent one ; If 12 acres will 
maintain 18 horfes 4 days, how long will 15 acres 
maintain 18 horfes ? That is, ^ftriking out the fecond 
and fifth numbers) If 12 aires of land will maintain 
a certain number of horfes 4 days^ how long will 15 
acres laft the fame number ? ' 

Anfwer. 5 days, as before ; for this queftion be-» 
Jon]gs to the rule of three direct 

• ... .' In 
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tn both thefc operations, the number fought was 
at laft found by multiplying 15 by 4, and then di- 
viding the produft by 12 : now whofoever looks 
back upon the foregoing refolution, and obferves 
how thefe numbers were formed, he will eafily per- 
ceive, that the number 4 was the middle term in the 
queftion ; that the number 15 in both operations was 
tne pfoduft. of the numbers 3 and 5, which lay 
next the middle term on each fide -, and that the 
divifor 12 was in both cafes the produ6t of the ex- 
treme numbers 2 and 6 : therefore Jn hll queftions be- 
longing to the double rule of three inverfe^ where the 
numbers are fuppofed to be ordered as in the double rule 
of three direSt^ if the three middle numbers be multiplied 
togethefy and the produii be divided by the produH of the 
two extremes^ the quotient of this divifion will be the 
number fought. And thus may all the trouble of 
expunging be avoided, though I thought it proper 
to explain that method in the firft place, in order to 
Jet the learner, into the reafon of this laft theorem 
which is founded upon it. 

^^ftions wherein the extraSim of the fquare 
root is concerned. 

QjJ E S T. 40. 

7 here is a certain field who fe breadth is ^jSyards^ and 
whofe length is 1296 yards : I demand the fide of a 
fquare field equal to it, 

Anfwer. This field will be equal to a fquare whofe 
fide is 864 yards. 

Qjj EST. 41. 
There is a certain inclofure 3 times as long as it is broad^ 
whofe area is 46128 fqtiare yards: I demand its 
breadth and length ? 

The breadth multiplied into the length, that is, 
the breadth multiplied into 3 times itfclf, is 46128 5 

B 4 iWd^\^ 
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therefore the breadth multiplied into itfelf is 15376 j 
therefore the breadth is 124, and the length 372. 

Q^u EST. 42. 

J certain fociety colleSi among themfelves a fum amount- 
ing to 15 pounds^ 5 Jhillings and a farthings every 
one contrtbuting as many farthings as there were 
members in the whole foeiety : I demand the number 

. of members. 

Anfwer. 121 members. 
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THE 

INTRODUCTION, 

Concerning Vulgar and Decimal FraSiiom. 
DEFINITIONS. 



4rt.\. \ FRACTION fimply and abftraft- 
jtA. ^^'y confidered, is that wherein fome 
part or parts of an unit are exprefled : as if an unit 
be fyppofed to be divided into 4 equal parts, and 
three of thefe parts are to be exprefled, it muft he 
done by the fraftion three fourths, to be written 
thus 4 • here the number 4, which fhews into how 
many equal parts the unit is fuppofed to be di- 
vided, and fo determines the true value, magni- 
tude, or denomination of thofe parts, is called the ^ 
donominator of the fraftion •, and the number 3, 
which Ihews how many of thefe parts are consi- 
dered in the fraftion, is called the numerator : . 
thus in the fraftion 4- or one half, 1 is the numera- 
tor, and 2 the denominator : in ^ or two halves, 2 
is both numerator and denominator, £5?r. 

When a fraftion. is applied to any particular 
quantity, that quantity is called the integer to the 
(radion j thus in 4 of a penny, a penny is the in- 
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tegrr ; in three fourths of fix, the number 6 is the 
integer ; .thus in three fourths of ,five fixths, the 
. fraftion five fixths is the integer ; for though in an 
abiblute fenfe it be a fraftion, yet here with refpeft 
to the fradion three fourths, it is an integer : and 
thus may one and the fame quantity, under difie- 
rent ways of conception, be both an integer and a 
fraction ; as a foot is an integer, and a thiid part of 
a yard is a fradHon, though they both fignify the 
fame thing. When the integer to a fraftion is not 
cxprefled, unity is always to be underftood : thus 
|. is 1^ of an unit j thus when we fay, -J- ^^^ i 
make -^^^ the meaning is, that if ]• part of an unit, 
and I: part of an unit be added together, the fum 
will amount to the fame as if that unit had been 
divided into i2 equal parts, and 7 of thofe parts 
had been taken ; thus again, when we fay that -^ of 
P art equivalent to -,5^, we mcan> that if an unit be 
divided into 5 equal parts, and 4 of them be tak- 
en, and then this fradion 7 be again divided into 3 
equal parts, and 2 of them be taken, the refult will 
be the fame, as if the unit bad at firll been divided 
into 15 equal parts, and 8 of them had been taken : 
and whatever is true in the cafe of unity, will be 
equally true in the cafe of any other integer what- 
ever : thus if it be true that 4- ^nd i of an unit are 
equal to -/j- of an unit, that is, if it be true in ge- 
neral that 3- and ^ added together are equal to x\-> 
it will be as true of any particular integer, fuppofe 
of a pound fterling, that 4 of a pound, and 4 of 
a pound when added together, are equal to -rt of a 
pound ; again, if it be true in general that t of 4 ^re 

Sual to ^\, it is as true in particular that t of ^ 
a pound are equivalent to tt of a pound, G?f . 
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Art. 2. Of Proper and Improper FraltiGm. ajr 

Of proper and improper fraSiions ; and of the 
reduSlion of an improper fraSlion to a whole or 
mixt number. 

2. Fraftions are of two forts, proper and impro- . 
per 5 a proper fradion is that, whole numerator is 
Icfs than the denoniinator, as 4: 9 therefore an impro- 
per one is that, whofe numerator is equal to, or 
greater than the denominator, as 4^ 4^, (i?r. 

Objection. 

But is there no abfurdity in the fuppofition of an 
improper fraftion, as in three halves for inftance, 
confidering that an unit cannot be divided into more 
than two halves ? Anfwer : no more than there is 
in fbppofing three half pence to be the price of any 
thing, confidering that a penny cannot be divided irtto 
iabove two halfpence. Thefe fradtions therefore arc 
called improper, not from any abfurdity either in the 
fuppofition, or in the expreffion, but becaufe they 
may be more properly and more intelligibly exprefled, 
either by a whole number, or at lead by a mixt number 
confiftingof a whole number and a fradtion ; as for e±- 
ample, if the numerator of a fraftion be equal to the 
denominator, as ^, that fradlion will always be equi- 
valent to unity, as ^- of an hour, that is, four quarters 
of an hour, are equivalent to one hour, 4^ of a penny^ 
that is, 4 farthings, are equal to one penny, (sfc : 
and the reafon is plain ; for if an unit be divided into 
four equal parts, and four of thefe parts be exprelfcd 
in a fraftion, the whole unit is exprefled in that 
fraftion, that is, fuch a fradiion muft always be 
looked upon as equal to an unit : therefore if the 
fiumerator be double of the denominator, as ^, the 
fra&ion muft be equil to the nuniber 2, becaufe ^ 
<:ontaifl ^ot i twice 5 in like manner V ar^ ^V^^^ ^^» 
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and may be more pro|3erly expreffed by, the number 
3 •, '■/ by the number 4, i^c : and univerfally, as 
often as the numerator of a fraftion contains the de- 
nominator, fo many units is that fraftion equivalent 
to : but to find how often the numerator contains the 
denominator, is to divide the numerator by the deno- 
minator; therefore if the numerator of an improper 
fradion be divided by the denominator, the quotient* 
if nothing remains, will be the whole number by 
which the fraftion may be exprefled ; bpt if any thing 
lemains pf this divifion* then the quotient together 
with a fraction whofe numerator is that remainder, 
and denominator the divifor, will be a mixt num- 
ber, expreffing the fraftion propofed : thus *4 ^^^ 
cquivaknt to the whole number 8, but *4 ^^^ equi- 
valent to the mixt number 8*-J-» *t ^^ ^he mixt 
number 8. ^ juft as 24 fe^t arp equal to 8 yards, 
25 feet to 8 yards and i foot, 26 feet to 8 yards and 
2. feet, isle : and this is what we call the reduftion 
of an improper fraction iato a whole or mixt num- 
ber. 

* 

^e reduStion of a wbok or mixt number into a 
improper f ration. 

J, As unity may be exprefled by any fraftion of 
any form or denomination whatever, provided the 
numerator be equal to the denominator, as \^ 4^ 4, 
l^c ; lb the number 2 is reducible to any fraftioa 
whofc numerator is double the denominator, as- 4:» 
-? , ^, l£c \ and fo is every number reducible to any 
fraftion, whofe numerator contains the denoncunator 
as often as there are units in the number propofed ; 
therefore whenever a whole number is to be reduced 
to a fradlion whofe denominator is given, it mu(^ be 
multiplied by that given denominator, and the pro- 
duil wich that • denominator under it, will be the 
equivalent fraftion \ thus, if the number 5 is to. be 

reduced 
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reduced into halves, that is, into a fradion whofe 
denominator is 2, it muft be multiplied by 2, an4 
fo you will have5 equal to ' a, j^^ft as 5 pence are equi- 
valent to 10 halfpence j if the number 8 is to be 
reduced into thirds, it muft be multiplied by 3, .and 
fo you will have 8 equal to *4^ juft as 8 yards arc 
equal to 24 feet •, laftly, if the number 2 is to be 
reduced into fourths, it will be equal to ^, juft as 2 
pence are ^equal to 8 farthings, if the number to 
be reduced be a mixt number, confifting of a whole 
number and a fraftion, the whole number muft 
always be reduced to the fame denomination with the 
fradion annexed, and the rule will be this : multiply 
the whole number by the denominator of the*fra6tion 
annexed; add the numerator to the product, and thel 
fum with the denominator under it .will be the 
equivalent fraftion : Thus the mixt number 5 4: i* 
equivalent to 'i^ juft as 5 pence halfpenny in money 
is equivalent to 1 1 halfpence : This operation carries 
its own evidence along with it 4 for the number 5 itfelf 
iS'Cqual to '-I- as above ; therefore 5 i muft be equi- 
valent to 'y : again, the number 8 4^ is equal to *4^ 
jiift as 8 yards and 2 feet over are equivalent to 2 6 feet ; 
Jaftly, 2 Ir is reducible to "4r» j"ft ^s 2 pence and j 
farthings are reducible to 1 1 farthings. 

A L E M M A. 

4. 1/ at^ integer be ajfifhtedj as a pound Jlerling^ and 
al/o any fraSion^ as 4* I f^y ^*^»i '^^^ i parts^ 
of one founds ampunt to the fame as ^ pari of j 
pounds. 

To demonftrate this Lemma (which fcarce wants 
a demonftration) I argue thus : If any quantity, 
greater or kfs, be always divided into the fame 
number of parts, the greater or lefs the quantity fo 
divided is> the greater or lefs will the parts be ; thus 
^ of a yard is 3 times as much as ^ of a foot ; be- 
cause a yard is 3 timc& as much as a foot ; and for the 
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fame reafon -I of 3 pounds is 3 times as much as ^ 
mf I pound ^ but -} of one pound are alfo 3 times as 
much as ^ of i pound ; tiiercfore I of 1 pound are 
equal to -^ of 3 pounds, btcaufe boch are juil 3 times 
as much as ^ of 1 pound. ^, £, D. 

Hqw to fftimate any fraSiional parts of an integer 
in tiirts of a leiler denomination, tinil vice 



in parts of' a lejer 
versa. 



dcmmmatioth f^^^ vice 



- 5. This may be done various ways; butthe (horteft 
and fafeft, as I take it, is that which follows : Sup- 
pafe I had a mind to know the value of A of a pound i 
1 fhould argue as in the foregoing lemma, that | of 
one pound J are the lame as ^ of 5 pounds ; but the 
latter is more eafily taken than the former ; therefore 
I apply myieif wholly to the latter » to wit, to find 
the fixth part of 5 pounds^ thus : 5 pounds » or 100 
(hillings, divided by 6, quote 16 fliillings, and 
there rt:main 4 ftiil lings ; again, 4 Ihillings, or 48 
pence, divided by 6, quote 8 pence, and there rt- 
Qiains nothing \ therefore the value of i fixth of 5 
}}pund5^ or | of 1 pound, is 16 fhiUings and 8 pence. 
Again, fuppole I would know the value of 4 of a 
pound, I find the value of ^ o{ 6 pounds thus ^ 6 
pounds, or no (hillings divided by 7, give 17 
fhiUings^ and there remains i (hilling \ again, i 
(hiliing, or 12 pence, divided by 7, give 1 penny, 
and there remain 5 pence ; again, 5 pence, or 20 
fanhings, divided by 7, give 2 fart hi tigs, and the it 
remain 6 farthings ; laftly, a feventh part of 6 far- 
thing^i is juft as much as -^ of 1 farthing, by the 
lemma : hence I conclude, that ^ of a pound are 
17 lltillings, I penny, 2 farthings^ and * of a far- 
thing : But the value of t of a farthing is fo near to 
one farthing, that if I would rather admit of a fmall 
inaccuracy in my account, than a fraction, I fiioutd 
Quke ttu: value of ^ of a pound to be 17 lb il lings, 

I penny 
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K penny and 3 farthings, Laftly, fuppofc I would 
know the amount of ^ parts of 1 7 (hillings and Gx- 
pcncc, I (hould argue thus j 4 parts of 1 7 (hillings 
and (ixpence, are equivalent to 4 part of twice as 
much, that is, to 4- part of 35 (hillings : but 4 part 
of 35 (hillings is 1 1 (hillings and 8 pence ; there- 
fore 4 parts of 17 fhillings and (ixpence make 11 
(hillings and 8 pence. 

Of the reverie of this' reduftion, one finglc in- 
ftance will fuffice : Let it then be required to reduce 
I (hilling, 2 pence, 3 farthings, to fraftional parts 
of a pound : here I confider, that in i pound are 
960 farthings •, and in i (hilling, 2 pence, 3 farth- 
ings, are 59 farthings -, therefore i farthing is ^-^r 
of a pound -, and i fhilling, 2 pence, 3 farthings, arc 
^ of a pound. 

Preparations for further redudtions and operations 
of fraSliom. 

6. All the operations and reduftions of fraftions, 
are mediately or immediately deducible from the 
Allowing principle, which is ; that If the numerator 
of a fraSion be encreafed, whilft the denominator con^ 
timus the fame^ the value of the fraSlion will be en- 
creafed proportionably ; and vice versa. On the other 
bandj if the denominator be encreafed in any proportions 
whilft the numerator continues the fame^ the value of 
the fraffion will be diminifhed in a contrary propor- 
Hfm 5 and vice versa. Thus -J are twice as much as 
4^ and ^ is but half as much. 

From this principle it follows, that if the nume- 
rator and denominator of a fraftion be both multi- 
plied, or both divided by the fame number, the va- 
lue (rf" the fraftion will not be affefted thereby ; 
becaufe, as much as the fraftion is encreafed by 
multiplying the numerator, juft fo much again it 
will be diminifhed by multiplying the denominator j 
and as much as the fraftion is diminifhed by dwvd- 
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ing the numerator, juft fo much again it will be 
cncreafed by dividing the denominator : Thus the 
terms of the fradion ^ being doubled, produce 4, a 
fradion of the fame value ; and, on the contrary, 
the terms of the fradlion |. being halved, give 4. 

Hence it appears, that every fraftion is capable 
of infinite variety of expreflion, fince there is infi- 
nite choice of multiplicators, whereby the numera- 
tor and denominator of a fraftion may be multiplied, 
and fo the expreflion may be changed, without 
changing the value of the fradlion : thus the frac- 
tion V, if both the numerator and denominator be . 
multiplied by 2, becomes ^ -, if by 3, -J- ; if by 4, 4 ; 
if by 5, tI", and fo on ad infinitum ; all which are 
nothing elfe but different exprefljons of the fame 
fraftion : therefore in the midft of fo much variety, 
we muft: not expeft that every fraction we meet 
with Ihould always be in it's lead or loweft: terms ; 
but how to reduce them to this ftate whenever they 
happen to be otherwife, fhall be the bufinefs of the 
next article. 

T^be redu£iion of /rations from higher to lower 
terms. 

7. Whenever a fraftion is fufpefted not to be in 
it's lead terms, find out, if poflible, fome number 
that will divide both the numerator and denomina- 
tor of the fraftion without any remainder ; for if 
fuch a number can be found, and the divifion be 
mad.% the two quotients thence arifing will exhibit 
refptftively, the numerator and denominator of a 
fradion, equal to the fraflion firft propofed, but ex- 
prefled in more fimple terms : this is evident from 
the laft article. As for example ; let the fraftioa 
4t be propofed to be reduced : here to find fome 
number that will divide both the numbers 10 and 15 
without any remainder, I begin with the number 2, 
as being the fit ft whole number that can have any 

cffca 



ktt:';. FRACTIONS, jj 

effeft in divifion ; but I find 2 will not divide 15 ; 
3 is the next number to be tried ; but neither will 
that fucceed, for it will rot divide lo; as for the 
number 4, I pafs that by, becaufe if 2 would. not 
divide 15, much lefs will 4 doit; the next num- 
ber I try is 5, and that fucceeds ; for if 10 and 15 
be divided by 5, the quotients will be 2 and 3 re- 
focftively, each without remainder; therefore the 
fradion 44* ^^^ being reduced to it^s lead terms, 
i& found to be the fame as 4- ; that is, if an uiiic 
be divided into 15 equal parts, and 10 of them be 
taken, the amount will be the fame, as if it had 
been divided into 3 equal parts, and 2 of them had 
been taken. Secondly, if the fraftion propofed to 

be reduced be -i—, divide it*s terms by 2, and 
you will have the fradioii — —• ; divide again by 
2, and you will have TT— ; divide again by 2, and 

1 9QO 

you will have i-i ; therefore all further divifion by 

945 . . 

2 is -e^ccluded : divide then thefe laft terms by 3, 

and you will have — ; divide again by 3, and 

you will have ~ ; divide by 5, and you will have 

^ ; and laftly, divide by 7, and you will have 4- ^ 

fo that the fraftion fI--„ after a. common divifion 

by 2, 2, 2, 3, 3, 5, 7, is found at laft equal to f . 
Thirdly, the fraftion ^|., after a continual divifion 
by ^» 2, 3, becomes ^. Fourthly, 44 ^fter a con- 
tinual divifion by 2^ 2, 7, becomes ^. Fifthly, 

--- after a continual divifion by 2, 2, 3, 3, be- 

loO 

comes 4. Sixthly, — - after a continual divifion 
by 2, 3, and 7, becomes f . Seventhly, ^ after a 
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continual divifion by 3* 5> 7, becomes 4- Eighth* 
ly, Ji after a continual divifion by 5 and 7, be- 

comes tV- Ninth ly» — after a continual dinfion 

HS 
by 5» 7, 7, becomes 4^ or 3. 

Some perhaps may think themfelves helped in the 
practice of this rule by the following oblervations : 

Firft, that 2 will divide any number that ends with 
an even niimber^ or with a cypher, as 96, 30, £f?f* 
and no other. 

Secondly, that 5 will divide any number that ends 
with a 54 or with a cypher, as 75^ 70, idc* and no 
other. 

Thirdly, that 3 will divide any number, when it 
will divide the fum of it*s digits added together : 
thus 3 wUl divide 471, ^becaute it will divide the 
number 12, which is the fum of the numbers 4, 7 
and I, 

Fourthly, if both the numerator and denominator 
have cyphers annexed to them, throw away as many 

as are common to both : thus ■ is the fame as 

560D0 

;6o 1 1 2 

After all, there U a certain and infallible rule for 
finding the greateft common divifor of any two num- 
bers whatever, thathaveone^ whereby a fraftion may 
be reduced to it's leaft terms by one fingle operation 
only- 1 fiiall be forced indeed to poftpone the de- 
monftration of this rule to a more convenient piace^ 
not (o much for want of principles to proceed upon, 
as for want of a proper notation •, but the rule itfclf 
h as follows ; Let a and k be two given numbers^ 
whofe greateft common divifor is required i to wit> a 
the greater, and k the lefs : then dividing a by t 
without any regard to the quotient, call the remain- 
der 1: i divide again t by ir, and call the remainder 4% 

then 
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then divide c by d^ and call the remainder i | then 
divide d by ^ and call the remainder/; and fo pro- 
ceed on, til! at laft you come to feme divifor, as /, 
which will divide the preceding number e without a 
remaiiider : I fay then, that this laft divifor will be 
the greatcft common divifor of the two given num- 
bers a and b. As for example % let a be 1344 and 
^ 581 : then to find the greatcft common divifor of 
thefe numbt;rsj I divide a (1544) by b (5S2) and 
there remains rSo, which I call r j then I divide b 
(582) by <• (r8o) and there remains 42, which I call 
d\ then I divide c (180) by d (42) and there re- 
mains I2» which I call e \ then 1 divide d (42) by i 
(12) and there remains 6, which I call /j laftly I 
divide € (12) by / (6) and there remains nothing : 
whence I conclude that 6 is the greatcft common di* 
vifor of the two numbers 1344 and 582 ; and as the 
quotients by 6 arc 124 and 97, it follows^ that the 

fraftion , when reduced to it'$ leaft terms, will 

be ^, If no common divifor can be found but 
%%^ 

unity, it is an argument that the fradion is in it*3 

leaft terms already. 

From this and the laft article it follows, that all 

fraffions that are reducible to the fame leaft terms are 



equal \ 



as 



T> -w% 



i4^, fc?f, which are all reducible to -J 1 



though it does not follow e converfa^ that all equal 
fraftions are reducible to the fame leaft terms i this 
will be demonftfated in another place. (See Elements 
^f jllgibra^ Art, 193O page 299^ 4to. 

For the better underftanding of the following ar- 

tide, it muft be obferved, that this mark x is a fign 

of multiphcatioDj and is ufually read into : thus 2x3 

fignifies 6, 2 X 3 X 4 fignifies 24, 2x3X4x5 

fignifies 120, Cic \ and in fome cafes it will be better 

to put down thefe components or faftors^ than the 

character of the number arifing from their continual 

multiplication, as in the following article. It ougjt\t 

C 2 aiXo 
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alio to be obfcrvedj thai it matters not in what order 
thefe components are placed; forz x 3 X 4 X 5 fig* 
nifics jufl the fame as 4 x 5 X ^ X 3, &c. 

7ke reduBion offraBhns of different demminations^ 
to others nf the fame demminatmu 


8, There is anodier redudion of fra£tions, no lefs 
iifcful than the former ; and that is, the reduftion of 
fractions of difFercni: denominations to others of the 
fame denomination, or wiiich have the fame denomi* 
nator, without changing their values \ which is done 
as follows ; Having fir ft put down the fraftions to 
be rt^duced, in any order, one after another, and be- 
ginning with the numerator of the firft fraftion, mul- 
tiply it by a contiuual multiplication* into ail the 
denominators hut it's own, and put down the produft 
under that ft adljon ; then muhiply in like manner^ 
the numerator of the next fradion into all the de- 
nominatorfi but it's own, and put down the produfl 
under that fraction *, and fo proceed on through all 
the nutncrators, always taking care to except the de*, 
nominator of chat fradion, whofe numerator is mul* 
tiplicd. Then multiplying all the denominators to- 
gether, put down the produft under every one of 
the produfls laft fotmd, and you will have a new 
let of fractions, all of the fame denomination with 
one anotheri and all of the fame values with their rcr* 
fpedive original ones* As for example ^ Itt it be 
prupofed to reduce the following fraftions to the fame 
denomination, i, 71 li t * 'A Ihe numerator of 
the firft fradion Is 1, and the denominators of the 
reft are 4, 6 and 8, and 1x4x6x8 gives 192 ^ 
thei^forc I put down 192 under |. zdfy^ The ny 
merator of the fecond fradion is 3, and the denomi- 
nators of the reft are 6, 8 and 2, and 3x6x8x2 
gives t88 i therefore I put down 288 under ^* ^My^ 
5x8x2x4 gives 320 ^ therefore I put down 
3tQ und^r t* ¥^^by 7x2x4x6 gives 33 6 j there- 
fore 
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fore I put dovm 336 under I. Laftly, 2 X 4 X 6 X 8^ 
or che produft of all the denominators is 384 : this 
therefore I put down under every one of the nymc- 
rators laft found, and fo have a new fct of fractions, 

193 z%Z 320 336 
VIZ. — -, — -, -— , -—J all of the fame denomi- 
^ $H $H 384, $H 
pation^ as appears from the operation itfdf 9 and all 
'of the fame value with their refpe^ftive original ones, 
as will appear prefently i but firft fee the work : 



1 


1 


i 


■(■■ 


tql 


zU 


3" 


336 


jH" 


384 


38+ 


384 



A demmjiration of the rule. 



J 



:<^ 



All that is to be demonftrated in this rule Is, to 
Drove from the nature of the operation itftlf, that the 
[original fraftions fuffer nothing in their* values by this 
redudlion : in order to which, it will be convenient 
fto put down the components of the new numerators 
finftead of their proper charafters, as in the laft ar* 
[^dcie ; as alfo thofe of the common denominator^ and 
'the work will Hand thus: 



1X4x6x8 3X^X8X2 5x8x2x4 7X2x4x6 
2x4x6x8' 4Xtix8X2" 6x8x2x4 8X2X4X6" 

By this method of operation it appears, that the 
numerator and denominator of the firft fraftion \y 
arc both multipHed by the fame number in the re- 
duftion^ to wit, by 4 X (> X 8 b ^nd therefore that 
fradion fuffers nothing in it's value, by art. 6, In 
like manner, the terms of the fecond fradion ^ are 
both multiplied by the fame number 6x8X2-, there- 
fore that fraftion can fuffer nothing in it's value \ and 
the fame may be faid of all the reft. ^ £- I>- 
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ADDITION OF 
Other examples to this rule. 



Introcf. 
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145 tSo t44 
720* 710* 710' 


120 

7Zo' 
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1 1 






30 24 


^0 


-^ A 






no* 120* 


120* 


30' 30 





The ufe of this rule twiII foon appear in the addition 
and fubtraflion offraftions : in the mean time it may 
not be amifs to obferve, that it would be very diffi- 
cult, if not inipoffiblc^ to pompare fractions of dif- 
ferent denominations, without firft reducing them tq 
the fame. As for inftance j iuppofe it lliould be 
aflccd^ which oF thefe two fractions is the greater \ 
^ or ^ i in this view it would be difficult to deter- 
mine the queftion \ but when I know that 4 are the 
fame with |4-, and that | are the fame widi i\-^ I 
know then, that \ are greater than ^ by a twenty 
eighth part of the whole* We now proceed to the 
four operations of IractionSj to wit, iheir addition » 
fubtraction, multiplication and divifion ; and firft, 

Of thi addition of fruBions* 

9* Whenever two or more fractions are to be addc^i 
together, let them firft be reduced to the fame dcno- 
inination, if they be not fo already \ and then adding 
the new numerators together, put down thefum with 
the common denominator under it* In the cafe of 
niixt numbers, add firft the fractions together, and 
then the ivhole numbers : bur if the fractifma when 
added together, make an improper fraction, reduce 
It by the 2d art. to a whole, or mixt number \ and 
then putting down the fractional part, if there be any, 
referve the whole number for the place of integers^ 
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To this rule might be re/erred (if it had not been 
taught already in the 3d artO the reduction of a mixt 
number into an improper fraction, which is nothing 
elfe but adding a whole number and a fraction to^ 
gcthcr, and may be done by confidering the whole 
[• number as a fraction whofe denominator is unity. 

Examples of addition in fraBiom* 

i/j tV and VV when added together make ^^ for 
yuft the fame reafon as 3 IhilJings and 4 IhUlings when 
[^ added together make 7 fhillings. 

Q.dly^ The fractions 4 and i when reduced to the 

"j^fame denomination by the laft art< are ^ and -rV^ and 

llhefe added together make-p^ ; therefore the fractions 

; 4 and 4 when added together make up the fraction ^V- 

For a better confirmation of thefe abftract con- 

klufions, but chiefly to inure the learner to conceive 

'and reafon diftinctly about fractions, it will be very 

convenient to apply thefe examples in fome particular 

cafe, as for inftance, in the cafe of a pound fterling ; 

I and if we do fo here, we are to cry, whether 4 ana ^ 

af a pound when added together, amount to 4t of a 

f pound, or not : here then we fliall find by divifion, 

fthat the third part of a pound is 6 fhilUngs and S 

pence, and the fourth part 5 fhillings j and thefe 

added together, make 1 1 fliillings and 8 pence 1 

tlherefore 4 a^d 4 of a pound when added together, 

[make 1 1 fhillings and 8 pence i but by the 5th art, it 

will be found that -^ of a pound are alfo it (hillings 

and 8 pence j therefore 4 and ^ 0(2^ pound, when added 

logether> make J^ o^ ^ pound i and the fame would 

'lave been true in any other inflance whatever . 

3^/y, 4 ^^d 4, that is, 44 and 44> when added 

kogether, make 44* which will alfo be true in the 

"cafe of a pound flerling ; for by the 5th art, ^ of Sk 

pound are 8 fhillings, I- of a pound are 7 fhillings 

aind 6 pence, and their fum is 15 fhillings and 6 



pence 



which will alfo be found to be the value of 
C 4 \^ ^^ 
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^ of a pound ; therefore 4 and r 9^ ^ pound when 
added together, make 44 of a pound. 

4-tblyj 4- ^^'^ T» ^hat is, 4t ^"^ tt> when added 
^together, make 4t» ^^ improper fradlion ; which 
being reduced to a mixt number, by the 2d art. is 
i and tt • 1^^ "S now try, whether 4- of a pound, 
and 4- of a pound when added together will make 
one pound and t4 of a poupd over, or not : no\y 
4- of a pound, or 13 fhilHngs and 4 pence, added to 
4^ of a pound, or 16 (hillings, amount to 1 pound 
9 fhiilings, and 4 pence j and -tt of a pound, ' are 
found to be 9 fhiilings and 4 pence ; therefore ^ and 
4 of a pound when added together, make one pound 
and XT of a pound over- 

gthfyy i and |, that is, H and ^J : when added 
together, make 44j or i xyj which will alfo be true 
in the cafe of a pound fterling, 

^ ,, . . ^60 240 180 144 

etbly, 4, -5-, i> 4, 4, that is, 2_2^ -^ 11 



» » "» 



720 720 720 720 



9 



r — 9 when added together, make — I, that is, i 
720 ^ 720 

try it in money. 

360 480 5^0 
7'*$'. 4, 4» 4* 4 and 4, that is, ■—-, ~-, --, 

720 720 720 

^ and — J when added together, make , that 

^26 720 ^ ;72o 

IS, 3 44^. 

S/iJ/p, The fum of the mixt numbers 7 4- and 8 4 is 
^S-rri for the fum of the fraftibns is -^ by the fe- 
cond example, and the fum of the whole numbers 
is 15. 

• ' 9^^^> 5 4- added to 7 4 gives 13 tt > for the fum 
of the fraftions is I ^4* by the fourth example ; and 
the whole number i, added to the whole numbers 
^ and 7 gives 13. 

lo/ii^^, 84, 94, 104, 1 1 41, 124, added together 
make. 5 3 44^; for the fraftions themfelves make 3 44. 
liy the feventh example,' and thie whole number, 3 
addedl to the reft ni^es 53. 
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lUhfy^ The whole number 2 added to the frac- 
tion X gives '4^ V for the whole number 2 may be 
confidered as a fraftion» whole denominator is uni* 
fy; now ^ and ^ when reduced to the fame deno- 
mination, are I and ^, which added together make 
1 1 

ThtJS alfo may unity be added tp any fraftion 
whatever, when lubtradion requires it ; olk better 
thus ; unity may be made a tradion of any deno- 
fni nation whatever, provided the numerator be eqijal 
to the denominator, by art, 2d : fuppofc then I 
would add unity to ^ ; X fuppofe unity equal to -J-, 
and this added to 4 rnakes 4 ; again, unity added 
to y makes 4, becaufe 4 and 4 make |' 

Of the fukraSikn cf fraSlions^ 

10. Whenever a lefs fraftion is to be fubtrafted 
from a greater, they muft be prepared as in addition ; 
that is, they muft be reduced to the fame denomi- 
nation, if they be not fo already s then fubt rafting 
the numerator of the lefs fraftion from that of the 
greater, put down the remainder with the common 
denominator under it. In the cafe of mixt numbers, 
fubrraft Jirft the fraction of the lefler number from 
that of the greater, and then the leilcr whole num- 
ber from the greater \ but if, as it often happens, the 
greater number has the leiler fraftion belonging to it^ 
then an unit muft be borrowed from the whole num- 
ber and added to the fraction, as intimated in the 
ciofc of the laft article. 

Examples of fubtraSiion in fraSiions. 

*A tV fubtrac'led from VW leaves -rV, jud in the 
fame manner as 3 ihillings fubtraded from 4 IhiUings 
leave i fhiliing. 

2dlyy 4 fubtraftcd from 4, that is, 4-J- fubtrafted 
from 1^ |eavc& ^> 9T -p^ So 4 ^^ ^ pound, or 

15 ftuWm^s^ 
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15 fliillingSj fubtraded from :|^ of a pound, or 16 
fhillings and 8 pence, leaves -j^ of a poundi that is» 
] (hilling and 8 pence, 

3^b> 7 T fubtraited from 8 4, that is, 7 ^ fub- 
traded from 8 J^, leaves i ^. 

4th!y^ 7 4 fubtradted from 8 ^, that is, 7 4 fub- 
traded from 7 ^J,, leaves ^, or 4- ^ for here the greater 
number having the lefs fradion belonging 10 it^ I 
borrow an unit from the whole number 8, and fo 
reduce it to 7 ^ and then this uniti under the name of 
-J, I add to the fradion -^ and fo make it J, 

7 ^ fub- 



5/%, 7 ^ fubtraded from 8 4> that is, 



traded from 8 ^, that is, 7 *- fubtraded from 7 |^ 
leaves 4. 

6tMy^ 7 T fubtraded from 8, that is, 7 | fubtraded 
from 7 4-* leaves |. 

O/' /;6^ muliipli cation of /rations* 

1 1- To multiply by a whole number is to take the 
multiplicand as often as that whole number exprefles : 
therefore to multiply by a mixt number, is, not only 
to take the multiplicand as often as the integral part 
exprefles, but alfo to take fuch a part or parts of it 
over and above, as is cxpreffed by the fradion an- 
nexed* Thus 10 multiplied by 2 4 produces 25 : 
for as i I is a middle number between 2 and 3, fo 
thc*^rodud ought to be a middle number between 
20 and 30, that is, 25 : In like manner 10 multi* 
piled by 1 4 produces 15, and being multiplied by ^ 
produces 5 ; therefore to multiply by a proper fradion 
is nothing elfe but to take fucii a part or parts of the 
inultipHcand, as is exprefled by that fradion, Ccr* 
tainly to take lo twice and half of it over, once and 
half of it over, no times and half of it over» 
(which laft is taking the half of 10,) are operations 
of rhe fame kind, and differ only in degree one from 
another i and therefore, if the two former operations 
pafs by the name of multiplication> this laft ought to 

do 
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do fo too ; and if there be any abfurdity in the cale» 
lies in the name, and not in the thing, 
Arithmedc was at fir ft employed about whole 
lumbers only, and thus far the name of multipSica^ 
lion was adequate enough, except in the cale of 
jnity. But it being afterwards confidered> that no 
quantity whatever could be called an unit, that was 
poc further divifible *, and confequently, that there 
Vas not only an infinity of fraftional numbers below 
unity, but alio an infinity of mixt numbers between 
L^ny two whole numbers whatever \ it was judged, 
Tijightly enpugh, that the art of Arithmetic would 
not be perfcd: till it's operations extended tliemfclves 
Ifo this fort of number alfo ^ and this being done 
without changing their names, it was then that the 
name of multiplication became too fcanty for the thing 
flignificd; this therefore ought to be attributed to the 
inavoidabie want of forelight in the firft impofers, 
jtnd not to any imperfcftion in the fcience itfelf, 
I This is no more than the cafe of many other arts and 
jfciences that have outgrown their names. Thus 
Geometry^ that originally and properly fignified no 
jmore than the art of furveyingy is now defined to be 
a fcience treating of the nature and properties of all 
[jfigures, or rather of the different modifications of 
;extenfion and fpace 1 fo that now furveying is the 
leaft and lowxtt: part of that fcience. Thus Hy- 
[^roftatics, which originally fignified no more than 
ihc art of weighing bodies in water, or rather the 
art of finding out the fpecific gravities of bodies 
by weighing them in water, is now made the name 
of a fcience, which treats of the nature and pro- 
perties of fluids in general •, and the fcvcral proper* 
ties of air and mercury, fo far as they are fluids, fall 
under the conAderation of Hydroftatics, as properly as 
thoie of water. 

But perhaps it may be further urged* that to take 
the half of any quantity, is not to multiply, but to 
divide it. To which I anfwer : that it is impoITible 
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to take the half of any quantity without dividing it 
by 2 ; and confequently, that ru multiply by ^ has 
the fame effect as to divide by 2 ; but this does not 
prove that multiplication is the fame as divifion, but 
only that thefe two operations, how contrary foevefj 
may be made to do each others buliaefs, which is no 
my fiery to any one who is the Jeaft converfant in 
Arithmetic, and will be further explained in the ne»t 
article, 

A fraftion may be multiplied by a whole number 
two ways ; either by multiplying the numerator by 
that number, or elfe by dividing the denominator by 
the fame, where fuch a divifion is poffible : thus if 
the fraftton i be to be multiplied by 2, the produft 
will either be ^f by doubHng the numerator, or 4 
by halving the denominator : this is evident from 
the 6th art* becaufe a fraftion wiJl be equally en- 
creafed, whether it be by encreafing the numerator, 
or by diminifhing the denominator. 

If a fraftion be to be multiplied by a fraftion, 
multiply the numerator and denominator of the mul- 
tiplicand> by the numerator and denominator of the 
multipHcator refpeiliveJy^ and the fraction thence 
arifmg will be the produft fought ; thus if ir was re- 
quired to multiply 4 by 5, or (which amounts to the 
fame thing) if it was required to determine how much 
is * of 4» ^^^ anfwer would be ^4 » ^"d the reafon is 
plain I for f of * is ^^^ by the fixth art. becaufe 



making the denominator three times greater, makes 
the fraction three times lefs j but if -J- of 4 be tt» 
then I of 4 ought to be twice as much, that is -^4 » 
therefore to determine the amount of ^ of 1$ ^^e 
numerator and denominator of 4 niuft be multiplied 
refpeitively by the numerator and denominator of 
4 t and the fame realbn will hold good in all other 
inftances. 

If a whole number is to be multiplied by a fraftion, 
either change the multiplicator and multiplicand one 
for another, and then proceed as above direfted ; or 

clfe 
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dfe confider the multiplicand as a fraftion whofc de- 
nominator is unity, and fo proceed according to the 
rule for multiplying one fraiftion by another ; by 
which means both rules will be contracted into one. 
Thus 6, or^, multiplied into 4^ produces '^ or 4. 
If the multiplicator, or multiplicand, or both, be 
mixt riutnbers, they muft firft be reduced to impror 
per fractions by the third art. and then be multiplied 
according to the general rule. 

Examples of multiplication in fraSliom. 

I/?, \oi\^ multiplying numerators together, and 
denominators together, is 44> or tt • ^nd fo we find 
it in any particular cafe : for -J- of a pound are 17 
(hillings and 6 pence ;* and ^ of 17 (hillings and 6 
pence, that is, (by the 5th art.) 4 of 35 (hillings, is 
1 1 (hillings and 8 pence ; therefore t of t of a pound 
are 1 1 (hillings and 8 pence, which will alfo be found 
to be the value of t4 of a pound. 

Here we may obferve once for all, that whenever 
two fractions are to be multiplied together, the pro- 
duct will be the fame, which foever it is that multi- 
plies the other, juft as it is in whole numbers, and 
for the fanrie reafon ; for if -J- be to be multiplied by 
^ then the numbers 7 and 8 muft be refpectively 
multiplied by 2 and 3 ; but if \ is to be multiplied 
by |., then the numbers 2 and 3 muft be refpectively 
multiplied by 7 and 8, which amounts to the fame 
thing ', whence it follows, that ^ of t cpme to the 
fame as -J- of 4 : to confirm this, we have feen already 
that \ of I- of a pound amount to 1 1 ihillings and 8 
pence ; let us in the next place enquire into the value 
of -J. of 4^ of a pound : now -^ of a pound are 1 3 (hil- 
lings and 4 pence ; and ^ of 13 (hillings and 4 pence, 
that is, T of 93 (hillings and 4 pence, is 11 (hillings 
and 8 pence ; therefore -^ of -5- of a pound are the 
fame as x of t of a pound, fince both amount to i r 
Ihillings and 8 pence. 



*i 
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2dfy,^ of 4 of r^ arc^, or-IvJ for 2 x 5 X 9 

make 90^ and 3 x 6 X 10 make 180 ; thus ^^ of a 
pound are iS fhilHngs ; and J- of 18 ftiiiUogS arc 15 
Itillings *, and ^ of 15 fhtllings are 10 fliillings j 
which are ^ of a pound* 

3%, 4 of -J: of 4 arc 14- - thus 4 of a pound are 15 
fhtUingS', and J- of $5 /hillings are n killings and 
3 pence ; and ^ of 1 1 fhillings and 3 pence are 8 
fliillings and 5 pence farthing 5 which will alio be 
found to be the value oil} of a pound, 

4ibly. The tnixt number 6 ^ multiplied by the 
whole number 7, or the whole number 7 multiplied 
by the mixc number 6 ^^ will produce in either cafe 
47 i : for the mixt number 6 ^ being reduced (by the 
3d art.) to an improper fraftion, becomes ^-^-v which 

t ftri 

being multiplied by 7^ or ^J, makes —^ or, when 

reduced to a mixt number, 47 -J:* 

This multiplication may alfo be made another 
way, thus ; -J- multiplied by 7 makes ''-^i ^^^^ 'S* 
(by the 2d art,) 5-^5 put down the fraflion ^ and 
keep the 5 in refer ve 1 then 6 multiplied by 7 makes 
42, which, with the 5 in referve, makes 47 ; there- 
fore the whole produft is 47 ^^ as before. 

S^hly^ 3 I multiplied by 2 ^i that is, '4 ttiulti- 

plied by ^j makes _^, that is, 10 : thus 3 | of a 

pound are 3 pounds, 15 fhillings s and twice 3 pounds, 
15 fhillings is 7 pounds, lo 0iillings ; moreover 4of 
3 pounds, 15 fbil lings, or j <^f 7 pounds, lo ftiil- 
lings, is 2 pounds, lolhillingsi andthcfea pounds j 
!0 {hillings, added to the former part of the product, 
to wit, 7 pounds, 10 fhillings, give 10 pounds for 
the whole produ<ft 1 therefore 3 ^ of a pound multi* 
plied by z % make 10 pounds* 
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'93 



Sfbfyt 96 4 multiplied by 24 4» thar is, — , mul 



tip] led by '4» S^^^* 
2348 4- 



14089 



that is, (by the 2d art,) 



HS 



phly^ g6 i multiplied into itfdf, that is, JH, mul- 



T-I» 



tiplied by — makes — — ^ that is, 1314 

Before I put an end to this art. I do not know 
whether it will be chough c worth my while to take 
notice of a v^ry abfurd qu eft ion feme times bandied 
about, wherein it is required to muliiply 4 of a pound 
by 4: of a pound : I call this a very abfurd queitiont 
becaufe there is no manner of propriety in it ; for in 
the very idea and definition of multipliGatioot the 
mult iplica tor at Jeaft is fuppofed to be an abftract 
number, or fraction, otherwife, what can be the 
meaning of taking the multiplicand as often, or as 
much of it, as is exprcfled by the multiplicator ? If 
by multiplying 4- of a pound by ^ of a pound, be 
meant no more than multiplying 4- of a pound by ^ 
why is the word pound exprefled in the multiplicator ? 
and if there be any other meanijag in it, why doef 
not the propofer explain it, fince it is not exprefled 
in the c^ueftion ? Let him tell me what he means by 
multiplying 1 pound by i pound, and I will foon 
undertake to anfwcr his quellion ^ but if he neicher 
can nor will do this, the queftion neither deferves, 
nor is capable of an anfwer. I am not ignorant of 
another queftion more frequently ufed than this, and 
of equal nonfenfe, if cuflom had not explained it, 
and that is, to multiply 3 yards by z yards, and the 
like J whefeby is meant Ifuppofe, to afllgn the num- 
bcr of fquare yards contained in a reftangied parallelo- 
gram, or long fquare, 3 yards in length, and 2 yards 
in breadth ; but if this be the fenfe put upon that 
queftion by common confent, that is all the title it 

has 
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has to it, there being no fueh thing either expreffed* 
or fo much as implied, in the terms of the queftion^ 
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1 1 . Lei n kt any wb&le numhr^ nmt number^ or fruc^ 
Hon V I fay then thai the quotient of n divided by any 
fra^im is equal to the produ^ of n multiplied int^ 
the reverfe ^f that f ration : as for inflance. 

Let H be divided by ^ ; I fay that the quotient of 
n divided by I, will be equal to the produd of n 
multipJied by -I * for let y be the quotient of n dff 
vided by 4 V '^hat is, let y be a number exprefling 
how often the fradion 4 is contained in ;i ; then will 
4 multiplied by f» be equal to », from the nature of 
multiplication j but the produft of 4 multiplied by y 
is the fame with the produdt of q mukiplied by ^l ; 
that is, 4: off* by the laft article j therefore n is equal 
to I; of q i therefore | of n is equal to 4^ of q ; there* 
fore l oi n are equal to jf \ but | of n is the produft 
of » multiplied by \ \ therefore theproduft of « muf- 
tiptied by ^ is equal to q \ but the quotient of » di- 
vided by -^ was y, by the fuppofition ; therefore the 
quotient of n divided by 4-, is equal to the product 
of » multiplied by ^. ^ E. D. 



C o R o 



L L A R Y 



Hence may the rule of divifion be at any time 
changed into that of multiplication, only by invert- 
ing the terms of the divifbr, and then multiplying in- 
ftead of dividing. The fame will alfo obtain in whole 
numbers, if they be confidercd as fradions whofe de- 
nominators are units ; thus to divide n by 2, that is^ 
4> will have the fame effect as to multiply it by i, as 
was hinted in the foregoing article. 

0/ 
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Of the divifion offraSiiotis. 

13. Thcdivifion of fraftions like all other divifion, 
is to find how often one fradkion called the divifor, 
is contained in another called the dividend -, p.nd that 
which (hews this, is called the quotient, whether it 
be a whole number, a mixt number, or a proper 
fraftion : for in fraftional divifion the quotient is 
always intended to be exaft, without any remainder, 
and therefore muft fometimes be a whole number, 
fometimes a mixt number, and fometimes a proper 
fradlion. Thus if i8 is to be divided by 6, the quo- 
tient will be 3 -, becaufe 1 8 contains 6 3 times : but 
if 2 1 • is to be divided by 6, the quotient will be 
3 Y » becaufe 2 1 contains 6 three times, and half of 
it over and above : laftly, if 3 is to be divided by 6, 
the quotient will be 4^; becaufe here the divifor be- 
ing greater than the dividend, cannot be fo much as 
once contained in it, and therefore the quotient in 
this cafe, muft be a proper fradtion, that is, f, fince 
3 is jiift the half of 6. 

A fradion may be divided by a whole number 
two ways ; either by dividing the numerator by that 
whole number when poffible, or elfe by multiplying 
the denominator by the fame : thus the half of 4 may 
be taken, that is, 4 ^^1 be divided by ft, either by 
halving the numerator, and the quotient will be 4> 
or elfe by doubling the denominator, and then the 
quotient will be xtj ^^^ which amount to the fame 
thing, by the 6th and 7th articles. 

If the divifor be a tradtion, the quotient may be 
had by multiplying the dividend into the inverted 
divifor, according to the rules of multiplication al- 
ready laid down : thus if 4 is to be divided by ^ 
the quotient will be the fame as the produft of 4^ 
multiplied by 4, that is, 44-, or i j-; thedemonftra- 
tion whereof is contained in the laft article. 

D And 
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And here again, as well as in the eleventh article, 
we are to obferve, that if either the divifor, or divi- 
dend, or both, be mixt numbers, they muft be re- 
duced to improper fraftions before the general rule 
can have place ; and that if either, or both be whole 
numbers, they muft be confidered as fraftions wfaofc 
denominators are units. 

From the general rule of divifion before laid down 
it follows, that every fradtion may be confidered as 
the quotient of the numerator divided by the denomi- 
nator, and that, whether the terms of the fradion un- 
der confideration be whole numbers, or (which fomc- 
times happens; mixt numbers, or even pure fra6kions : 
a dcmonftration of this laft cafe will ferve for all, fince 
mixt numbers may be reduced to fradions, and whole 
numbers may be confidered as fradtions whofe deno- 

ttiinators are units. Let the fraction propofed be |^ ; 

I fay, that thi« fraftion is equal to the quotient 
arifing from the divifion of the numerator 4 by the 
denominator ^ : todemonftrate which, multiply both 
^ the numerator, and ^ the denominator, by |- the 
inverted denominator, and the fraftion will be changed 
into this, vv, or 44* being of the fame value with 

the former, by tlie 6th art. but the quotient of 4- di- 
vided by * is aifo ^4 as above : therefore the fraction 

J is equal to the quotient arifing from the divifion of 
r 

the numerator by the denominator : and the fame way 
of reafoning may be ufed in any other inftance. This 
confideration is of very great ufe in Algebra, where 
quantities are very often lb generally exprejQTed, that 
there is no other way of reprefenting the quotient, 
but by a fraftion whofe numerator is the dividend, 
and denominator the divifor. Hence alfo we are 
.taught how to reduce a complicated fraftion into a 
fimple one, whole numerator and denominator arc 
whole numbers, to wit, by dividing the numerator 

by 
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by the denominator : thus we fee that Z is the fame 
as TV 

Oiber examples of divtfion in fraBiom. 

\fty \ divided by 4> or, which is the fame thing, 
4 multiplied into 4j makes xt, or i 4^ ; which (hews, 
that 4 is contained once, and ^ part of it over and 
above, in 4 ' for a further confirmation of this, 4 of 
a pound are 1 6 {hillings and 8 pence ; and ^ of a 
pound are 15 (hillings: now 15 (hillings are once 
contained in 16 (hillings and 8 pence, and there is 
1 (hilling and 8 pence over ; which i (hilling and 8 
pence is juft ^ of 15 (hillings. To prevent over- 
fights, the learner is to remember, that it is the 
terms of the divifor only that are to be inverted, and 
not thofe of the dividend : thus to divide 4 by -J- is 
the fame as to multiply \ into 4> but not the fame as 
to multiply 4 into 4- 

2^^, t4 divided by 4-> ov multiplied into 4, make 
44i or 2 t4> which may be confirmed like the for- 
mer : for t4 of a pound are 18 (hillings ; and 4 of a 
pound is 6 (hillings and 8 pence : now 6 (hillings 
and 8 pence are twice contained in 18 (hillings, and 
there are 4 (hillings and 8 pence over •, which 4 (hil- 
lings and 8 pence will be found by the 5th art. to be 
juft -rioi 6 (hillings and 8 pence. 

^dly^ The whole number 10 divided by 2 4j that 
is ^ divided by 4> or multiplied into 4» makes ^4, 
or 3 4. 

^bly^ 2 4 divided by '^^ or 4 divided by '4, or 
multiplied into -r4 makes -j^y or ^4. 

S^blyj 16 4 divided by 14, that is, *4 divided by 

4 or multiplied into 4 makes — , or 14. 
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Further obfervatiom concerning multiplication and 
divijion in frallions. 

14. When two fraftions are multiplied together, 
or one 1$ divided by the other, it often happens, that 
though the original fractions be both in their lead: 
terms, yet the produft, or quotient from them, (hall 
be otherwiie, and require a further reduflion : as for 
inftance, the fradions \ and tS- are both in their 
kaft terms ; and yet if they be multiplied together, 
their produft J-fe- is fo far from being in it's leaft 
terms, that it may be reduced to ^ : fo again in di- 
vifion, -^l- and 44 ^^^ fractions both in their leaft 
terms ; and yet if the latter be divided by the for- 
mer, the quotient — is reducible to 44- I^ 'Way 

not be amifs therefore, to enquire into the caufe of 
this, and fee whether the original fradtions may not 
be fo prepared beforehand, as that the product, or 
quotient, fhall always come out in it's lead terms. 
Firft then, as to the multiplication of | and t4 $ here 
it is eafy to fee, that the product of i and t-S- multi* 
plied together, will juft amount to the fame, as that 
of t4 into ^S, the denominators of the fra(5tions being 
interchanged ; this I fay is certain from the operation 
itfelf ; for the fame numbers are multiplied togetjher 
in both cafes s hut thefe lad fraflions are far from 
being in their leaft terms, the former, -ri being re- 
ducible to I, and the latter -^ to. 4 ; but after thefe 
ne\y fradions ^4 and \ are reduced to their leaft 
terms 4- and 4 » their produd 4 will be the fame in 
value with that of the original fra£i^ions, and at the 
fame time will be in it's leaft terms. Thus then we 
fee, that to have the produft in it's leaft terms, care 
muft be taken, not only to reduce the original frac- 
tions as low as pofTible, but after that, to interchange 
their denominators, and then again to reduce thefe 

new 
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new fradtions to their lead terms, and laftly, to mul- 
tiply thefe reduced fraftions one into another. 

The fame manner of prafticc will alfo fcrvc for di^ 
vifion, after it is reduced to the rule of multiplication : 
as for example ; the quotient of 44 divided by -r-S^ i» 
the fame with the produft of 44 multiplied iatp -^ ; 
and this again, is the fame with the produd of '4. 
multiplied into 44f ^ above ; bur bccaufc the frac- 
tions *4. and 44» ^^ not in their loweft terms, they 
muft be reduced to 4 and {• before it can be expcAed 
that their produd 4t Aiouid be in it's leaft terms. 
Thus we have reduced the two compendiums of 
multiplication and divifion, not only to one rule in- 
ilead of two, as they are commonly given out, but 
alfo to fuch a rule as carries it's own evidence along 
with it. 

N. B. What was here done by interchanging the 
denominators, and keeping the numerators in their 
places, may as well be done by interchanging the nu- 
merators, and keeping the denominators in their 
places, the reafon of both being the fame. 

Of the rule of proportion infraSiions. 

15. The rule of proportion in fradtions, is fo much 
the fame with the rule of proportion in whole num- 
bers, that nothing more needs to be faid of it, except 
to iliuftrate it by an example or two. 

Examples of the rule of proportion in fraSlions. 

1/, If\ give 4- what will \ give ? Here 4. and 4 
multiplied together give ^4 ; and this divided by 4, 
(or multiplied by ^) quotes -j^j or ^4, which is zk 
anfwer to the queftion. 

2 J/y, IfT,^ give 3 4ri ^^^^ ^i^l 4 4 S*^^ ^ Thefe 
mbct numbers being by the 3d art. reduced to im- 
prqxrr fradicms, will ftand thus : Ifri^^^-vy Wi&/?/ 
wm V f ^ ^ Here V ^^ V mukipBed togettier 

D 3 ^\N^ 
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give ^ — or 1 8 ; and this divided by * , quotes 6 ^, 

which is an anfwer to the queftion* 

' S^fyy V t: ^f ^y^^d, ccfi \ of a foufid^ wbat will 4 
of an ell coji ? Here it muft be obferved, that an eli 
is -1: of a yard, and confcquently that ^ of an ell is -J: 
of 4» or T^-pf a yard i fo that the queftion may be 
ftatcd thus I If \ of a yard coJi f of a pounds what 
w// ,V of a yard coji ? Here f and -^^ multiplied to- 
gether make -^^ and this divided by t quotes ^V of 
a pound, or 4 fhillings and twopence 5 which there- 
fore is an anfwer to the queftion. 

^he reduSiion cf proportion from fraSiionai to 
integral terms. 

Whenever two fractions are propofed, as 4* ^nd 4» 
whofe proportion is defired in whole numbers, rcr 
duce the fraftions firft to the fame denoniination by 
the 8th art. that is, in the prefent cafe, to 44 ^^^4 
W ; then you will have ^ to 4: as 44 '^ to 44 > but 
44 is to 44 ^s 10 to 12, or as 5 to 6 ; therefore 4 is 
to 4 as 5 to 6 : here we may obferve, that though 
the finding of the common denominator be neceflary 
for underftanding the reafon of the rule, yet it is not 
at all neceffary for the praftice of it ; for to whaf 
purpofe is it to find the common denominator, to 
throw it away again when we have done ? In praftice 
therefore, multiply the numerator of the fraftiori 
which is the firft in the proportion, by the denomi- 
nator of the fecond, and then the numerator of the. 
fecond fraftion, by the denominator of the firft, and 
the two produfts will exhibit relpedively, the propor- 
tion of the firft fraftion to the fecond in whole nuni- 
bers, as was evident in the foregoing example. 

pf the extraSlion of roots in JraBions. 

1 6. As every fra£tion is fquared, or multiplied into 
itfclf, by fquaring both the numerator and denomi* 

nator. 
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nator, (kc art. ii.) fo e converfo the (quare root of 
every fraftion will be obtained by extrafting the 
fquare root both of the numerator and denomina- 
tor : thus the fquare of ^ is t|> and tl)e fquare root 
of 7-1 is ^. But here care muft be takcn» whenever 
the fquare root of a fraftion is to be extrafted^ that 
the fradion itfclf be firft reduced to it*s fimplefl: 
terms, by the 7th. art. ocherwife the fradlion may 
admit of a fquare root, and yet this root may not hie 
difcovered : thus if it was required to extract the 
fquare root of the fraftion 4*, it would bcimpoflible 
to obtain the root either of 18 or 32 i and yet when , 
this fraftion is reduced to it*s leaft terms tt* i^*s 
Iquare root will be found to be -J. 

When the fquare root of a number cannot be ex- 
trafted exaftly, it is ufual to make an approximation 
by the help of decimals^ or othcrwife, and fo to 
approach as near to the value of the true root as 
occafion requires. Now in the cafe of a fradtion, 
if the fquare root of neither the numerator nor deno- 
minator can be exaftly obtained, there will be no 
neceflity however, for tvvo approximations, bccaufe 
fuch a fraftion may be eafily reduced to another of 
the fame value, whofe denominator is a known 
fquare : as for inftance ; fuppofe the Iquare root of 

23 I 

46 4- or -^ was required : I multiply both the nu- 
merator and denominator of this fraftion by 5, and 

fo reduce it to — - : Here the denominator 2^ 

as ^ 

is a known fquare number, whofe root is 5 ; and the 

fquare root ot 1 155 is 34 nearly ; therefore, the fquare 
root of the fraftion propofed is nearly ^4, or 6 ^. 
But after all, the beft way of extrafting the fquare 
toot of a vulgar fraftron, is by throwing it into a 
decimal fraftion, as will be fhewn hereafter. 

Note. That whatever has here been faid concerning 
the extraftion of the fquare root in fraftions^ may 

D 4 eafily 
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eafily be applied, mutatis mutandis^ to the extradion 
of the cube root, 6?r. 

Of decimal fraSliom. 

And Jirfl; of their notation. 

iy. A decimal fraftion is a fradion whofe deno- 
fninator is 10, or 100^ or 1000, or loooo, (s?c. and 
this denominator is never exprefled, but always un- 
derftood by the place of the figure it belongs to : 
for as all figures on the left hand of the place of u- 
nits^ rife in their value, according to their diftance^ 
from it, in a decuple proportion ; fo all figures on 
the right hand of the place of units, fink in their 
value in a fubdecuple proportion : as for inftance ; 
the number 345 .6789, where 5 ftands in the place 
of units, is to be read thus ; three hundred forty -five^ 
fix tenthsy feven hundredth parts^ eight thoufandtb 
parts^ nine tenthoufandth parts : or the decimal parts 
may be read thus ; Jx thoufand feven hundred eighty 
nine tenthoufandth parts •, the denominator being ten 
thoufand, becaufe the laft figure 9, according to the 
former way of reckoning, ftands in the place of 
tenthoufandth parts. The reafon of this latter way 

of reading is plain ; for -ri are , and — are 

^ loooo 100 

700 , 8 80 6000 700 80 
1 0000 1000 1 0000 loooo' idooo* ioooo 

and — ^, all added together, make ~^. 

IOOOO IOOOO 

Cyphers are ufed in the expreffion of decimals as 
well as whole numbers, and for the fame reafon. 
Thus .067 may be read either no tenths^ fix hundredth 
parts^ feven thoufandtb parts ; ov fixty feven thoufandtb 
parts. But cyphers on the right hand of a decimal 
^ number (if nothing follows them; are a3 infignificant 
as cyphers on the left hand of a whole number \ and 
yet cyphers are fotnetimes placed after decimals, for 

the* 
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the fake of regularity, or when we want to increafc 
the number of decimal places. 

From what has here been faid, it will be eafy to 
multiply or divide any number by 10, 100, looo^ 
(^c. only by removing the feparating point towards 
the right or left hand. Thus the number 345 .67B9 
being multiplied by 10, becomes 3456 .789 ; and 
being multiplied by 100, becomes 34567 .89 : and 
the fame number 345 .6789 being divided by 10, 
becomes 34-56789 \ and being divided by 100, 
becomes 3 .456789 : thus again, the number 345 
being divided by 10000, becomes .0345 ; for to 
divide by loooo, is the fame thing as to remove the 
ieparating point 4 degrees towards the left hand, if 
there be any feparating point in ^ the number given ; 
but if there be none, as in the prefent cafe, then to 
pjt ^ feparating point four degrees towards the left 
hand, which in this example cannot be done, but by 
the help of a cypher in the firfl decimal place. 

Of the addition and fubtraSiion of decimal 
fraSiions. 

18 • The chief advantage of decimal arithmetic 
^bove that of common fra6tions, confifts in this, 
that in decimals, all operations are performed as in 
whole numbers : this will prefently appear from the 
feveral parts of decimal arithmetic, as they come 
now to be treated of in order ; and firft of addition 
and fubtradion. 

Addition and fubtraAion in decimals are performed 
after the fame manner as in whole numbers, care 
being taken, that like parts be placed under one 
another : as for example, .567 are added to .89 
thus ; 

.%^ .89 .890 

.567 fubtradted thus 5 .507 or thus 5 .567 

1.457- '3^3 i 




58 Of Decimal Frontons. Introd. 

Of the multiplication of deamal fraSiims^ 

19. Mukiplicacion in decimals is al(b perforiped as 
in whole numbers^ no regard being had to the de- 
frin^als as fucb, till the produdt is obtained ; but then» 
Ip many decimal places muft be cut ofT fmi7> the 
right hand of the produdt, as are contained both in 
the multiplicator :^nd multiplicand : as for inftance ; 
let it be required to multiply 4 .56 by 2.3 : here 
confidering both faftors as whole numbers, I mul- 
tiply 456 by 23, and find the produd: to be X048S ; 
but then confidering that there was one decimal in the 
multiplicator, and two in the multiplicand, I cut 
o/T three decimal places from the right hand of the 
produ6l, and the true produft ftands thus ; 10 •488. 

To fhew the reafon of this operation, let the v^o 
faAors be reduced to fimple fradions according to 
the common way, and we ftiall have 2 . j equal to 

^-1, and 4 .s^ equal to -^ and thcfe two fractions 

multiplied together make ; divide by 1000, 

which is done by cutting off the three lafl figures, 
according to art. the 1 7th, a^nd the quotient will be 
10 .488. Another example may be this : let it be 
required to multiply 45600 by .23 : the produdt of 
43600 multiplied by 23 is 1048800: but as there 
were two decimals in the given multiplicator, and 
none in the multiplicand ; I cut off two decimal 
places from the laft produft, and the true produft 
will be found to be J0488 .00, or 10488, Laftly, 
let it be required to multiply ,000456 by .23,: here 
neglecting the initial cyphers in the multiplicand, I 
multiply 456 by 23, and the produdl is 10488 : 
then I confider, that there were two decimal places in 
the multiplicator, and fix in the multiplicand, and 
confequently that eight decimal places are to be cut 
off from the lafl; produd s but the laft produA 

cohfifts 
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conHfts of only 5 places ; therefore I place three cy- 
phers to the left hand, with the feparating point be- 
fore them, and fo make the true produft .0001 048 8, 
There are various compendiumis of this fort of mul- 
tiplication to be met with in Oughtreddin^ others ; but 
they are fuch, as by a little exercife, any one tolerably 
well grounded in this part of Arithmetick will eafily 
fiifcover of himfelf as they lie in his way. 

Of the divifion of decimal fraSliem, 

20. Divifion in decimal fraftions is performed, firfl: 
by confidcring them as whole numbers, and dividing 
accordingly ; and then cutting off from the right 
hand of t|ie Quotient, »as many decimal places as the 
dividend hath more than the divifor. The reafon 
-whereof is manifeft from the 19th article : for fincc 
the divifor and quotient multiplied together are to 
make the dividend, the divifor and quotient ought 
to have as many decimal places between them, as 
there are in the dividend ; therefore the quotient 
alone ought to have as many decimal places as the 
jiividend hath more than the divifor. 

Example the ift ; Let it be propofed to divide 
10.488 by 2 .3 : here dividing the whole number 
10488 by the whole number 23, I find the quotient 
to be 456 : but then confidering that there were 3 
decimal places in the dividend, and but one in the 
divifor, I cut off two places from the right hand of 
the quotient, and fo make the true quotient 4.56* 

Example 2^; Let it be propofed to divide 5678 .9 
by .06 : here becaufe there are two decimal places in 
the divifor, and but one in the dividend, I fupply 
the deficient place by putting a cypher after the di- 
Tidend, thus, 5678 .90 ; then dividing the whole 
number 567890, by the whole number 6, (for fincc 
6 is now confidered as a whole number^ the cypher 
before it may be neglected ;) I find the quotient to 
\it 94648, which is not to be funk, becaufe the dt- 
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vidend was made to have as many decimal places as 
the divifor ; but as this quotient is not exadt, if for a 
greater degree of exadlnefs I would continue it to any 
number of decimal places, fuppofe 2, inftead of one 
cypher after the divifor, I would have put three, and 
then the quotient would have come out 94648 .33, and 
this quotient rs much more exad: than the former, as 
lying between 94648 .33 and 94648 .34 : but ip 
ought further to be obferved concerning this quo- 
tient, that if the divifion was to be continued in infi- 
nitum^ the figures in the decimal places would be all 
3*s : this is evident from the work ; for the two laft 
dividuals are the fame, and therefore they muft all 
be the fame. 

7i reduce a 'vulgar fraStion to a decimal fraSiion. 

ai. Since every fra&ion may be confidercd as the 
quotient of the numerator divided by the dcnomina- 
tor» (fee art. 13th,) we have an eafy rule for redu- 
cing a vulgar fraftion to a decimal fradion, which is 
as follows : put as many cyphers after the numera- 
tor as are equal in number, to the number of decimal 
places whereof you intend your reduced fraftion to 
€onfift, and call thefe cyphers decimal ; and then 
dividing the numerator by the denominator, the quo- 
tient will be a decimal number equal to the fra&ion 
firft propofed, or perhaps a mixt number, if the 
fraftion propofed was an improper one. 

Example \ft ; Let this fradion ^ be propofed to 
be reduced to a decimal one confifting of four deci- 
mal places : here putting 4 decimal cyphers after the 
numerator 3, I divide 3 .0000 by 49, and the quo- 
tient uncorrefted is 612 : but now confidering that 
there were 4 decimal places in the dividend, and none 
in the divifor, and confequently that four decimal 
places are to be cut off from the quotient, whereas 
it confifts but of thret ; I fupply this defeft of places 
i)y a cypher at the left hand, and fo make the quo- 
tient .0612. 

Example 
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Example 2d -, Let this fraftion -^ be propofed to 
be reduced to a decimal fradion confifting, if poC- 
fible, of fix places : here dividing 7 .000000 by i6» 
I find the true quotient to be .4375, the two lafl: cy- 
phers in the dividend being ufelefs. 

NoU. When this divifion runs ad infinitumy it will 
be impoifibie for the reduction to be exa6t in a finite 
number of terms ; but an approximation may be 
made that (hall come nearer to the quotient than the 
leaft afiignable difference, by taking more and more 
terms. 

To reduce the decimal parts of any integer to fuch 
other parts as that integer is ujually divided into. 

22. To. explain this rule, and to give an example 
of it at the fame time *, let .345 of a pound fterling^ 
that is, three hundred forty five thoufandth parts of 
a pound be given to be reduced into fhillings, pence 
and farthings : here then I obferve, that as any num- 
ber of pounds, multiplied by 20 will give as manj 
ihillings as are equal to the pounds, fo any decimd^ 
parts of a pound multiplied by 20, will give as many 
ihillings, and decimal parts of a (hilling, as are equi- 
valent to the decimal parts of a pound ; and fo on 
as to pence and farthings : multiplying therefore 
.345 by 20, the produd: is 6 and .900^ or 6.9, 
which fignifies, that .345 of a pound are equivalent 
to &x (failliogs and nine tenths of a (hilling, which is 
ufuaiiy written thus ; 6 .9 (hillings : again, multi* 
plyii^ this laft decimal .9 by 12 for pence, I find 
that .9 of a (hilling are equivalent to 10 .8 pence : 
laftly, multiplying .8 by 4 for farthings, I find that 
•8 of a penny are equivalent to 3 .2 iarihings; as 
for the .2 of a farthing, I negled it, there being no 
lower denomination, qr at leail, not intending to de« 
fcend any lower ; and fo I find .345 of a pound to 
amount to fix (hillings and tenpence three farthings. 
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^ reduce the common parts of any integer into 
equivalent decimal parts of the fame. 

23. This redudHon being the reverfe of the former, 
it might be performed by divifion, aS that was bjr 
multiplication ; but when all things are confidered, I 
do not know whether the following method may not 
be thought as eafy, and as intelligible as any : let it 
then be required to reduce 2 hours, 34 minutes, 56 
fcGonds, into equivalent decimal parts of a day* 
Now in one day there are 86400 fcconds ; and in 
two hours, 34 minutes, 56 feconds, there are 9296 
feconds ; therefore two hours, 34 minutes, ^6 fe- 
conds^ are equivalent to -— — • of one day : reduce 
* 86400 

this vulgar fraftion to an equivalent decimal, by the 
laft article but one, and you will find it to be .10759 ; 
therefore 2 hours, 34 minutes, 56 feconds, are 
equivalent to .10759 ^^ ^^^ ^^y- ^ut there^is one 
article ftill remains to be adjufted, and that is, to 
feow many decimal places the foregoing fraftion muft 
Le reduced, fo as to exprefs accurately enough, the 
parts of a day to a fecond of time. Now to know 

this, I confider that one fecond of time is rr. — of 

86400 

one day ; therefore I reduce -- — to a decimal 
^ 86400 

fradtion, at leaft as far as to the firft fignificant figure, 
and find it to be .00001 ; whence I conclude, that 
to exprefs the parts of a day to a fecond of time by 
any decimal, that decimal muft not confift of fewer 
than 5 places, becaufe there were 5 places in the de- 
cimal fradtion .0000 !• Now to (hew that the deci- 
mal fraftion above found, to wit, .10759 cxprcflSis 
the time propofed to a fecond, reduce it back again, 
by the laft art. and you will find it amount to 2 hours, 
34 minutes, 5^ .8 feconds. 

For another example, let us take the reverfe of 
that in the laft art. that is, let it be propofed to re- 
duce 
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ducc fix (hillings ten pence 3 .2 farthings, into equi- 
valent decimal parts of a pound : one pound con- 
tains 960 fatthings, or 9600 tenths of a farthing ^ 
and 6 ihillings, 10 pence 3 .2 farthings, contain 3312 
tenths of a farthing ; therefore 6 (hillings, to pence 

3 ,2 farthings, are equivalent to -— of a pound ; 

but -T^ being reduced to a decimal, is, ,0001 C^r. 

wherein the firfl: (igniBcant figure is in the 4th place ; 

4 4 1 2 
therefore I reduce the fra<5tion -^ — , to four ded- 

9600 

mal places, and they amount to .3450, that is, .345 
of a pound ; fo that in this particular ca(e, three 
decimal places are fufEcient to exprefs exaftly the fum 
propofed. 

Of the ext raffs on ^ftbejquare root in decimal 
froBions. 

24. Having treated of the multiplication and divi- 
fion of decimal fradions, it vtrould be altogether 
noedlefs to fay any thing concerning the rule of pro- 
portion, which is but a particular application of both: 
therefore I Ihall now pafs on to the extradion of the 
fquare root, at leaft fo far as it concerns decimal frac- 
tions- There are but few fquare numbers, or fuch 
as will admit of an exad fquare ropt, in comparifon 
of the reft ; and therefore, whenever a number is pro- 
pofed to have it*s fquare root extraded, the artifl: 
muft firft determine with himfelf, to how many de- 
cimal places it is proper the root Ihould be continued; 
and then by annexing decimal cyphers,, if need be, 
to the right hand of the number propofed, he muft 
make twice as many decimal places there, as the root 
is to confift of *, after this, he muft put a point over 
the place of units, and then palling by every other 
figure, he muft point in like manner all the reft, 
both to the right hand, and to the left : by this 
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means, the number wUl be prepared, and the fquare 
1 root may be extradcd as in whole numbers, provided 
that fo many decimal places be cut off from the root 
when obtainedj as were firft dtfigncd, 

tvxample i^ i Let the root of 2545 * 6 be required 
to two decimal places. The number when prepared, 
ftands thus, 2345 *6ooo, or as a whole nuo^iber, thus, 
23456000 J and its fquare root, when extraftedj will 
he 48+3 nearly ; and therefore 48 .43 will be the root 
fought. To try this root 48 .43, multiply it into 
iUelf, and the 4 firll figures ot' the fquare wilJ be 
2345^ which are all true, nor can it be expedled any 
more (hould be fa, becaufe there were but four places 
true in the root, no notice being taken of the rell ; 
but had the root been extraded true to 5 places, that 
is, to as many places as the original fquare confifted 
of^ it would then have been 48 .431 \ multiply this 
number into itfclf, and 5 of the Hrft figures of the 
produft^ taken with the Jeaft error, will be 2345.6, 
which is the otiginal fquare itfelf 

Example zd ; Let the root of *oo23456 be re- 
quired to 5 decimal places. Here putting a cypher 
in the place of units to direft the pundtation, thus, 

0,0023456000, I extraft the fquare root of 23456000 
as of a whole number, and find it to be 4^43, as 
above : but confidering that this root is to be funk 5 
places, I put a cypher to the left hand, and fo make 
the true root .04843, 

That the fuppofed fquare ought to have twice as 
many decimal places as the root, is evident, both ^ 
priori^ and A pojferiori : d priori^ becaufe in extraft- 
ing the fquare root, two figures are brought down 
from the Iquare for every fingle figure gained in the 
root I and d p^fierhri^ becaufe the root multiplied 
into jtfelf is to produce the fquare 1 and therefore, 
from the nature of multiplication, the fquare ought 
to have twice as many decimal places as the root. 
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Art. I. 1/f SHALL not here detain the young 
ftudent with a long hiftorical account of 
the rife and progrefs of Algebra ; nor 
even fo much as with either the etymo- 
logy or fignification of the word, which would contri- 
bute but very little to his information, till he has made 
a further progrefs in the fcience itfelf, and whereof 
he will find enough in Dr. Wallis and others. Nor 
indeed is it a fubjeft altogether fo proper at this time 
to be infifted upon -, this art, like many others, ha- 
ving now confiderably outgrown it's name, and be- 
ing often employed in arithmetical operations very 
different from what it's name imports. All I fhall 
advance then, by way of definition is, thdH/ilgebra^ 
in the modern fenfe of the word^ is the art of com- 
puting byfymboU, that is, generally fpeaking, by let- 
ters of the alphabet -, which for the fimplicity and 
diftindlnefs both of their founds and charafters, are 
much more commodious for this purpofe than any 
other fymbols or marks whatever. 

E In 
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In this way of notation, it is ufual to fubftitute let- 
ters not only for fuch quantities as are unknown, and 
confequently, fuch as cannot well be reprefented other- 
wife, but alfo forknoivn quaijtities themfelves, ifi or- 
der to keep them diftinft one from another, and to 
form general conclufions. As for inftance ; fuppofe 
it was demanded of me, what two numbers are 
thofe, wh'jfe fum is 48, and whofe difference is 14 : 
here, if I only put x, or Tome other letter for one 
of the unknown quantities, and ufe the known ones 
48, and 14 as I find them in the problem, I fhall 
only come to this particular conclufion, to wit, tha^t 
the greater number is 31, and the lefs 17, which 
numbers will anfwer both the conditions of the prob- 
lem. But if inftead of the known numbers 48 and 
14, 1 fubftitute the general quantities a and ^ refpec- 
tively, and fo propofe the problem thps ; Wbaf two 
numbers are thofe^ whofe fum is a, and whofe difference 
is b ? 1 n^all then come to this general cpnclufion, 
viz. that Half the fum of a and b will bt the greater 
number^ and half their difference will be the kfs : which 
general theorem will fuit not only the particular cafe 
abovementioned, but ^Ifo all other cafes of this prob- 
lem that can pofTibly be propofed. Row I come by 
thefe two conclufipns, will be fufficiently fhewn in 
the courfe of this work ; as alfo many other advan^ 
tages attending this way of fubftituting letters for 
known quannties, befides thofe already mentioned. 

What I have here faid, was only to illuftrate in 
fome meafure, the definition already 'given of Alge- 
bra, and to fhew, that letters are there ufed, not fo 
much to fignify particular quantities as fuch, as to 
fignify the relation they have to one another in any 
problem or computation. From all which it may M 
obferved, that letters reprefent quantities in Algebra 
juft in the fame manner as they do perfons in com- 
mon life, when two or more perfons are diftinftly to 
be confidered with regard to any compaft, law-fuit, 
or. in any other relation whatever. 

N.B. 
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N. B. A fingle quantity is fometimes reprefcnted 
by two or more letters, when it is confidercd as the 
produft of the quantities fignified by thofe letters 
fingly : thus ^ ^ is the produft of the multiplication 
of ^ and b ; and ab c \s the produft arifing from the 
continual multiplication of ^, b and c. But of this 
more particularly under the head of multiplication. 

Of affirmathe and negative quantities in Algebra. 

2. Algebraic quantities are of two forts, affirma- 
tive and negative : an affirmative quantity is a quan- 
tity greater than nothing, and is known by this 
fign + : a negative quantity is a quantity lefs than 
nothing, and is known by this lign — : thus + a 
fignifies that the quantity a is affirmative, and is to 
be read thus, plus a, or more a : — b fignifies that 
the quantity b is negative, and muft be read thus, 
minus b^ or lefs b. 

The poffibility of any quantity's being lefs than 
nothing is to fome a very great paradox, if not a 
downright abfurdity; and truly fo it would be, if we 
fhould fuppofe it poffible for a body or fubftance to 
be left than nothing. But quantities, whereby the 
diflerent degrees of qualities are eftimated, may be 
eafily conceived to pafs from affirmation through 
nothing into negation. Thus a perfon in his for- 
tunes may be faid to be worth 2000 pounds, or 1000, 
or nothing, or — 1000, or — 2000 ; in which two 
laft cafes he is faid to be 1000 or 2000 pounds worfe 
than nothing : thus a body may be faid to have 2 
degrees of heat, or one degree, or no degree, or — - 
one degree, or — two degrees : thus a body may be 
faid to have two degrees of motion downwards, or 
one degree, or no degree, or — one degree, or ^- 
two degrees, fcff. Certain it is, that all contrary 
quantities do neceflarily admit of an intermediate ftate, 
which alike partakes of both extremes, and is beft 
rcprcfented by a cypher or o : and if it is proper to 

E 2 K^^ 
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fay, that the degrees on either fide this common limit 
are greater than nothing ; 1 do not fee why it fhould 
not be as proper to fay of the other fide, that the 
degrees are lefs than n6thing ; at leaft in comparifon 
to the former. That which moft perplexes narrow 
minds in this way of thinking, is, that in common 
life, moft quantities Jofe their names when they ceafc 
to be affirmative, and acquire new ones fo foon as 
tliey begin to be negative : thus we call negative 
goods, debts ; negative gain, lofs ; negative heat, 
cold ; negative delcent, afcent, (^c : and in this fenfe 
indeed, it may not be fo eafy to conceive, how a 
quantity can be lefs than nothing, that is, how a 
quantity under any particular denomination, can be 
faid to be lefs than nothing, fo long as it retains that 
denomination. But the queftion is, whether, of two 
contrary quantities under two different names, one 
quantity under one name may not be faid to be left 
than nothing, when compared with the other quan- 
tity, though under a different name ; whether any 
degree of cold may noc be faid to be further from 
any degree of heat, than is lukewarmth, or no heat 
at all. Difficulties that arife from the impofition of 
fcanty and limited names, upon quantities which in 
tbcmfelves are adtually unlimited, ought to be charged 
upon thofe namcs^ and not upon the things them- 
felves, as I have formerly obferved uppn another oc- 
cafion •, fee introduftion, art. ii. In Algebra, where 
quantities are abftradledly confidered, without any 
regard to degrees of magnitude, the names of quan- 
tities are as extenfive as the quantities themfelves ; fo 
that all quantities that differ only in degree one from 
another, how contrary foever they may be one to 
another, pafs under the fame name ; and affirmative 
and negative quantities are only diftinguilhed by their 
figns, as was obferved before, and not by their names ; 
the fame letter reprefenting both : thefe figns there- 
fore in Algebra carry the fame diftinftion along with 
rhcm as do particles and adjedlivcs fometimes in com- 
mon 
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mon language, as in the words convenient and incon- 
venient, happy and unhappy, good health and bad 
health, (^c. 

Thefe affirmative and negative quantities, as they 
are contrary to one another in their Own natures, fo 
likewife are they in their eiFeAs, a confideration which 
if duly attended to, would remove all difficulties con- 
cerning the figns of quantities arifing from addition, 
fubtradbion, multiplication, divifion, (^c : for the re- 
fult of working by affirmative quantities in all thefe 
operations is known ; and therefore like operations in 
negative quantities may be known by the rule of 
contraries. 

Before we proceed any further, it may not beamifs 
to advertife, that if a quantity has no fign before it, 
it muft always be taken to be affirmative ; and that if 
it has no numeral coefficient before it, unity muft al- 
ways be underftood : thus 2 a fignifies + 2 ^, and a 
fignifies I ^ or + I ^. 

By the numeral coefficient of a quantity, I mean 
the number or fradion by which that quantity is mul- 
tiplied : thus 2 a fignifies twice a^ or a taken twice, 

and the coefficient is 2 : ^ a^ or — fignifies 1 of the 

4 
quantity a, and the coefficient is 4. 

N. £. The fign of a negative quantity is never 
omitted, nor the -fign of an affirmative one, except 
when fuch an affirmative quantity is confidered by 
itfelf, or happens to be the firft in a feries of quan- 
tities fucceeding one another : thus we do not often 
mention the quantity + a, but the quantity a, ; nor 
the feries + ^2 — i — c + dy but the feries^ — ^ — c+d. 
We fhall now confider the feveral operations of alge- 
braic quantities. 

Of the addition of algebraic quantities. 

3. This article I Ihall divide into feveral para- 
graphs : as 

,E 3 ^^^ 
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ly?. Whenever two or m6re quantities of the fame 
denomination, and which have the fame fign before 
them, are to be added together, put down the lum 
of their numeral coefficients with the common fign 
before it, and the common denominator after it ; thus 
+ 2 a and+ 3 a added together make + 5 ^, for the 
fame reafon as 2 dozen and 3 dozen added together 
male 5 dozen : thus again, — 3^^, — ^.ab and — 5 a If 
when added together make — iiaif-^ for the fame 
reafon as feveral debts added together make a greater 
debt, 

2i, If two quantities of the fame denomination 
which have different figns before them are to be added 
together, put down only the difference of their nu- 
meral coefficients with the common denominator after 
it, and the fign of the greater quantity before it : for 
in this cafe, the quantities to be added being contrary 
one to another, the lefs quantity on which fide fOr 
ever it lies, will always deftroy fo much of the other, 
as is equal to itfeJf. Thus + 5 a added to — 2/j 
makes + 3 a\ as if a perfon owes me 5000 pounds 
upon one account, to whom I owe 2000 upon ano- 
ther, the balance upon the whole will be 3000 pounds 
on my fide. If it be objected, that this is fubtraftion, 
and not addition ; I anfwer, that the addition of — 2 a 
will at any time have the fame cfFeft as the fubtraftion 
of + 2 ^; but I deny that the addition of — 2 ^ is the 
fame, or will have the fame effcrft as the fubtradion of 
r^2a. Other examples of this cafe may be thefe ; 
-I- ya added to" — 7^gives o; + 3 wadded to — iia 
gives — 9^5+ wadded to — 5^ gives — 4^; + 5a 
added to — a gives + 4 tf -, +i-a added to — ^a gives 

3^, When many quantities of the fame denomina?- 
tion are to be added together, whereof fome are affir- 
mative and fome negative, reduce them fjrft to two, 
by adding all the affirmative quantities together, and 
all the negative ones, and then to one by the lafl: pa- 
ragraph. Thus + 10^ — 9^4-8 a — 7 a when added 

together 
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together make 2^5 for + loa and + 8^ make + 
18/?, and — 9^ and —7^ make— \6a \ and -\-^i%a 
and — • 1 6a make + 2^. 

4/i?, Quantities of different denominations will not 
incorporate, and therefore cannot otherwifc be added 
together, than by placing them in any order one after 
another with their proper figns before them, except 
the firft, whofe fign, if affirmative, may be omitted. 
Thus + 2a and —3^ ^nd •+• 4^ and —5^, when add- 
ed together, make 2^ — 3^ + 4^ ~ 5^ : thus a and 
h added together make a + b% and hence it is, that 
whenever two quantities are found with this fign + be- 
twixt them, it fignifies the fum arifingfrom the addi* 
tion of thofe two quantities together : thus '\{ a (lands 
for 7, and b (lands for 3, ^ + ^ will (land for 10, 
and fo of the reft : but if— b is to be added to ^, the 
fufn muft be written down thus, a^-b ; for to add — ^, 
is the fame as to fubtraft + b. 

§thj Compound quantities, whofe members are all 
of diflferent denominations, are likewife incapable of 
being added any other way, than by being placed one 
after another without altering their figns : thus3tf-J- 
4^ added to 5c -^ 6d can only make 3a + ^.b + gc 
— 6d. But it the members are not all of diflferent de- 
nominations, it may then be convenient to place one 
compound -quantity under another, with like parts 
under like, as far as it can be done, as in the folldW* 
ing examples j 

a + b "^ For a and a added together make 
a-'b 2a •, and + b and — ^ added together 

2a ♦.+ de{lroy one another, and (b make 
o or * •, which charadler in Algebra 
is always ufed to fignify a vacant 
place. 
2>^— 3/1+4^— gc+Sd'^ye * 
lo^+Q^— 8^— vc—Sd *— 5/ 

i2ft+6a'-^^b'-i2c *-^7f-*^5/. 

E 4 ^^^^1 
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NotCy That in the addition, fubtraftion an4 mul- 
tiplication of compound algebraic quantities, it mat- 
ters little which way the work is carried on, whcr 
thcr from right to left, or from left to right, becaufe 
here are no referves made for higher places. 

Of the fubtraSlkn of algebraic quantities. 

4. Whenever a fimple algebraic quantity is to be 
fubtradted from another quantity, whether fimple or 
compound, firft change the fign of the quantity to be 
fubtrafted, that is, if it be affirmative, make it, or 
at leaft call it negative, and vice verfd^ and then add 
it fo changed to the other : for fince\(as was before 
hinted) the fubtrading of any one quantity from ano- 
ther, is the fame in effeft as adding the contrary, and 
fince changing the fign of the quantity to be fubtraft- 
ed, renders that quantity juft contrary to what it was 
before, it is evident, that after fuch a change it may 
be added to the other, and that the refult of this ad- 
dition will be the fame with that of the intended fub- 
traftion. Thus may the rule of fubtraftion, by 
changing the fign of the quantity to be fubtraded, 
be at any time changed into that of addition, juft as 
the rule of divifion in fraftions by inverting the terms 
of the divifor, was changed into that of multiplica- 
tion. As for example, -|- b fubtrafted from a leaves 
a — by becaufe — b added to a makes a — .b ; fo that 
a — b may be confidered either as the fum oi a and — b 
added together, or as the remainder of -{- ^ fubtrafted 
from ay or as the difference between a and b^ or as the 
excefs of a above by all which amount to the fame 
thing : as if ^ fignifies 7, and ^3, a — b muft ftand 
for 4, and fo of the reft. 

The rule of fubtradtion here given is univerfal, 

though there will not be always occafion to have re- 

courfe to it : for fuppofe 3 a is to be fubtrafted from 

7 ay every ones common fenfe will inform him, that 

i there 
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there muft remain 4^?, juft as tbreefcore fubtradled 
from fevenfcore leaves fourfcore. 

Other examples cf algebraic JubtraBion may be 
thcfe that follow. 

\Jiy ya fubtrafted from 5^2 leaves — 2^, becaufe 
-7-7^ added to + 5^ makes — 2^7, by the 2d para- 
graph of the laft article. 

2^, ga fubtrafted from o leaves — 9^, becaufe 
— ^a added to o makes — 9^. 

3^, 12^ fubtrafted from — 3^ leaves — 15^, 
becaufe — 12^ added to — 3^ makes — 15^, by 
the firft paragraph of the laft article. 

4/i&, — 3^ fubtracled from — ia leaves — 5^, 
becaufe + ^a added to — ia makes — 5^. 

5/>&, —ja fubtrafted from — 3 ^ leaves + 4^, be- 
caufe + T a added to — 3 ^ makes -^ 4 a. 

6th ^ — 6 a fubt rafted from o leaves +6^, be- 
caufe ^ 6a added to o makes '^6a. 

yth^ -- Sa fubtrafted from 4-5^ leaves + loa^ be- 
caufe + 5^ added to + 5^ makes -f- lo^^. 

8//&, — b fubtrafted from a leaves a+b, becaufe 
+ b added to a makes a+b^ by the 4th paragraph 
of the laft article. 

^th^ — 2 fubtrafted from 7 leaves 9, becaufe + 2 
added to 7 makes 9. 

From the firft of thefe examples it appears, that 
a greater quantity may be taken out of a lefs, but 
then the remainder will be negative •, juft as a 
gamefter that has but 5 guineas about him may 
loofe 7, but then there will remain a debt of 2 gui- 
neas upon him. By the laft example it appears, 
that — 2 fubtrafted from 7 leaves 9, that is, that 
if a negative quantity be fubtrafted from an affir- 
mative one, the affirmative quantity will be fo far 
from being diminifhed thereby, that it will be increaf- 
ed ; a principle which I fear will be found fomewhat 
hard of digeftion, efpecially by weak conftitutions : 

therefor 



74 SUBTRACTION of Book I. 

therefore to ftrengthen my patient as far as lies in my 
power, I fliall fuggeft to him the following confi- 
derations : 

ly?, In any fubtraftion, if the remainder and the 
lefs number added together, nj^ike the greater, the 
fubtradion is juft : but in our cafe, the remainder 
9 added to the lefs number — 2 makes the greater 
number 7 ; therefore — 2 fubtradted from 7 leaves 

9- 

2dly^ In all fubtraftion whatever, the remainder is 

the difference betwixt the greater number and the 

lefs : but the difference between + 7 and — 2 is 9 ; 

therefore — 2 fubtradled from + 7 leaves 9. 

j^/y, 7 is equal to 9 — 2 by the fecond pai-agraph 
of the laft article -, therefore — 2 fubtrafted from 7 
will have the fame remainder as — 2 fubtrafted from 

9 — 2 : but — ' 2 fubtrafted from 9 — 2 leaves 9 ; 
therefore — 2 fubtrafted from 7 leaves 9. In fliort, 
the taking away a defedt in any cafe whatever^ will 
amount to the fame, as adding Ibmething real : as if 
an eftate be incumbered with a mortgage or a rent- 
charge upon it, whoever takes off* the incumbrance 
juft fo much increafes the value of the eftate. 

4thly^ The lefs there is taken from 7, the more 
will be left : if nothing be taken, there will remain 
7 ; therefore if lefs than nothing be taken, there 
ought to remain more than 7. 

5/%, If after all that has been faid, or perhaps 
all that can be faid in this abftracted way, fomc 
fcruples ftill remain, let us apply the principle we 
have already advanced, and try whether we fhall meet 
with any better fuccefs that way. Let it then be 
required to fubtract the compound quantity a — 2 
from the compound quantity 6a+ y : in order to 
this, I place a under 6^, and — 2 under 7, and 
then fubtract as follows ^ a from 6 a and there re- 
mains 5 tf , — 2 from 7 and (if our aflertion be true) 
there remains 9 ; therefore the whole remainder is 

5^ + 9- 
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5^ + 9. Now I dare appeal to every one's common 
fcttfe, whether this fubtraftion be not- juft: forcertaia 
it is, that if a be fubtrafted from ^a-^-^^ the re- 
mainder will be 5 ^ -f 7 i and if fo, then it is as 
certain, that if ^ — 2 be fubtrafted, which is lefs than 
the former by 2, the remainder will be greater by 2, 
that is, 5^ + 9. But to proceed : 

Other examples of the fuhtraBim of compound 
algebraic quantities may be tbefe. 

a+b :J;Thus 7-— 3> or 4, fubtrafted from 7 »4-i2 
a — b +3, or 10, leaves twice 3, or 6. 3^+7 

P+2bX —3^+5- 

From 12^^+6^ — 4^ — 12^ ♦ — je — 5/ 
Take 2x — 3^+4^ — 5c+6d—^ye ♦ 



Remains 10^+9^ — 8^ — yc — 6d *— 5/ 
Proof 12x4-6^ — ^4^--i'i:^^ ♦ — ye^-gf. 

If never a member of the fubtrahend be found to 
be of the fame denomination with any member of 
the number from whence the fubtraftion is to be 
made, change the fign of every member of the 
fubtrahend, and then add it to the other. As if 
5^ — 6d is to be fubtrafted from 3^ — 4^, firft 
change the fign of 5 c — 6dy and make 'it — 5c+6d^ 
and then add it to the other, and you will have 
3^ — 4^ — 5^4-6^ for a remainder. 

Of the multiplication of algebraic quantities. 

^d Jirjl^ how to find the fign of the produ£l in 
multiplication^ from thofe of the multiplicator 
and multiplicand given. 

5. Before we can proceed to the multiplication 
of algebraic quantities, we are to take nouce^ tVvax 
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if the figns of the multiplicator and multiplicand be 
both alike, that is, both affirmative, or both ne- 
gative, the product will be affirmative, otherwife it 
will be negative: thus +4 multiplied into + 3, or 

— 4 into — 3 produces in either cafe +12: but 
-- 4 multiplied into +3, or +4 into — 3 produces 
in either cafe — 12. 

If the reader expefts a demonftration of this rule, 
he muft firft be advertifed of two things : firft^ that 
numbers are faid to be in arithmetical progrcffion 
when they increafe or decreafe with equal differences, 
as o, 2, 4, 6; or 6, 4, 2, o ; alfo as 3, o, — 3 ; 
4, o, ^ 4 ; 12, o, — 12 ; or — . 12, o, + 12 : 
whence it follows, that three terms are the feweft 
that can form an arithmetical progreffion ; and that 
of thefe, if the two firft terms be known, the third 
will eafily be had ; thus if the two firft terms be 4 
and 2, the next will be o ; if the two firft be 12 and 

0, the next will be — 12 ; if the two firft be —12 
and o, the next will be +12, &fc. 

2^/k, If a fet of numbers in arithmetical pro- 
greffion, as 3, 2 and i, be fucceffively mulciplied 
into one common multiplicator, as 4, or if a fingle 
number, as 4, be fucceffively multiplied into a fet 
of numbers in arithmetical progreffion, as 3^ 2 and 

1, theprodufts 12, 8 and 4, in either cafe, will be 
in arithmetical progreffion. 

This being allowed, (which is in a manner felf- 
cvident,) the rule to be demonftrated refolves itfelf in- 
to four cafes : 

I/?, That + 4 multiplied into -f 3 produces 
+ 12. 

zdly^ That — 4 multiplied into + 3 produces 

— 12. 

3J/V, That + 4 multiplied into — 3 produces 

— 12. 

And laftl)\ that — 4 multiplied into — 3 produces 
4-12. Thefe cafes are generally expreflfed in fhort 
thus : firft + into + gives + •, fecondly — into + 

gives 
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gives — ; thirdly + into — gives — ; fourthly — 
into — gives +. 

Cafe ift. That + 4 multiplied into + 3 produces 
+ 12, is felf-evident, and need no demonftration ; 
or if it wanted one, it might receive it from the firft 
paragraph of the third article j for to multiply + 4 by 
+ 3 is the fame thing as to add 4+4+4 into one 
fum ; but 4 + 4 + 4 added into one fum give + I2, 
therefore + 4 multiplied into + 3 gives +12. 

Cafs 2d. And from the fecond paragraph of the 
3d art. it might in like manner be demonftrated, 
that —4 multiplied into +3 produces —12: butlfliall 
here demonftrate it another way, thus : multiply the 
terms of this arithmetical progreffion 4, o, — 4, into 
+ 3, and the produdls will be in arithmetical pro- 
greffion, as above •, but the two firft produces are 
12 and o ; therefore the third will be — 12 ; there- 
fore — 4 multiplied into + 3, produces — 12. 

Cafe id. To prove that + 4 multiplied into — 3 
produces — 12 ; multiply + 4 into + 3, o, and —3 
fucceffively, and the produfts will be in arithmetical 
progreffion ; but the two firft produfts are 1 2 and o, 
therefore the third will be — / 2 ; therefore + 4 
multiplied into — 3 produces — 12. 

Cafe ^tb. Laftlyi to demonftrate, that — 4 mul- 
tiplied into — 3 produces +12, multiply — 4 into 
3, o, and — 3 fucceffively, and the produfts wilJ be 
in arithmetical progreffion ; but the two firft pro- 
dudts are — 12 and o, by the fecond cafe ; therefore 
the third produft will be + 125 therefore — 4 mul- 
tiplied into —3 produces + 12. 

Caf id^ + 4, o,— 4 Caf 3d, + 4, + 4, + 4 
+ 3»+3» + 3 + 3> o, -. 3 



+ 12, O,— -12. + 12, O, — 12. 

Caf 4th, —4, —4^—4 
+ 3. 0,-3 

— 12, O, + 12, T^CiR 
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Thefe 4 cafes may be alfo rpore briefly demon- 
ftrated thus : +4 multiplied into + 3 produces +12^ 
therefore *— 4 ii:ito +3, or + 4 into — 3 ought to 
pr6duce fomctbing contrary to + 12, that is, — 13 : 
but if -^-4 midtiplied into + 3 produces -^^ 12, then 
^4 multiplied into -r- 3 ought to produce fomething 
contrary to -^12, that is, +12, fo that this laft 
cafe, fo very formidable to young beginners, appears 
at laft to amount to no more than a common principle 
in Grammar, to wit, that two negatives make an 
affirmative ; which is undoubtedly true in Grammar, 
though perhaps it may not always .be oblerved in 
languages. 

Of the multiplication offitnple algebraic quantities^ 

6, Thefe things premifed, the multiplication of 
fimple algebraic quantities is performed, firft by mul- 
tiplying the numeral co-efficients together, and then 
putting down, after the prpduft, all the letters in 
both faftors, the fign (when occafion requires) being 
prefixed as above direfted. Thus \b multiplied into 
3 a produces \2 ab. 

Though this kind of language (for it is no more) 
like all others be purely arbitrary, yet that a more 
. rational one could not have been invented for this 
purpofe, will appear by the following confideration. 
If any quantity, as ^, is to be multiplied by any num* 
ber,.as 2, 3, or 4, the produd: cannot be better re- 
prefented than by 2 ^, 3 K 4 b^ ^c -, therefore if ^ is 
to be multiplied by a^ the produft ought to be called 
a b : but if b multiplied into a produces abj then 4 b 
multiplied into a ought to produce 4 times as much, 
that is, ^.abj laftly, if ^b multiplied into a produces 
j^ab, then 4 b multiplied into 3 a ought to produce 
3 times as much, that is, 12 a b. 

Hence it is, that whenever in Algebra two or more 
letters are found together, as they ftand in a word, 
without any thing between them, they fignify the pro- 
duft 
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dudt ari^ng from a continual multiplication of the 
quantities reprefented by them : thus a b fignifies the 
product of a and b multiplied together ; and ab c fig- 
nifies the produft of the quantity ^^ multiplied into 
c : thus a a fignifies the produft of a multiplied into 
itfelf, or the fquareof ^7, and not 2^; and therefore 
whoever fliews himfelf unable to diftinguifh betwixt 
2 a and aa^ difcovers as great a weaknefs as one that 
is not able to diftinguifli betwixt 2 dozen and a dozen 
dozen or 12 times 12. 

It is a matter of no great confequence in what or- 
der the letters are placed in a product ; for a b and ba 
difier no more from one another than 3 times 4, and 
4 times 3 : and yet it is convenient that a method be 
obferved, left like quantities be fometimes taken for 
unlike •, therefore the b'eft way will be, to give thofe 
letters the precedency in a produft, that have it in 
the alphabet ; except when an unknown quantity is 
multiplied by feme known one, and then it is ufual 
to place' the known quantity before it. 

Note. For the fignification of this mark, x fee in- 
troduft. ^t the clofe of the 7th article. Note alfo, 
that this mark zi is a mark of equality, (hewing that 
the quantities between which it ftands, are equal to 
each other, and muft be read as the fenfe requires : 
thus 2x6=3x4=: 12 may bc-readthus; 2x6 equal 
3X4 equal to 12 : or thus ; 2x6 is equal to 3x4* 
which is equal to 12. 

Examples ofjimpk algebraic multiplication. 

ifl:, j[ab>i5a:='%oaab. idi^-^^abx^bdz—ioabhc. 
3d, 6acX'--'7bd=>^j^2abcd. 4th, ---yaX—bzz^jabs 
5th, xx^xzz^xx. 6th, -^-xx-^xzz+xx. 

7th, — 5^^X+3=i— 15^^- 8th, 4^Xt^:=:xV^^- 



' BiJiinSiions 
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DiftinSlions to be obferved betwixt addition and 
multiplication* 

That the young algebrift may not confound the 
operations of addition arid multipHcation, as is fre- 
quently dene ; I (hall here fet down fome marks of 
diftinftion, which he ought to attend to : 

As/ry?, ^ added to ^ makes 2^, but ^ multiplied 
into a makes a a. 

2dly^ a added to makes a^ but a multiplied into 
makes 0. 

^dlyy a added to— ^ makes a^ but a multiplied into 
— a makes —aa. 

\thly^ —a added to — ^ makes —2^, but — ^ 
multiplied into —a makes +^^. 

5/%, a added to i makes ^+1, but^ multiplied 
into I makes a. 

6thlyy 2 a added to — 3 ^ makes 2 ^ — 3 ^, but 2 a 
multiplied into —3^ makes —6^^. 

For a further confirmation of the learner, I have 
added, by way of exercife in his algebraic language, 
the following equations ; which I de/ire he would 
compute after me. Suppofe ^ — 7, and ^ = 3 : then 
we Ihall have ift, ^ + ^zz20. 2dly, ^ — ^=14. ., 
3dly, 4^+5^=43. 4thly, 4^-5^ z: 13, 5thly, 
aazz.^^, 6thly, ab=2i. 7thly, bbzz^. 8thly, 
aaa:=:^4.^, 9thly, ^^^zzi47. iothly,^^^=:63^ 
iithly, bbhzz.1T. I2thly, ^^tf+2^ ^+^^3=494-42 
+9—100. I3thly, tf^ — 2^^ + ^^1=49 — 42 + 9 n 
16. i4thly, ^2^tf + 3tftf^+3tf^^+^^^r:343 + 44i 
+ 189 + 27 zz 1000. i5thly, a a a-^ T^aah '\^ ^ahb 
--bbb- 343—44^ + ^^—^7 = ^4-' 

Of powers and their indexes. 

7. Whenever in multiplication a letter is to be re- 
peated oftener than once, it is ufual by way of com- 
pendium, to write down the letter with a fmall figure 

after 
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after it, ftiewing how often that letter is to be re- 
peated : thus inftead of x)c we write x\ inftcad of 
XXX we write x\ inftead of xx:(x we write x+, fcfr. 
Thefe products arc called powers of 5c ; the figures 
reprefencing the number of repetitions, are called the 
indexes of thofe powers ^ and the quantity x from 
whence all thefe powers arife, is called the root of 
thcfc powers> or thefirft power of x ; x"- is called the 
fecond power of a', x^ the third power, x^ the fourth 
power, &c, Fieta^ Oughind^ and fome other ana- 
iyfis, inftead of fmall letters ufed-capitals^ and inftcad 
of numeral indexes, diftinguiftied thefe powers by 
nances : thus Vieta in particular, called ;c% Xfguare ; 
JfS X cube \ x\ X fqtiare fquars \ jr% X fquare-cubei 
jf^, X mbe^mte j #f^, X fquare-fquar€-cubey &c : 
which names Oughired contracted, and wrote them 
thus*, Xq^ Xi\ Xqq^ ^y^> Xr r, Xqqc, (^c* but 
now thefe names are pretty much out of ufe, except 
the two fir ft, when applied to a line fquared or cubed. 
If we fuppofe x—5f we Ihall have a^^io, x^—z^^ 

The multiplication of thefe powers is eafy : thus 
x-xx^:-x\ becaufe xxxxxxzzxxxxx : whence it may 
be oblerved, that the addition of indexes will ahvays 
anfwer to the multiplication of powers, provided they 
be powers of the fame quanrity 5 for as 2 + 31=5, fo 
^'XJr*=^% l^c : but if they be powers of different 
quantities, their indexes muft not be added : thus 
a^Xx^^a^x\ and ^*.¥^x^^^^=i?V. And here it 
muft be obferved, that if a number be found between 
two letters, it muft always be referred to the former 
letter : thus a^x^ does not fignify £iX2x\ but a^XxK 

The multiplication of Juris ^ 



8, This mark */ fignifies the fquare root of the 
number to which it is prefixed, and is generally pre- 
fixed to numbers whoie fquare root cannot be other- 
wife exprefled, either by whole numbers or fractions : 

F vW% 
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thus • 2 fignifies the fquare root of 2 ; • ^ the fquare 
root of j> £sfr. Thefc roots are commonly called 
iurd roots, or irrational roots, becaufe ttieir propor- 
tion to unity cannot be expreffed in numbers. 

Whenever two fuid numbers are to be multiplied 
together, the fliorteft way will be, to multiply the 
numbers themfeJves one into the other without any 
regard to the radical fign, artd then to prefix the ra- 
dica,l figa to the produft. Thus if • a is to be mul- 
tiplied into i/ b^ the produdt will be • ab ; which I 
thus demonftrate : l^t • ^nx, and s/bziiy \ then will 
x'-^a^ and y^'zzb^ and x^y^=ab, and xy:zLi>^ab ; but 
xy, or xxy:=z\/ax^b by the fuppofirion ; therefore, 

Thefe multiplications are of confiderable ufe not 
only in matters of Ipeculation, but alfo in practice : 
for fuppole I had occafion to multiply the fquare root 
of *2 into the fquare root of 3, if I had not this rule, 
I muft fir ft extraft the root of 2, to what degree of 
exadtnefs I think proper for my purpofe 5 then again 
I mull extraft the root of 3 to the fame degree of 
exadaefs ; and laftly I muft multiply thefe two roots 
together, before I can obtain the number wanted : 
but after it is known that •2xv^3=:v^6, the whole 
operation will then be reduced to the extradion of 
t;he root of 6 only : nay it fometimes happens, that 
two roots, though both irrational, ftiajl have a ra- 
tional produd:. thus •2XV'8=:i/i6=:4, and i/ab* 
Xx^ ac^'zzi/ a'-b'-c'-zzabc. 

Of the multiplication of compound algebraic 
quantities. 

9. The multiplication of compound algebraic quan-* 
titles is performed, firft by multiplying the multipli- 
cand into every particular member of the multiplica- 
tor, and then reducing the whole product into the 
leaft compais pofllbie. 

As 
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As for example ; let it be required to multiply this 
compound quantity 6x — ya — 8^ into this compound 
quantity 2x — 3^+4^ : here having put down the 
multiplicand, and the multiplicator under it, and 
beginning at the left hand, (f jr it is all one which 
way the operation is carried on,) I multiply the whole 
multiplicand into 2;;, the firft member of my multi- 
plicator, and the produft is iixx-:^ i^ax — i6^;c, 
which I put down : then I multiply the multiplicand 
into — 3^^, the next 'member of the multiplicator, 
and the produdt is — iSax+2iaa+24.ab -^ whereof 
the firft member — iSax^ I place under —I4tfx be- 
fore found, being of the fame denomination, for the 
conveniency of adding ; the reft, to wit, +21^^+ 
24^^, I place in the firft line : this done, I now mul- 
tiply by 4^, the laft member of the multiplicator, and 
the produft is24^x— 28^^—32^^ ; whereof I place 
24.lfx under — i6^x, and— 28^^ under +24^^, and 
the laft member —32^^ I place in the firft line, as 
having no quantity of the fame denomination to join 
with it : laftly I reduce the whole produft into the 
feaft compafs poffible ; and it ftands thus : I2xx— 
i2ax+8tx+2iaa^ji,ab'^S^bb. See the work : 

6x — ya — Sb 
2x —3a +4^ 



1 2;tx — ^^ I ^ax — 1 6iX'\-2 1 ^^1+24^^ — 3 2 W 
— iSax+2nix ' --2%ab 

Sum I2yx — 32^?;^+ ibx+2iaa — J^ab — 32^^. 

Example 2d. 

3x— 4^ +5* 

^xx-^- 1 2^2X~ 1 5^x— 1 6aa+2oab'^2^bb 
--'i2ax+xgbx +20ab 

^xx ♦ * —164^+40^^—25^^. 
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Example 3d. 

2xx—^ax+4aa 

I2x^—i4.ax^ + i6a^x'-'^24.a^x+^2a^ 
^i8ax^ + 2ia^x^—2Sa^x 

+ 24^*^* 

1 2;^^— '32^x' + 6itf*^*— 52<2';f+32tf*. 
Example 4th. Example 5th. Example 6th. 

a-^-i a+b a — b 

a-^b a+b a — b 



aa + ^b — bb aa+ab+ bb aa — ab + bb 

— ab +ab ^—ab 



aa # — bb aa+2ab+bb. aa — 2ab+bb. 

N. B. A dafli over two or more quantities, figni- 
fies that all thofe quantities are to be taken into one 
conception, or to be confidered as making up but 
one compound quantity : thu^a+bxc — d does not 
fignify that which arifes from multiplying bxc^ and 
th^n adding a — d to the produft, as it might be mif- 
taken without the dafli •, but it fignifies the produdt 
of the wh ole q uantity a-^b multiplied into the whole 
quantity c — d. 

The proof of compound multiplication. 



I o. In the 3d exam ple we multiplied 6xx — *jax+Zaa 
into2^x — 3^x+4^tf, and the produdt amounted toi2x* 
'^'i2ax^+6ia^x^ — 52tf';v+32^* : let us try this in 
numbers, and fee how it will anfwer. In order to which, 
we may fuppofe a and x equal to any two numbers 
whatever, but the fimpleft way of tryal will be to 

make 
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make a equal i, and ^zzi ; and then we fhall have 
in the multiplicand 6xx=6j —yax:=i—yf and +8aa 
=+8, and 6— 74-8r:7', therefore the multiplicand 
is 7 : again^ in the multiplicator we have 2x;c — 2,— 
3^^:=— 3, +4aa=+4j and 2— 3 +4=13 •, therefore 
the multiplicator is 3 : and 7 the multiplicand, mul- 
tiplied into 3 the multiplicator, gives 2 1 for the pro- 
du(5t. Let us now examine the feveral parts of the 
produft, as they are here reprefented in letters, and 
fee whether they will amount to that number: I2x* 
= 12, — 32tf.v^zi— 32, +6itf*v*iz+6i, — 52^';fzz— 
52, +32/Z+IZ+32 ;and 12—32+61—52 + 32 amount 
to juft 21. This may ferve as a proof to the work, 
though not a neceflary one ; for it is not impoflible 
but there may be a confiftency this way, and yet the 
work be falfe ; but this will rarely happen, unlefs it 
be defigned. But the work may ftill be confirmed 
by making ^m, andxrz— i ; for then the multipli- 
cand will be 6+7 + 8 — 21 ; and the multiplicator2+ 
3+4=9 ; and the produft 1 2+32+61+52+32 n 189, 
which is the fame with the produdt of 2 1 thd multipli- 
cand, multiplied into 9 the multiplicator. 

How general theorems may be obtained by 
multiplication in Algebra. 

1 1. From thefe algebraic multiplications are derived 
and demonftrated many very ufeful theorems in all the 
parts of Mathematics -, whereof I fhall jufl give the 
learner a tafle, and then proceed to another fubjeft. 

In the fourth example of compound multiplication 
we found, that a-^h multiplied into ^—^ produced 
aa--hb \ whence I infer, that "Thefum and difference of 
any two numbers multiplied together will give the dif^ 
ference of their fquares^ and vice versa : for a and b 
will reprefent any two numbers a^t pleafure ; a+b their 
fum, a—b their difference, and aa^bb the difference 
of their fquares : thus if we affume any two numbers 
whatever, fuppofe 7 and 3, the difference of their 
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fquares is 49—9, or 40; and 10 their fum, multi- 
plied into 4 their difference, makes alfo 40. 

But here I am to give notice once for all, that in- 
ftances in numbers ferve well enough to illuftrate a 
general theorem, but they muft not by any means be 
looked upon as a proof of it ; becaufe a propofition 
piay be true in fome particular cafes inftanced in, and 
yet fail in. others ; but whenever a propofition is found 
to be true infpeciebus^ that is, in letters or Cymbols, it 
is a fufficient demonftration of it, becaufe thefe are 
univerfal reprefentations. 

In the 5th example it was (hewn, thati^+^ multi- 
plied into itfelf produced aa+iab+bb ; whence I in- 
fer, that If a number be refolved into any two parts 
whatever^ the fquare of the whole will be equal to the 
fquare of each part^ and the double re£langle^ or produH 
of the multiplication ofthofe parts ^ added together : thus 
if the number 10 be refolved into 7 and 3 ; 100 the 
fquare of 10, the whole, will be equal 1049 ^^e fqparc 
of 7, and 9 the fquare of 3, and 42 the double pro- 
dud of 7 and 3 multiplied together : for 49+9+42 
zzioo. 

In the 6th example we found, that ^— ^multiplied 
into itfelf, produced aa^iab+bb-, whence I infer, 
that If from the fum of the fquares of any two numbers^ 
le fubtraSed the double produfl of thofe numbers^ there 
will remain the fquare of their difference : for aa+bb is 
the fum of the fquares of ^ and b, and lab is their 
double prod uft, and ^/^—2/?^+^^ was found to be the 
fquare of j— ^, that is, the fquare of the difference of 
a and b : thus in the numbers 7 and 3, the fquare of 
7 is 49, the fquare of 3 is 9, and the fum of their 
fquares is 58 ; and if from this be fubtrafted the double 
produa42, the remainder will be i6j the fquare of 
4, that is, the fquare of the difference of the numbers 
7 and 3. 

Thefe two laft theorems are in fubfl^nce the fourth 
find feyemh propofitions of the fecond book of Euclid. 

Of 
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Of the divifion ^ffimpk algebraic quantities. 

13. The divifion of fimple algebraic quantities, 
where it is poffible in integral terms, is performed, firft 
by dividing the numeral Coefficient of the dividend by 
the numeral coefficient of the divifor, and then put- 
ting down after the quotient, all the letters in the di- 
vidend, that are not in the divifor •, the fign of the 
quotient in divifion being determined by thofe of the 
divifor and dividend, juft in the fame- manner as the 
fign of theproduft in multiplication is determined by 
thofe of the multiplicator and multiplicand ; that is, if 
the figns of the divifor and dividend be both alike, 
whether they be both affirmative, or both negative, 
the quotient will be affirmative, otherwife it will be 
negative: thus if the quantity — 1 2^^ is divided by ^ 
— 3^, the quotient will be +4^ ; which I thus demon- 
ftrate : In all divifion whatever, the quotient ought 
to be fuch a quantity, as being multiplied by the di- 
vifor, will make the dividend ; therefore, to enquire 
for the quotient in our cafe, is nothing elfe, but to 
enquire what number, or quantity, multiplied into 
—^a^ the divifor, will produce — 1 2/?^, the dividend. 
Firft then I aflc, what fign multiplied into — , the 
fign of the divifor, will give — the fign of the divi- 
dend, and the anfwer is + ; therefore + is the fign 
of the quotient: in the next place I enquire, what 
number multiplied into 3, the coefficient of the divi- 
for, will give 12, the coefficient of the dividend, and 
the anfwer is 4 ; therefore 4 is the coefficient of the 
quotient : laftly I enquire, what letter multiplied into 
tf, the letter of the divifor, will produce aiy the deno- 
minator, or literal part of the dividend, and the anfwer 
is i ; therefore b is the letter of the quotient : and thus 
at laft we have the whole quotient, which is +4 h. 
And this way of reafoning will carry the learner 
through all the other cafes. 

F 4 Examjlw 
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Examples tfjimpk dhifion in Algebra. 

Example ift, 4^^) 2^ abbe ( 6 be. 

2d, +7 ) —35^1^ ( — 5^*- 
3d, —x) —^xx { + ix. 
4th, — ^ab ) + y2ab ( — 8, 

5th, — 4 ^?0 — 6o^« C + 15 ^'• 
6th, 4 X* ) 60 ^^9 ( -I- 1 ^ ^7. 

7th, +4^'x*) — 6o^^i^ ( — I ^a^x'^. 

8th, ^) iab {^a. 

9th, ^) 4^ (4^. 

(y /i&^ notation of algebraic fraSiions. 

Whenever a divifion according to the foregoing 
method is found impoflible, the quotient cannot be 
otherwife exprefled than by a fradjon, whofe nume- 
rator is the dividend, and denominator the divifor ; 
fee the introduftion, art. 13. As if it was required 
to divide a by ^, which divifion is impoflible ac- 
cording to the foregoing rule, the quotient muft b^ 

exprefled by this fraftion -^, which is ufually read 

thus a by 3, that is a divided by b^ or the quotient 

oi a divided by b : for in Algebra the word iy^ is 

generally fpeaking, appropriated to divifion, as the 

word into is to multiplication. 

If the numerator, or denominator, or both, be 

compound quantities, the refpeftive fractions muft be 

_ a -i- b a a + b 

written thus ; , , -. 

c + c c -^d 

If a divifion be partly poflible according to the 
foregoing rules, and partly impolTible, it muft be pur- 
fued as far as it is poflible, and the reft muft be repre- 
fented by a fraftion, as in common divifion ; thus 
iiad + bd+c was to be divided by dy the quo- 
tient >would hta + b+ —. Of 
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Of proportion in numbers. 

15. The rule of proportion in Algebra is fo very 
Jittle difFerent from the rule of proportion in common 
arithmetic, that one example of it will be fufficient^ 
Let then the /oUowing queftion be put : If a gives 
b, what will c give ? here the lecond and third terms 
multiplied together produce bcy and the quotient of 
this divided by the firft term ^, cannot otherwifc 

b.«p,^.ha„by.hcfraai„„-*i: .hi^s evi- 

fJent from the notation of fraftions explained in the 
13th article. But as 1 have hitherto purpofely avoid- 
ed all confideration of proportion, choofing rather 
to appeal upon all occafions, to the common idea 
every one has or thinks he has of it, than to be 
piore particular, it may not be improper, now we 
<;ome to reafon more clofely upon things, to enter 
jnore diftinftly into the particular nature of propor- 
tion, fo far at leaft as it relates to numbers, and fliew 
wherein it confifts, 

According to Euclid^ four numbers are faid to be 

groportionable, that is, the firft number is faid to 
ave the fame proportion to the fecond, that .the 
third hath to the fourth ; or the firft is faid to be to 
the fecond,. as the third is to the fourth, when the 
firft number is the fame multiple, part or parts, 
of the fecond, that the third is of the fourth : but it 
will be afked perhaps ; How can we know, what 
parts, part, or multiple, any one number is of ano- 
ther ? To which I anfwer by a fraction, whofe nu- 
merator is the former number, and denominator the 
latter : thus the fradion 4- exprefsly fhews, that the 
numerator 2 is two third parts of the denominator 3 ; 
for this is certain, (hat i is 4 p^rt of 3, and therefore 
2 muft be ^ of it : for the fame reafon the fraftion '-J- 
fhews that the number 12 is '^ or -I- of the number 
85 and laftly, the fradtion '^ fticws, that the num- 
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bcr 12 is *-J^of, or 3 times the numbrr 4, and con- 
fequently, that 1 2 is a multiple of 4, as containing 
it juft 3 times without any remainder : therefore to 
any one who underftands fradions, Euclid's defini- 
tion of proportion may be more diftinftly exprefled 
thus : Four numbers are faid to be proportionable^ 
when a fra&ion whofe numerator is the firji number^ 
and denominator the fecondy is equal to a fraSlion whofe 
numerator is the third number ^ and denominator , the 
Jeurth. Thus 2 is to 3 as 4 is to 6, becaufe 4- i^ equal 
to ^g \ thus 12 is to 8 as 15 is to 10, becaufe *4- equals 
44? both being reducible to 4 » thus 2 is to 6 as 4 is 
to 12, becaufe \ equals ^\, for each is equal to 4- > 
laftly, 6 is to 2 as 12 is to 4, becaufe ^zz '^^ ir 3. 

From this idea of proportionality may be demon- 
ftrated a very ufeful theorem in Algebra 5 which is^ 
that Whenever four numbers are proportionable ^ the 
p'oduH of the extreme terms multiplied together will be 
gqttal to the produil of the two middle terms fo mul- 
iipGed : for let tf, ^, c and d^ be four proportionable 
Bombers in their order ; that is, let ^ be to ^ as c is 
to ^ 5 I fay then that a d the produ6t of the extremes 
will be equal to ^r the produft of the two middle terms : 
for Cinct a is to ^ as ^ is to d, it follows from what 

* a 

bas already been laid down, that the fraftion — is c- 

b 

qual to the fraftion — •, multiply both the terms of 

a 
the fraftion — into </, and both thofe of the fradion 
b 

i 

— into by (which multiplications may be made with- 

out altering the values of the fradlions,) and then you 

will have 7—, n r—, ; that is, the quotient oi ad 

b d b d 

divided by bd^ is equal to the quotient of b ^divided 
hy bd 'y therefore a d muft be equal to b r, that is, 

the 
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the prbduft of the extremes muft be equal to the 
produift of the middle terms. ^ £. D, 

The converfe of this propofition is alfo true, to 
wit, that* fVbenever we have an equation in numierSy 
wherein the produSl of two numbers on one fide is found 
equal to the produSl of two numbers on the other^ fuch 
an equation may be refolved into four proportionals^ by 
makiffg the two numbers on either fidey the extremes^ 
and tbofe on the other fide^ the middle terms : thus 
if a dzz b c 'y by making a and d the extremes, and 
b and c the middle terms, we (hall have a to ^ a^ r 
tod: if this be denied, let^ be to ^ as r is to ^ ; then 
we Ihall have ^ ^ rz ^ f by the laft ; but a d zz b c by ' 
the fuppofition ; therefore a e zzad \ therefore e 
equals d^ and ^ is to ^ as r is to d. ^ E: D. 

C O R O L L A,R y. 

Whence if J, b and r, be continual proportionals, 
that is, if tf is to ^ as ^ is to c, we fliall have b^zzac : 
and e converfo^ if b* zz a c^ then a^ b and c will be 
continual proportionals. 

^he common properties of proportionality in 
numbers dempnjirated. 

16. From what has been delivered in the laft article, 
may be demonftrated all or moft of the common 
properties of proportionable numbers with a great 
deal of eafe, fome of the moft ufei'ul whereof I (hall 
here throw together into one fingle article, for the 
reader to perufe, either at prefent, or hereafter, as he 
ihall fee occafion. 

Firft then, from what has been faid, may the rule 
of three, which confifts in finding a fourth propor- 
tional, be moft diitinftly demonftrated : for let /?, b^ 
and c be three numbers given, in order to find //, a 
fourth proponional ; then fince ^ is to ^ as r is to d^ 
you will have a d the produ<5t of the extremes, equal 
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to he the produd of the middle terms •, divide both 
fides of the equation by a^ and you will have d = 

h € 

— ; which is as much as to fay, that if three num- 
a 

bers be given, a fourth proportional may be obtained 

by multiplying the fecond and third numbers together, 

and dividing the produft by the firft. 

In the rule of three inverfe, let the numbers when 

difpofed according to form ht a^ b and c •, then 

whofoever attentively confiders the nature of that 

rule, will eafily fee, that the fourth number there 

fought for, is not to be a fourth proportional to the 

three numbers given as they are difpofed in the order 

Cj bj Cj but as they ftand in the order r, ^, a^ or 

€y a^ *, and therefore in this cafe, the fourth number 

ab 
will be — . 
c 

Secondly, if two proportions be equal ro a third, 
they muft be equal to one another, becaufe if two 
fradtions be equal to a third, they muft be equal to 
one another : thus if ^ is to ^ as ^ is to d^ and c is 
to ^ as ^ is to/, we fhall have aio b as e to/. 

Thirdly, if ^ is to ^ as ^ is to d ; then b will be 
to a zs d to r, which is called inverfe proportion : for 
if ^ is to ^ as r is to d^ we fhall have ad zz b c-^ make 
b and c the extremes, and you will have b to a as 
dtoc. 

Fourthly, if a is to ^ as ^ is to ^ ; we Ihall have- 
by permutation, a to c zs b to d : for fince a \s to b 
as e is to d^ and confequently ad zz b c^ make a and 
d the extremes, and e and b the middle terms, and 
you will have a to e 2ls b to d. 

Fifthly, if ^? is to ^ as ^ is to J, and any two 
multiplicators whatever be aflumed, as e and / ; I 
fay then, that ^^z is to /^, zs ee to f d : for fince 
tf is to ^ as f is to d, and fo ^ ^ zz ^ c ; multiply both 
fides of the equation by the produft ^ /, and you will 

have 
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have adxef—bcxef\ but adxefzzea X fd^ 
and be X efzufb x ec -, therefi^re ea xfdzzfb xeci 
make ea and fd extremes, and the proportion wili 
(land thus ; ea \s to fb ^s ec to fd. In like man- 
ner, mutatis mutandis^ it may be demonftrated, that 

a be 

if 1^ is to^ as c is to d^ then — will be to -7 as — is 

e f e 

d 

"7- . 

Sixthly, if a is to ^ as r is to d ; then a^ is to b* as 
c^ is to £^ : for fince ^ is to ^ as r is to d^ and fo 
adzubci fquare both fides of the equation, and 
you will have a* d^-=.b*- c* 5 make a^ and d"- extremes, 
and you will have a^ to b^ as r* to d^. And by 
taking thefe fteps backwards, it will alfo appear, 
that if tf* is to ^* as r* is to i* ; 17 is to ^ as r is to d^ 
and Va is to ^/b as ^/c is to Vd. 

Seventhly, if ii is to ^ as r is to 1/; then by 

cojnpofition (a s it i s called) a-^-b \% t o b as 7+5 
is to i; or ^+* is to a^ as ^+J is to r; for 
fince ^ is to ^ as r is to dy and confequently 
ad=:bei add ii to both fides of the equation, and 
you will have ad + bd=:bc+bdi but ad+bd is 
the produft of a+b multiplied into d^ as is ea- 
fily feen; and bc+bd is t he pro dud of ^ multi- 
plied into 7+5 i therefore a+b x dzzb x 7+7; 
make a+b and d extremes, and you will have 
a+b to 3 as c+d to d. Again, fince bczzady 
add ae to both fide s, an d you will have ac+b^ 

zz ac +ady that is, a+b x ezzaX c+d-^ make 

a+b and c extremes, and you will have a+b 

to tf as c+d to c. 

Eig hthly, if ^ is to ^ as r is to d\ then by divifion 

a^^b is to b as r— J is to d% or a^^b is to ^ 

as- 
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as c-^d to c. This propofition is demonftrated by 
fubtraAion, juft in the fame manner as the iaft was 
by addition. 

Ninthly, if to or from two numbers in any given 
proportion, be added or fubtraftcd other two numbers 
in the fame proportion, the fums or remainders will 
ftill be in the fame proportion with the numbers firft 
propofed : thus if the numbers c and d be in the fame 
proportion with the numbers a and b^ that is, if as a 
is to b fo is c to J, and if to or from the former two 
numbers, be added or fubtrafted the latter, we (hall 
ha ve no t only ^+t:to^+^ as a to ^, but alfo ^— r 
to b--d zsatob: for fince by the fuppofition^ a is 
to ^ as r is to d'y it follows by permutatio n^ tha t a is 
to c as b is to d j and by compoGtion, that a+c i s to 
a as b+d to b ; and again by permutation^ that ^ +r 
is to b+d as ^ is to ^ : in li ke ma n ner by permuca* 
tion and divifion we fliall have^— rto b-^dzsa toh. 

Tenthly, if there be three numbers a^ b zaA c^ 
and other three numbers d^ e and / proportionable to 
them, and in the fame order, that is, if as ^ is to ^ 
fo d is to e^ and as ^ is to c{oe is to/; I fay then, 
that ex aquoj the extremes will be in the fame pro* 
portion, (viz.) that a will be to r as J is to/: for 
iince by the fuppofition, ^ is to ^ as J is to ^ ^ by 
permutation we mall have a to d di's^b x.oe\ and for 
the fame realbn, fince ^ is to r as^ is to/; we ihall 
. have b to ^ as ^ to/ : fince then a is to ^ as b to e^ 
and bto e^ ctofi it follows from the fecond pro- 
pofition, that a is to dzsc to/; and by permutation, 
that a is to ^ as J to/. 

Eleventhly, if there be three numbers, a^ bznd r, 
and three other numbers i, e and / proportionable to 
them, but in a contrary order, fo that ^ is to ^ as ^ 
to/, and b to c 2ls dto e -, I fay, that the extremes 
will ftill be proportionable, to wit, that a will be to 
95 d to/: for fince ^ is to ^ as ^ to /, we have 

af=bei 
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afzzbe ; moreover fincc ^ is to r as J to i^ we have 
cdzzke -, therefore af^ncd ; make a and/ extremes, 
and you will have atoc^% dtof. 

N. B. If there be two feriefes of numbers as a^b^c^ 
&?r ; </, e^ /, fc?^. ; each fcries confiding of the fame 
number of terms \ and if all the proportions between 
contiguous terms in one feries, be refpedtively equal 
to all thofe in the other, that is, each to each, as 
they ftand in order ; as if ^ be to * as ^/ to V, and b to 
f as ^ to/, ^c ; then the extreme terms of one feries 
will be proportionable to the extreme terms of the 
other : for the demonftration of the tenth propofition 
may be extended to as many terms as we pieafe ; and 
this proportionality of the extremes, is faid to follow 
ex ^quo ordinate^ or barely, ex aquo^ that is, from a 
refpeflrive equality of all the proportions in one feries 
to their correfpondents in the other, in an orderly man- 
ner. But if every proportion in one feries, has an 
equal proportion to anfwer it in the other, but not in a 
corrcfpondehtpart of the feries ; as if j be to ^ as ^ to/, 
and b to €d,% d to ^, tfr ; then though the extremes 
will ftill be proportionable, as will be evident by con- 
tinuing the demonftration of this eleventh propofition; 
yet now the proportionality of the extremes is faid to 
follows aquo pertnrbate^ that is, from an equality 
of all the proportions in one feries to all thofe in the 
o^ier, but in a diforderly manner. 

Twelfthly, i f <g is t o ^ as r is to i ; we fhall have 

a+b to a-'b as c+d is to c-^-d : for fince a is to 

i as r is to J, we fhall have by compofition, a-^b 

to tf as g+i is to c s we fhall have alfo by divifionv 

a^btora^sc^d to c -, and by inverfion, a to a^b . 

as c to c— J : fi nce th en we have a+b to a as c+d 

tor; and a to a^b as c to f— ^, that is, fince we 

have three numbers, ^2+^,.^, and a—b^ and other 
three numbers prop ortiona ble t o them in the fame 

order^ to wit, r+^i^ r, and^— J; it follows ex aquo^ 

that 
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that the extremes will be proportionable^ that is, that 

^+^ will be to a — b as c +^is to c — d . 

Thirteenthly, if there be a feries of numbers, ky /, 
nty », whereof k is to I as a to ^, and /to m as cto d, 
and mtonasetof', I fay then that k the firft term, 
will be. to n the laft, as a c e the produd of all the 
other antecedents to bdf the produd of all the other 
confequents : for ^ is to / as ^ to ^, by the fuppo- 
fition ; and we (hall find that ^ is to ^ as ^ r ^ to ^ ^ ^ 
by multiplying extremes and means ; therefore k is 
to / as ^ r ^ to ^ r ^ •, and for a like reafon / is to w as 
h c e to b d €y and mxs to n as b d e to b df, therefore 
ix aquoy k is to n as ac e to b df. 

Of the extrcSiion of the fquare roots of Jimple 
algebraic quantities. 

17. The extraftion of the fquare root of fimple al- 
gebraic quantities is fo very eafy, that it needs not to 
be infifted on. Thus the fquare root of ^^ is + or — a^ 
the fquare root oi()aa is + or — 3^> and that of 4aabb 
is + or — 2ab: this is plain from the definition of the 
fquare root j for the fquare root of any quantity, fup- 
pofe of ^aabb^ is that, which being multiplied into 
itfclf, will produce 4aabb : now -^zab multiplied into 
itfclf will produce /^aabby as well as + laby and there- 
fore one quantity is as much it's fquare root as the 
other. 

When the fquare root of a quantity cannot be cx- 
trafted, it is ufual to fignify it by this markt/ : thus 
i/2aa fignifies the fquare root of 2aa ; thus i/aa--^^ 
fignifies the fqu are root of the whole quantity aa — j^ j 

thus fignifies a fradion whofe numerator is 

2a 

the fquare root of the whole quantity aa — 4^, and 

whofc denominator is 2a ; thus •— fignifies 

iza 

the 
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the fquare root of the whole fraftion, ■ ' ■, that is. 
. ^ 12a 

the fquare root of both the numerator and denomi* 
nator. 

When the fquare root of a quantity cannot be ex- 
trafted, the quantity may fometimcs however be re- 
folved into two faftors, whereof the one is a fquare, 
and the other is not ; and whenever this is poflible, 
the root of the fquare may be extracted, and the ra- 
dical fign may be prefixed to the other faftor : thus 
1 2tftf equals 4<?tfX3 j therefore v^ iiaazzzaxv^ 'i. 

^he fever al rules offraSiions exemplified in 
algebraic quantities. 

22. Fraftions in Algebra are treated juft in the 
fame manner as in common arithmetic, only ufing 
algebraical inftead of numeral operations ; as will 
plainly appear from the following examples. 

Examples of the reduBion of fraSlions from higher to 
lower terms^ according to introduBion art. jth. 

4Jib 
The fraftion -— -, dividing both the numerator and 
6bc 

denominator by th^. feme quantity 2 by will be redu- 

2a 
ced to the fradtion - — -, a fraction of the fame value 

■ 3^ 

with the former, but exprefled in more fimple terms : 
whence we may infer, that whenever a common letter 
or faftor is to be found in every member both of the 
numerator and denominator, it may be cancelled every 
where, without afFefting the value of the fradlion : 

aC'\'bc a-^b 

thus the fraftion — — — » expunging r, becomes -^ , 

cd+ce '^ ° ^ d+e 

a fraftion of the fame value. But if there be any one 

member, wherein the faftor is not concerned, it muft 

G not 
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. not be expunged at all : thus the fradion , 

■ c d+ e 

cannot be reduced, becaufe the faftor c is not to be 

found in e. 

Note^ That cancelling here, is not fubtraftitig, but 

dividing : thus to cancel the letter b in the quantity 

a b^ fo as to reduce it to a^ is not to fubtrad b from 

ab^ but to divide abh^ b^ in which cafe the quotient 

will be tf. 

'Examples, of fraBions reduced to the fame denomi^ 
nation^ according to introduSiion art. Stb. 

ah t 

ijl. The fradions — , — and —, when reduced to the 

12a Sb 6c 

fame denomination, will ftand thus 5 j — and — . 

.24 24 24 

a c 

2d. The fradions -7" ^"^ "7 ^^ reduced, will ftand 
b a 

ad be p r t 

thus ; — and — . 2d. The fradions — , — , — , and 

ba bd q s u 

— , after redudion, will ftand thus ; ^-^, ^-^, ■^-=21, 
y qsuy qsuy qsuy 

and t — . And here I cinnot but obferve, that now 

qsuy 

the Rile for this redudion demonftrates itfelf : for in 

this example it is impoflible not to fee, that all .thefe 

fradions, notwithftanding this redudion, ftill retain 

psuy 
their former values : thus the firft fradion ^--^, by 

qsuy 

P 
cancelling common fadors, is reduced to — , it's for- 

q 

mer value ; and the fame may be obferved of all the 
reft : and this^xample amounts to a demonftration, 
becaufe it is comprehended in general terms. But to go 

on : 
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on : 4tb. The fraftions — , —^ and —, being reduced 

ic ac ab 

to the fame denomination, become-—, — - and -~. 

abc abc al(c 

Stb. And laftiy, and when thus redu- 

a — b a-^b 

ccd, become -7 and -7 : for i the numera- 

aa — bb aa — bb 

rator of the firft fraftion multiplied into a — by the de- 
nominator of the fecond, makes a — b ; and i the nu- 
merator of the fecond fraftion multiplied into ^+^, 
the denominator of the firft, makes a+b ; and the 
produdt of the two denominators a+b and a — /' mul- 
tiplied together is aa^^bbj as in the 4th example of 
the 9th article. 

Examples of addition in fraSiions^ according to 
introduSiion art. gth. 

I ft. Thefc fraftions — , — and — , when added 
22 2 

, , a+b-^c 

together, make . 

2 

2d. The fradtion added to the fraftion ■ 

2 2 

makes — or a. 
2 

3d. The fraftions — , , and , when added 

234 
- , 12a — Sb+6c 

together, make . 

24 

4th. The fraction — added to the fraftion — makes 
b d 

ad+bc 
''IT' 

Q 2 ^^ 
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huh 

5th, a added to — , that is, — added to — makes 
c 1 c 

c 

6th. — added to makes — —. 

a b ab 

i) f t X 

7th. The fraftions — , — , — and — , when added 
q s u y 

, psuy+qruy+qsly+gsux 

together, make ^-^ — ^^-^ — i — . 

qsuy 

8 th. — added to ~ gives -- — . 
b c be. 

I \ za 

Qth. added to gives 77. See the 

5th example of fraftions reduced to the fame deno- 
mination. 

Examples of jubtraSlion in fraSiionSy acc<^rding to 
introdu£lion art. lotb. 

Note firfty If the figns of both the numerator and 
denominator of any fraftion be changed, which is no 
more than multiplying both terms into — i, the va- 
lue c>f the fraftion will ftill remain. 

Secondly^ The denominator of a fraftion is always 
fuppofed to be affirmative ; and therefore if at any 
time it happens to be oihcrwife, it muft be made affir- 
mative by changing the figns of both terms. 

Thirdly 9 + -— and are the fame in effeft as 

b b 

— 7 and , as is evident from the nature of di- 

b b 

vifion : and fometimes, this latter way of notation is 

more convenient than the former. 

Fourtbfyf 
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Fourthly^ Therefore the fign of the numerator is 
the fign of the whole fraftion ; and to change the fign 
of the former, is the fame in eff^eft, as to change the 
fign of the latter. 

Fifthly^ Whenever one algebraic fraftion is to be 
fubtraded from another, the fafeft way will be to 
change the fign of the numerator of the fraftion to be 
fubtrafted, and to place it after the other, and then 
to reduce them at laft into one fraftion : for if the 
fubtraftion be deferred till after the reduftion is over, 
one may make a miftake, and fubtraft the wrong 

quantity. Thus ift. — fubtraded from — gives 

2tf— 4^ loa—iib 

3 5 ~ 15 ' 

r ^ p , p — f ps — qr. 

2d. — fubtrafted from — , gives — — zr ^^ — r=i. 
s i i ^ i^ 

3d. — fubtrafted from a^ gives — — n . . 

4th. fubtrafted from r, gives • 

a+* ^— ^ O' — b a+b 

2b 

"" aa-^bb* 

9 

Examples of multiplication in fraStions. 

The multiplication of fraftions is performed, by 
multiplying the numerator and denominator of the 
multiplicand, into the numerator and denominator of 
the multiplicator refpeftively. 

Thus ift. ^X — = — . 
q s qs 

^d. — X — — — o • 

- 4jf tr 24qr or 

a a c ac 

3d. -Xror-X-^-j. 

G 3 4th, 
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a a b 

4th. — X ^ = -7- = tf . 

p p 

^ 3 a _ 60 a b 

5 Sa 40a lo 
7th. ^X^=^. 

T^7^7~^' ■ 

9th. ^?H — X ^) or X — = ^ — :. 

iith.a+—x d+~^, or- X-^ — = 

acdf+ace+l>df+l>e 

T • 

This multiplication might alfo be performed thus : 



, ae bd be 

, b b aacc+2abc+bb 

I2th. ^H x^H — = '^ — : 

c c cc 

2 a b b b 

Or, aa+ — — H . See the work : 

c c c 



<» + 
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b 




a + 


c 

h 




a + 


c 






ab . 


bb 


aa + 


— + 






c 


c c 




ab 




+ 


c 





2 a b h b 
c c c 



Examples of divifion in fraSHons. 

Divifion in fradtions is performed by multiplying 
the dired terms of the dividend into the inverted 
terms of the divifor : thus, 

,ft. L\ t (PI. ,d. A^ L (JL 

. i\ a b /abc , 

fj c \cdf-\rce 

—.zzi/j-: for if we make ;^=: 

-77 we (hall have xx zz -7-, and x =: iZ-r* 
Vo b b 

G 4 I ihall 
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1 Ihall only give one example more, and that (hall 



a 



be of the rule of proportion, as follows : If -r* gives 

— what will -TT give ? Anfwcr, — — : : for -7 the fe- 
ci 1 a af a 

cond number multiplied into -j tbe third, produces 

— \ and this divided by the firft -j quotes —r-^ 

Of equations in Algebra j and particularly of 
fimple equations^ together "with the manner of 
refohing them. 

23. An equation in Algebra is a propofition wherein 
one quantity is declared equal to another, or where 
one expreffion of any quantity is declared equal to 
another expreffion of the fame quantity : as when we 
fay -J- m 4 ; where ^ is faid to poflefs one fide of the 
equatipn, and 4 the other. 

An affedted quadratic equation is an equatfon 
confiding of three different iorts of quantities ; one 
wherein the fquare of the unknown quantity is con- 
cerned, another wherein the unknown quantity is 
fimply concerned, and a third wherein it is not con- 
cerned at all : as if x x -* 2 ;v zz 3 ; fuppofing x to be 
an unknown quantity. 

If either the term wherein the fimple power of x 
is concerned, as — 2 ;^, or that which is called the 
abfolute term, to wit, 3, be wanting, the equation 
is ftill a quadratic equation, though incompleat. 
Some indeed there are, who rank this latter fort of 
equations under the denomination of fimple equa- 
tions ; and fo fliall we, upon account of their eafy 
refolution ; though properly fpeaking, a fimple 
equation is that wherein fomc fimple power of the 

unknown 
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unknown quantity is concerned, all others being ex- 
cluded : as if 3X=6; 2^+31=4^ — 5, &fr. 

The ufe of thefe Equations is for reprefenting more 
conveniently and' more diftinftly the conditions of pro- 
blems, when tranflated out of common language 
into that of Algebra. As for example ; let it be 
propofed to find a number with thc-foUowing pro- 
perty, to wit, that J of it with 4 over, may amount 
to the fame as -^ of it with 9 over : here, putting 
X for the unknown quantity, the condition of this 
problem, when tranflated out of common l^guage 
into that of Algebra, will be reprefen^edf by the 

2 X y^ X 

following equation, to wit, J- 4 zi: ^ — + 9 • ^or 

o 
X 2 X 2 X 

^ of Xj that is, 4- of — is — ; therefore — + 4 

13 3 

fignifies 4- of y with 4 over : and fince this expreffion 

according to the problem, amounts to the fame with 

7 ^ 
the other, to wit, h 9 j hence it is that we pro- 

nounce them equal to one another. 

Now fince in the foregoing equation, as well as in 
almoft all others arifing immediately from the con- 
ditions of problems themfelves, the unknown quan- 
tity is embarrafled and entangled with fuch as are 
known, the way to difengage it from fuch known 
quantities, fo that itfelf alone poflefling one fide of 
the equation, may be found equal to fuch as are en- 
tirely known on the other, that is, in the prefent cafe, 
to determine the value of the unknown quantity Xy is 
what is commonly called the refolution of an equa- 
tion : for the efFeding of which, feveral axioms and 
procefles are required ; fome whereof, namely fuch 
as moft frequently occur, I ftiall here put down ; the 
reft I fliall take notice of pccafionally, as they offer 
thenjfclves. 

Of 
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Of the refdution of Jimple equations. 
Axiom i. 

Whenever a fraSlion is to he multiplied by a whole 
number^ it will befufficient to multiply only the numera- 
tor by that number ^ retaining the denominator the fame 
as before. Thus ^ multiplied into 2, gives 4> for 
the fame reafon that 4 fliillings multiplied into 2 gives 
S fliillings : thus in the firft example following, 

— multiplied into 3, gives 

Axiom 2. 

But if the whole number into which the fraction is 
ta be multiplied^ be equal to the denominator of the 
fraBion^ then throw away the denominator^ and the 
numerator alone will be theproduSl. Thus the fradion 

— multiplied into b^ gives — or a : thus in the firft 

example, — multiplied into 3, gives 2x j and 

multiplied into 12, gives 21 a;. 

Axiom 3. 

If the two fides of an equation be multiplied or 
divided by the fame number^ the two produitSy or quo- 
tientSy will Jlill be equal to each other. Thus in the 

2, X ^ X 

firft example, where — +4 = — 4-o;if both 

3 12 ^ 

fides of the equation be multiplied into 3, we fhall 

11 X 
have 2 ^ + 12 =1 h 27 ; and if again this laft 

12 ' 

equation be multiplied into 12, we fhall have 
24;?+ 144:2:21 X + 324. 

Axiom 
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A X I o M 4. 

If a quantity be taken from either Jide of an equation^ 
and placed on the other with a contrary ftgn^ which is 
commonly called tranfpojition^ the two fides will be equal 
to each other. Thus if 7 + 3ZZ lo, tranfpofe +3, and 
you will have 71= 10— 3 : thus if 7—3—4, tranfpofe 
— 3, and you will have 7=4+3 : thus if (as in the 
firft example) 24^;+ 144=12 1^+324, tranfpofe 2 i;if, 
and you will have 24X— 21:^+14411:324, that is, 
3^+144.3:324 ; and if again in this laft equation you 
tranfpofe 144, you will have 3XZ1324— 1441Z180. 

Tranfpofition therefore, as it is here delivered, is 
nothing put a general nanie for adding or fiibtrading 
equal quantities from the two fides of an equation ; 
in which cafe it is no wonder, if the fums or differences 
(till continue equal to each Other. As for inftance, in 
this equations — ^zzf, tranfpofing — b we have az=.c 
+^ : and what is this after all, but adding b to both 
fides of tte equation ? for if b be added to a — b^ the 
fum will be a ; and if b be added to c, the fum will 
be f+^ 5 therefore tfr:r+^ : again, in the equation 
^+^zir, tranfpofing + 3 we have azzc — ^, which is 
nothing elfe but fubtrafting b from both fides of the 
equation. 

The ifl Procefs. 
If^ when an equation is to be refohed^ fraSlions be 
found on onej or bothfideSj it muji be freed from them by 
multiplying the whole equation into the denominators of 
thofe fraSlions fuccefftvely. 

The 2d Procefs. 

After the equation is thus reduced to integral terms j 
if the unknown quantity be found on both fides the equa- 
tion^ let it be brought by tranfpofition to one and the 
famefide^ viz. to tbatfide^ which after r^duSion will 
p^hibit it affirmative. 

The 
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The 3d Procefs. 

After this^ if any loofe known quantities he found on the 
fame fide with the unknown^ let them alfo be brought By 
' tranfpofition to the other fide of the equation. , 

The 4th Procefs. 

If now the unknown quantity has any coefficient Before 
it^ divide all By that coefficient^ and the equation will Be 
refolved. 

The 5th Procefs. 

If the whole equation can be divided By the unknown 

quantity^ let fucb a divifion Be made^ and the equation 

will Be reduced to a more fimple one. Thus in the 1 6th 

example you have 615.V — jxxxzz^^x -^ divide the 

whole equation byx, and you will have6i5 — yxxzz/^^. 

^ t . , . 42^ 35X ,. . , 

In the 13th example you have zr -^ — ; divide 

X — 2 X — 3 

the whole by Xy which is done by dividing only the 

numerators of the two fractions, and you will have 

42 __ 35 ^ 

The 6th Procefs. 

Jf at laji the fquare of the unknown quantity ^ and not 
the unknown quantity itfelf appears to Be equal to fome 
known quantity on the other fide of the equation^ then 
the unknown quantity muft Be made equal to the fquare 
root of that which is known. Thus in the 14th ex- 
ample we have xxzz36'^ therefore xzzSj and not 18 : 
in the 15th, we hz^rt xx'=z6/^ \ therefore ;cii: 8, the 
Square root of 64, and noc 32, it*s half. 

Examples of the refolution of fimple equations. 

24. This preparation being made, I fhall now give 
fome examples of the refolution of fimple equations ; 

and 
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and my firft example fhall be the equation given in 
the laft article, in order to trace out the number there 
defcribed. 

Example i. 

2 X J X 

3 12 "^ 

In this equation it is plain, that there are two frac- 

ox 1 X 

tions, — , and — , which muft be taken off at two 

3 12 

feveral operations, thus : as 3 is the denominator of 
the firft fradion, multiply the whole equation by 3, 

21^ 
and you will have 2 5^+12 z: +27: again, as the 

denominator of the remaining fra£lion is 12, multiply 
all by 12, and you will have 24X+T44Z121X + 324 ; 
which is an equation free from fraftions. 

2dly^ It muft in the next place be confidered, that 
in this laft equation 24^^+144=: 2 1^+3 24, the un- 
known quantity is concerned on both fides, to wit, 
24^ on one fide, and 2ix on the other ; tranfpofe 
therefore 21;^, and you will have 24;^ — 21X+1443: 
324, that is, 3^+144—324. If it be afked why I 
chofe to tranfpofe 2ix rather than 24^ ; my anfwer 
is, that had 24X been tranfpofed, the unknown quan- 
tity, or it*s coefficient at leaft, after reduftion, would 
have been negatives contrary to the rule in the fecond 
procefs; for refuming the equation 24;^+ 144= 2 lAf + 
324, if 24^ be tranfpofed, we fhall have 144=21.3?— 
24^+324, that is, 144=: — 3^ + 324 : but even in 
this cafe, another tranfpofition will fet all right ; for 
if — 3^ be tranfpofed in this laft equation, we Ihall 
then have 3^+144=324 as before : all that can be 
faid then againft this laft way is, that it creates unne- 
cefl&ry tranfpofitions, which an artift would always 
endeavour to avoid.* 

^dly^ Having now reduced the equation to a much 
greater degree of fimplicity than before, to wit, 3^+ 
1 44 =3 24 ; becaufe the unknown quantity 3 x has 

Ml 
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ftill a loofe quantity, viz. 144 joined with it, tranfpofe 
that quantity 144 to the other fide of the equation, 
and you will have 0x^2^24. — 144, that is, 3x1= 180. 

N. B, By a loofe quantity I mean fuch a one as is 
joined with the unknown by the fign + or — , and 
not by way of multiplication, as is the coefficient 3 in 
the lad equation. 

4/i?/y, By this time the quantity x is very near be- 
ing difcovered ; for if ^xzi 1 80, it is but dividing all 
by 3, and we fliall have xzz6o : 60 therefore is the 
number defcribed in the laft article by this property, 
to wit, that 4 of it with 4 over, will amount to the 
fame as -j-V of it with 9 over : and that 6a has this 
property, will now be eafily made to appear fynthe- 
tically ; for 4- of 60 is 40, and this with 4 over is 44; 
moreover -rV of 60 is 35, and this with 9 over is 
alfo 44. 

N. B. A demonftration that proves the connexion 
between any number and the property afcribed to it, 
is either analytical or fynthetical : if this connexion 
is fhewn by tracing the number from the property, 
the demonftration of it is called an analytical demon- 
ftration ; but if it is Ihewn by tracing the property 
from the number, the demonftration is then faid to 
be fynthetical. 

Example 2. 

2X 4* ^ 

3 5 

Here multiply by 3, and you will have ix+^Sti 

— + 1 8 -, multiply again by 5, and you will fiave 
5 ^ 

io;?+i8ozzi2x+90 5 tranfpofe lOiV, and you will 

have i8oizi2^ — 10^^+90, that is, i8o=:2;i^+90, or 
rather 2^+90^:180, for I generally choofe to have 
the unknown quantity on the firft fide of the equa- 
tion : tranfpofe 90, and you will have 2y=:i8o — 90, 
that iS) iKzz^o ; divide by 2, and you will have 

The 
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The Proof. 

^ X A. X 

The original equation was hi2=^^^ 1-6: 

3 5 

now if ^=45, we have — 3:30, and — +1211:42: 

3 3 

again, we have -r- =36, and 1-6=142 : there- 

5 5 

fore 1- 12= [-6, becaufe the amount of both 

3 5 

is 42. 

Example 3. 

^^ 1-5= h2 : therefore 3X+20Z1 —-+8; 

therefore i8x+i2ozz2ox+48; therefore i2o:z2oy— 
18:^+48, that is, i20=:2;f+48 ; therefore 120—48 
= 2X9 that is, 2xtzy2\ therefore ;fzi 3 6. 

The Proof. 

Q X ti X 

The original equation yvas ^ — 1-5=^ ^ +2 : iiow 

4 6 

7 X 7 X 

\fx=s6^ welhallhave^2^i=27, a,nd^i-^4.5=:32 : 

4- 4 .. 

K X K X 

we (hali alfo have ~ =30, and ^ +2=132 ; there- 
fore if ^=36, we (hall have ^ +51= —- + 2. 

Example 4. • 
^ g— 2 -8 : therefore 7^— 401= 04; 

8 '^ 10 ^ lOr 

therefore 70^ — 400= 72X — 640 •, therefore —400= 
72A^-^70^— ^640, that is, —4001=2^^ — 640, orraAer 
2^— 640=:— 400 J therefore 2x=: 640—400, thati€t 
2;f=::j40; and ;?=si20. 

The 
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The Proof. 

The original equation, ^ — 5 = ^^ • 8 ; but x 

'7 X ^ X 

zri 20 ; therefore — z: 105 ; therefore ^5 zi 1 00 : 



ox . ox 

moreover ^— rz 108 ; therefore ^ 8 zi 1 00 ; there- 

10 10 

7X QX 

fore ~r - 5 = ^~ - 8. 

8 ^ 10 

Example 5. 

8zi74— ^— : therefore 5;^— 72 = 666 — ; 

9 12 la 

therefore 605^—864=7992—63;? 5 therefore 60^+63;^ 
— 864=7992, that is, 123^ — 864 = 7992 ; there- 
fore 123^=7992 + 864, that is, 123^=8856 ; and 

XZIZ 72 

The Proof. 

The original equation, 8=74 , xzzyz; 

i\ X ex 

therefore — =40 ; therefore 8 = 32 : again, 

9 9 

— =42 ; therefore 74— — =74—42 = 32 ; there- 

12 12 _ ;, 

fore ^ 8=74— •^—. / 

9 ■ 12 !-• - 

• ■ ■ ^^' 

Example 6. -:-y 

X X 6x 

, —4=24 — -: therefore X— 24=144 — 7: '» there- 

05 o 

fore 8;v— 192 = 1152 — 6^; therefore 8;?+6;c— 192 = 
1152, that is, 14X — 192=1152 i therefore 14^ = 
1152 + 192, that is, I4X=I344*, and ^^=96. 

The 
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The Proofs 

The original equation, ^— 4^:44— — ; *=! 96 ; 

X X ' ' X X 

--=.^6} ^-4=? I * :again,-=: i i > therefore 2* — "J 

1=24 — 12=12 J therefore — — 4=24— • —. 

6 

Example 7, 

. 55-- —-=48*--^ : therefore 224 — * 3^^ r: 192 
'4 8 . 

~ i therefore 175^2 — 24 ^ = 1536 — 20 x ; 

o 

therefore 1792 = 1536 + 24X— 20X, that is, 1792 
= 1536 + 4* ^ therefore 1792 — 1536 ±: 4^, that 
ii, 4^:^256 ; ao:d ^=264* 

. The Proof. 

^hcoriginal equation,' 56 -^~r:48-—~- 5 xr: 

4 8 

64 i therefore - — =48 \ therefore 56— -2— zr 5^ 
4 4 

— 48 =8 : again, ~ =: 40 j therefore 48 — --r- 

2:48 — 40=8 5 therefore 56— ~=:48—^. 

4 • 

Example 8. 

36— — r:8 : therefore 324 — 4X =: 72 j there* 

fore 324 =: 72 + 4^; therefore 324 — 72 = 4^, 
that is, 4^ = 252 I and X =r 6^. 

H '^^ 



1^4 RB^OLy^iON or BooR^.L 

Tin <Broof» 
Th& origiA'aL equjUion, j6— ^=!8i ^ rs tf^; 

= 8. / 

ExSimple 9. 

2x . 176 — 4x , r *^" 528 — 12^ 
— n-^ ^^-: therefore 2 x =: ^^ ; 

3 5 5 

thercibrc lo^c :$ ^z^-^tiV ; therefore- lo^f -^ lix 

=528, that is, 22 ^=528 ; and[ XZZ24.. 
The Proof. 



V ' .« 



2^ 
therefore — z= 16: ;i9gfi&)i;ii 4 :c = 96 ; therefore 

126— 4-y. =^ j^^-*^'3i.=; 89,; thcre^rp '^ T i ^ 

80 ' , - 2X 176— 4X' 

5: — IT t^ ;_ :thercfor^ .^ r-r , ;=l. ■ Z:-^ ;^ v • ,. ; : . . 



•* . 



M Ex^or^ki f^ 






20-— 2o;c 



4 ^ 6^ "" ^ • ^'*--^'-- ^-^ ^ 6 

= 116 J therefore 18;^ + 720— 20^ = 696, that 
is, 720— 2;v =: 6^6 i the refa e 720 = 2a?+ 696; 
therefore 720— 6^6 =: 2 *•, that is, 2X =1 H^ and 



The 



The" Proof. 

The o%inai equation, ■^^— -H " k^^ =^ ?9 1 

jf =2 1 2 ; therefore •^— zro; 5;r=:6o; dierefoie 
4 

j8o — 5 ^ =; 180— 6a z: 120 i therefore ' ■ 

6 

lio , ^ 2X i8o~5X 

= -rr- =: 20 j therefore ^^ h ■ =1 29. 

6 46 

• «■■"'■* 

Example ii, 

.45 _ 57 _ 
2pc+ 3 4*— 5' 

Multiply by 2 x + 3, and you will have 45 ±: 
1 14 X -f- tyi 

; multiply by ^i^-^Si and you will 
4^ — 5 

have 180^ — 225 = 114x4- 171 ; therefore 180 ;? 

114^ — 225 =; 171,, that ia, dCx-^ 225=171) 

therefore 66x zz iyi + 225, that is, 66 x = 3^6 ; 

ThcPwo£ 

The orimnal equation, ' " rz ■ i --'; flfstf; 

2^+3 4 ^"^^5 
thtrffbre z x:^ 12 j therefoip a ap t|r j p? «3 »*tli6«Cy* 

AC A.C 

fore 2 — == 22. — 3 : again, 4 x =: 24; therefore 

2x4-3 15 

4 ;r — 5 = 19 ; therefore ^ =^^ z;: 3 5 there- 

4X'^4 la 



fc«^^-*-5^ 



4yH.5 1^ 



2:1^ Resolution of Book I. 

Example 12. 

128 2x6 , ^ ^ 648X— 864 

— ■ therefore 128 = 



therefore 640 x — 768 = 648 x ^ 864 -, therefore 
frrJ^A -= 648 ;tf -- 640 x — 864, that is, — 768 =: 8 ;c 
'^ 864 -, therefore + 864— 768 zr 8 x, that isi 8 x 
••:± ^ i *^d A? z: 12. 

The Proof. 

^t^ . . 1 .128 216 

The oriemal equation, z= 1 xzz 12 ; 

therefore 3 x z: 36 •, therefore 3 at — 4 zz 32 ; there- 

^ 128 128 • r u 

fore z: z: 4 : again, 5 x z= 60 ; thcrc- 

3^-4 32 ^ 

fore 5 X — ' 6 zi i;4 i therefore . ^ z: z; 4 1 

5x^6 54 

• ^ 128 216 

therefore ^ z: • ■ 

"_ Example 13. 

42 X QgX ,..',,, , 

zz : divide both numerators by x, and 

X— 2 X— 3 

A2 2C •2/*X""~'70 

you will have zz- — — ; therefore 42 zz ^; 

x—2 X— 3 X— 3 

therefore 42 x r-.-! z6 zz 3 5 x — 70 ; therefore 42 x — 

35 X — 126 zz — 70i -that is, 7 x^— 126 zz — 70 ; 

tteref^re 7X zz 126 — 70, that is,: yrx =: 56 ; and 

x=:8. 

The Proof. 

The original equation, zz ^^ — ; xzzS ; there- 

X— 2 X— 3 

fore X — 25c 6 i 42xz:336 j therefore • z:. -^^r- 

X— 2 o 

= 56: 
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= 56: again, x — 3 = 5; and 35;g=:28o j therefore 

35 X 280 _ , ^ 42 X 35 X 

-^2— = = 56 i therefore -^^ — = -^-=^. 

X— 3 5 ^— a ^—3. 

Example 14. * 

XX 12 XX — 4 , - 3X)r— «I2 

=1 : therefore xx— 12=: ; 

3 4 4 

therefore 4xx — 48 =: 3 xx— 12 ; therefore 4xx — 
3x X — 48 .= — 12, that is, xx,—- 48 — -*- 12 ; 
therefore XX = +48 — 12, that is, xx zz.36 j.^and 
x= 6. .; 

J The Proof./ 

* XX — 1 2 XX — 4 

The original equation, c: — ;^=6; 

3 4 

therefore xx 1= 36; therefore xx — 12 =: 24 ; there- 

tore •!:: — zz 8 : again, xx — 4 = 32 ^ 

therefore ■ ■ ' r: ^—=85 therefore =: 

4 4 . 3 

X* — 4 .. ' 

~4~' . ^ > ^ ^' 

Example 15. /. 

S X X "^ 

—^7 8 =r 12 : therefore ,5 xx — ^ 128 = 192 ; 

therefore sxx-zz 192 + 128, tliat is, sxx zz 320 ; 
therefore x x z: 64 5 and x = 8. 

The Proof. 

K X X 

The original equation, — 8 z= 12 ; x =85 

therefore xx = 64 j therefore gxxzz 320 5 therefore 

2-— = ^ = 20; therefore^-2 — 8 = 20—8 
16 , 16 16 

= 12, 



. ' Example i^.. 

6is$c --i yxkv tz 48X : divide the whole by ir, 
and you will have 615 -:— ypcpczz48 ; therefore 615 
=7XJif + 48; therefore, 61 5*- 48 = 7 X A?, that i|, 
yxxzz^6*^i therefore^ xxzzSi ; aadfz:^^. 

The Proof. 

Thfe t>rig;inal lequation, 615 x -— yxartr "c 48 x j 
y*i:9 ; thcrdfbre xx—if^ therefore xxx tt yrg \ 
jxxx = 5103 i again, 615X = 5535 ; therefore 

^'5^— 7^^* = 5535-^5^03 = 432 : laftly, 48^ 
=452^ therefore 6i5Af — 7xxx=:48y. 




T a p 




N folving the following problenis, I 
fhall make ufeof a lort of mixt Alge? 
bra, ufing letters only in reprefeiiiiDg 
unknown quantities, and numbers for 
fuch as are known. This method, as I take it, will 
be the beft to begin with : bijc afterwards, when my 
young Ichoiar has been fuii^ciently exercifed in thi$ 
way, I ftialJ then introduce him into pure Algebrai 
which he will find much more extenfive than the for* 
mer, not only as it enables him analyticaliy to find 
out general folutions, taking jp all the particular 
cafes that can be propoled in the problem to \^hich 
the folution belongs, but alio a$ it enables him after-^ 
wards to deraonftrate the fame Iblyt^ons or theorem^ 
fymhetjcally. 

And becaufe I am nat yet to fuppofe him fkilled in 
^ny of the mathematical fcicnces, I fhall draw my 
problems, generally fpeaking^ from BMfnbers, either 
qonfidered abftradedly, or elle as they relate to cojn- 
tjlpn lif^* 

H4 \^ 



lio Preparatims for the S&tuiion cf Book 11, 

If a problem be juftly propofed, it ought to have 
as many independent conditions comprehended iei it, 
cxprefsly or implicitly, as there are unknown quan- 
tities to be difcoyered by them \ and it muft be 
the chief bufinefs of an Algebrift, to fearch our, fift 
and diftinguilh thcfe conditions one from another^ be^ 
fore ever he enters upon the folution of his problem, 

1 faidi that fo many conditions ought co be com- 
prehended in the problem exprefsly or implicitly» 
becaufe it may happen, that a condition may not jbe 
exppcfled in a problem, and yet be implied in the na- 
ture of the thing : thus in the 44th problem, where 
fevcral rods are to be fet upright in a ftreight line, 
at certain intervals one from another, it is implied, 
though not exprefled, that the number of intervals 
muft be lefs than the number of rods by unity. 

Sometimes a condition may be introduced into a 
problem, that includes two or more conditions : as 
when we fay, four numbers are in continual propor- 
tion, we mean, not only that the firft. number is 10 
the fecond as the fecond is to the thipd^ but alfo, 
that the fecond number is to the tliifd as the third is 
to the fourth* 

Whenever a problem is propotedto be folved alge^ 
braically, the Algebrift rnuft fubftitute fome letter of 
the alphabet for the unknown quantity -, and if there 
be more unknown quantities than one, the reft muft 
receive their names from fo many conditions of the 
problem ; and if the problem be juftly ftated and ex- 
amined, there will ftill remain a condition at laft, 
which tranQatcd into algebraic language, will afford 
him an equation, the rcfolution whereof will give the 
unknown quantity for which the fubttitution was 
made j and when this unknown quantity is once dif- 
covcred, the reft will be eafily difcovered by their 
names. Suppofe there are four unknown quantities 
in a problem ; then there ought to be four conditions : 
now the firft unknown quantity receives it*s name ar- 
bitrarily without any condition^ therefore the other 

three 
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ithrqc muft take up three of the conditions of the 
problem for their names ; and the fourth condition 
will ftill be left to furnifli out an equation. 

The learner muft here be very careful to make no 
pofitions but what are fujficiently juftifiable, ^ either 
from thie exprefs conditions of the problem, or from 
the nature of the thing -, all the liberty he is allowed 
in cafes of this nature is, that he is not oblijgcd to 
draw out the conditions in the fame order as .they arc 
given him in the problem^ but may make ule of them 
in fuch an order, as he thinks will be moft convenient 
for his pqrpofe ; provided that he does not make ufe 
of the fame condition twice, except in company with 
others that have not been confidered. 

My method in the forty four following problems 
will be, to put down the anfwer immediately after 
the problem, and then the folution : for in my opi- 
nion, this way of putting down the anfwer firft, will 
not only ferve to illuftrate the following folution, but 
may alfo ferVe to fix the problem more firmly in the 
minds of young beginners, who are but too apt to 
neglect it, and to fubftitute chimerical notions of their 
own, that are not tobe juftified, either from the con- 
ditions of the problem, or common fenfe. 

After the learner has run over fome of tliefe prob- 
lems, and has got a tolerable infight into the method 
of their refolution, it will be very proper for him to 
begin again, and to attempt the folution of every 
problem himfelf, and not to have recourfe to the folu- 
rions here given, but in cafes of abfoiute neceflity : 
but after the work is over, he may then compare his 
own folution with that jirhich is here given^ and may 
alter or reform it as he thinks fit. 

The Jolution of fome problems producing fimple 
equatwns. 

Problem i; 
t6. What two numbers are tbofe^ wbofe difference is 14, 
and wbofe fum when added together ^ is 48 ? 

1 M^ 
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Jnf. The numbers are 31 and 17 : for 31— 17 — 
14 ^ and 31 + 17=48, 

Solution, 

In this problem there are two unknown quantities, 
to wit, the two numbers fought j and there are two 
conditions ; firft^ that the lefs number when fubtradled 
irom the greater muft leave r4 ; and fecondly^ that 
tlie two numbers when added together muft m3ke48 : 
therefore 1 put x for the lefs number *, and to find a 
name for the greater, I have recoorfe to the firft con- 
dition of the problem, which intbrms me, that the 
difference betwixt the two numbers fought is 14 ; 
therefore, if 1 call the lefs number jc, I ought to call 
the greater x+14 ; thus then I have got names for 
both my unknown quantities, and have ft ill a condi- 
lion in referve for an equation, which is the fecond i 
new according to this fecond condition, the two num- 
bers fought, when added together, muft make 48 ^ 
therefore Jf and Of + 14 when added together muft make 
48 i but ^ and Jff+i4 when added together make 2x 
+ 14 'y whence I have this equation j 25^+14—48 1 
therefore 2;r^48 — 14^334 ^ therefore pc^ or the lefs 
number = 1 7, and x+ 14, or the greater number =31, 
as abov€. 

In our folntton of this problem, the notation was 
drawn from the firft condition, and the equation from 
the fecond ; but the notation might have been drawn 
from the fecond condition^ and the equation from the 
firft, thus : put AT for the lefs number fought 1 then 
becaufe the fum of both the numbers is 48, if you 
fubtra(5t the lefs number x from 48, the remainder 
48 — X will be the greater number, fo that the two 
numbers fought wili he ^, and 48—% ^ fubtract the 
tormer" number from the latter^ and the remainder or 
difference will be 48— ijc^ but according to the firft 
condition of the problem, this difference ought to be 
14; therefore 48--2jf— 14; refolve this equation^ 
and you will have xzziy^ and ^H^x^^m^ as above. 

Problem 



J 
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P » OB L E M 2. 

27. ^Ar/^ perfint^ A, B jwrJ C, make a joint ^mtri- 
Sution^ y;hich in the whole amounts to yb pounds : af 
4bi^^ A contributes a certain /urn unknown ; B con-- 
tributes as much as A, and lo pounds more ; and C, 
(OS much as both A and B together : J demand thnr 
federal contributions. 

Anf. ^contributes 14 pounds^ B 24, and C 38: 
for 14-f ior;24, and 14+24^238^ and 14+24+ 3S 

Solution. 

In this problem there are three unknown quantities, 
and Acre are three conditions for finding them out ; 
firft, that the whole contribution amounts to 76 
poinds ; fecondly, that B contributes as much as ^, 
and 10 pounds more ; and lafUy, that C contributes 
ais much as both ^^nd B together. 

Thde things being fuppofcd, I firft put x for yf s 
contribution ; then fmce, acording to the fecond con- 
ation, B contributes as much as A^ and 10 pounds 
more, Iput;f+io foriB's cootribution -, laftly, fincc 
C comributes as much as both A and B together, I 
add u and ;i^-f- 10 together, and fo put down the futn 
ZJ^+iQ for Cs contribution : thus have I got names 
for aU^ny unknown iquantities, and there remains ftill 
one condition unconfidered for my equation, which 
is, tliat all the contributions added together make yS 
pounds ; therefore 1 add x^ and ;^+io, and 2x+io 
tc^gether, and fuppoie the fum 4;;+2o=765 there- 
fore 4:1^=: 76— 20=156 ; therefore x, or A*s contri- 
imtiofi equals 14 ; :i^+io, or B^s contribution equals 
24; and 2:^+10, w Cs contribution equals 38, as 
aborr^. 

Problem 3. 

28. Sufpofi aU things as before^ except that mw^ the 
whole contribution amounts to 276 pounds i that of 

this^ 
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tbis^ A contributis a c&iain fum unknown % ibat B 
contributes twice as mucb as A^ and 1 2 pounds more ; 
and C three times as much as B, and 1 2 pounds more : 
I demand their feveral contributions* 
Anf /^ con tributes 24 pounds> B 60, and C 192 : 

for24>C2+i2 — 60; and 60x3+1^ = ^9^ > and 24+ 

60+192=276* 

Solution, 

* Put X for jfs, contribution , then becaufe S con- 
tributes twice as much as A^ and 12 pounds more, 
5's contribution will be 2x+ 12 ; therefore if C had 
contributed juft three times as much as 5, his contri- 
bution would have amounted to 6x+^6 ; but accord- 
ing to the problem, C contributes this, and 12 pounds 
morei therefore Cs contribudon is 6a*+48 ; add thefe 
contributions together, to wic, x^ 2.1C+12, and 6x+ 
48, and you will have 9X + 60 = 2 761, therefore 9^= 
276—60^^216; and Jf, or A^s contribution equals 
24 ; whence 2jf+i2^ or B's contribution equals 60; 
and 6^+ 48 J or C's contribution equals 1 92, as above* 

Advertisement* 

T know not whether it may not be thought imper- 
tinent here to put the learner in mind, that after x 
was found equal to 24, the other two unknown quan- 
tities, 2jf+i25 and 6^+48 were found, by fuibftituting 
24 inflead of x 

Problem 4- 

19. One begins the world with a certain fum of money ^ 

which be improved fo well iy way of traffick^ that ai 
the yearns end^ he found be lad doubled his frft ftock^ 
except mi hundred pounds laid out in common expences \ 
and fo be went on every year doubling the laft year*s 
ftock^ except a hundred a year expended as before \ and 
at the end of three years^ found himfelfjufl three times 
as rich as at frjl : What was bis firfl flock ? 



Anf 
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jinj. 140 pounds ; for the double of this is 2 8o> 
■lind 280— 1 00 —180 po4jnds at the end of the lirft 
year j the double of this lall is 560, and 360—100^ 
z6o pounds at the end of the fecond year \ again, the 
double of this is 520, and 520—100—420 pounds at 
die end of the third year j and 420 pounds is jult 
three times as much as 140 pounds, his firft ftock* 

Solution, 

Put X for his firft ftock, that is. Jet x be the num- 
ber of pounds he began with % then the double of this 
is 2^, and therefore he will have 2;^'— 100 ac the end 
of the firft year \ the double of this is 4^—200 % 
.therefore he will have 4A' — ^200—100, that is, 4 at — 
00 at the end o\ the I'ccond year \ the double of this 
is 8x — 600 I therefore he will have %x — 600 — lOo, 
that is, 8;i?— 700 at the end of the third year 1 but 
according to the problem, he ought to have three 
times his firft iiock, that is, %x^ at the end of the 
hird year ; therefore 8;^--70ozz35f \ therefore 8jc — 
;if— 700=0, that is, ^x — 700 — o j therefore 5Jf^ 
00 *, and x^ or his firft ftuck equals 14O5 as above. 
To this problem I iliall add another of a like kind* 
for the learner to Iblve himlelf, 

^Om goes with a certain quantity qJ money ahoul him tt^ 
a tavern'^ where he borrows ds much as he had then 
about him, and out of the whule^ fpends a JhiiUng ; 
with the remainder he goes to a Jtiond tavern^ where 
he bom^ws as much as be had then left^ and there 
alfc fpends a Jhilling j and fo he goes on (q a thirds 
and a fourth tavern^ borrowing and Jpending as be- 
fore J after which he had nothing left : I demand bom 
much money he had at firjl aBoul him. 
Anf 44 of one fhilling, that is, ii pence farthing- 

Problem 5. 

30. One has fix fons, each whereof is four years older th^n 
his next younger brotha' ; and the eldejl is three times 
as old as the youngeft : fVbat are their frceral ages f 

Anf 
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AnJ. lo, 14, i8, 22, 26, ^o : for 30, the age 
of the eldcft, wilt th^ be juft three times. 10, that is, 
ibrec times the age of the youngefi 

S O L tr' T I O N. 

For their fevcral ages put a:, ^+4, Ar+?, ;ir-f li, 
jr4-i6» ;r-t-/o •, then according to the problem ;c+2o 
the age of theeldeft, ought tabe equal to 3;^, that is, 
three times the age of the youngeft ; fince then 3^= 
3r+2a, we IhaU have 3^— ^xzr2C, that is, 2«=to, 
'and ;fmo» as above. 

, P R O 1. £ M 6^ 

31. ^hife is a terrain iifhrnjob&Je btad is q inches ; the 
tail is as long- as ibt head and half the iack 5 and the 

' hack is as hmg as bdth'the head and taH together : 1 
demand /he length of the hack^ and of the tail. 
Anf Tlkr length of the back was 36 inches, and 

Aati^dK^ tail 27 : for 27=9+ V 5 *nd 36=94-^7. 

Solution. 

For the length of the back put x ; dien will y be 
•equal to the fength of both head and tail together, 
by the fuppofition ; therefore if from x, the tength 
of the head and tail together, you fubtraft o, tht 
length of the head, there will remain «•— 9 for the 
length of the tail •, but according to the problem, the 
tail is as long as the head and half the back-; there- 

' X 

jforc;^^-^:3r — +9; therefore 2;i^— 18 ::=i^f-i?; there-' 

fore 2x — X — 1 8 ^ y 8, that is, x^i 8 = 18; and at, the 
length of the back equals 18+18=36 •, therefore 
x-^, the length of the tail equals 27, as above* 

Problem 7. 

32* One has a leafe for 99 years \ and hung njked b^vt 
much Qf it was already ex fired ^ anfweredj that two 
thirds efthe time paji was equal tofoter fifths of the 
time to come \ 1 demand the times faft^ and to come. 

Anf 
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Anf. The time paft was 54 years ; and the whole 
tttm of years was 99 ; therefore the time to die 
expiration erf* the ieafe was 45 years : now 7 of 54 is 
365 and4of45is ^6. 

Solution. 

Put X for the time paft ; then fince the whole term 

of yesy-s was 99, ifx the dme pafty be fubtra&ed from 

99 the whok time, there will remain ^^ — x for the 

2 X 
time to oome > but ^ of the time paft is — 5 and ^ 

3 
of the time to come is 4 o f ■ = ^ ; there- 

^ IX 396 — 4^ , ^ 1188 12^ 

lore — sz ' — ; therefore 2 * =: -^ 

i- 5 5 

thereforeioxmi88— i2x;therefore iox4-i2xr: X 188, 
thatisv i^^mi88 ; and;c the time paft ==54 years; 
t b e i^fttf e 99-^ X tlie time to come equals 45 years. 

To-dli^ problcnni I ftall add two others of the fame 
Mtwe, i^ithout any.folution. 
Firfl^, 3if divide tbe^number 84 into two fucbfarts^ ibai 

tbree times one part may be equal to four times the otbet. 

Anf. The parts arc 48 and 36 : for in the firft place, 
48 +3:6— *4 } and in the tiext place, three times 48 rr 
144!^ ibiir times 36. 
Second, To divide 4be number 60 into two fuch parts ^ 

tbaeti feventb part of one may be equal to an eighth 

part of the other. 

JUf. The ffarts ane 28 and 32 : for in the firftrplace; 
28^^31^—60^ and in the next place, 4. of 28 equals 
4=t:iof 32. 

P R O B L B M 8. 

33. R in rehired to divide the number ^6 into twofiiA 
parts^ that ^ ofvne part being added: to ^ofti^e vtber^ 
mof make 40, 

Jnf 
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Anf. The parts are 20 and 39 : for in the firft phace, 
20+30 =150 V and in the next place, ^of 20, which \^ 
\^y added to |. of 30, which is 25, makes 40. 

Solution* 
Put X for one part, and confequently 50 — ^ iox the 

other part ^ tbeii we fhailhave 4 of ;cr: •^-^, and -J of 

. ■, ' ' "• . ■ . 4. . . * : 

50— jczz ■ *^ ■ ■ ' ■ ^ ^; - but according to the probl^^aa^ 
6 ' 

thcfe two added together ought to make 40 ; whence 

. ; - . - 'tx ' 250— ^>f ' '• >''■ , ■ 

we have this equation, — r- ^ — z: 40 : mul- 

. : 4 . 6 " ; • . 

.1. t Mfi_ ' rooo— a^;r-- ^ ' ' 
aply by 4, and you will have 3^-1 ~— ±:iooi 

miiltiply agaia by . 6, and you will have i8f-|7iQf)0 
— 20XZIQ60, that is, 1000 — 2xzzg6o \ . thi^f^fut 
1090332^+960^ and 1000— 960 -Z2X, that is, .2r=: 
40 -, and ^, which is one of the parts fought, wiU be 
2Q •, whence 50— ;c or the other part will bcxjo, as 
above. '\.:, 

Other two prpblems of the fame nature. 
Firft : // is required to divide the number 20 into two 

fuch parts ^ that three times one part being added tn 

^ve times the other may make 84. ^ . . 

Anf The parts are 8 and 12 : for 8+12 = 20^ ^d 
8x3+12x5, that is, 24+60=84. 
Secood I It is required to divide the number foqjnta 

two fuch partSy that if a third part of one be fub^ 

iraSedfrom a fourth part of the other ^ the remainder^ 

maybe 11. 

Anf The parts are 24 and 76 : for firft, 24 added 
to 76 makes 100 ^ and iecondly, 4- p^rc of 24, which 
i& 8, fubtraAed from ^ of 76, which is 19, leaves 1 1. 

Problem 
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P R o B L £ M 9. 

34. 7 wo ferfons A and B ^»^^^^ at play ; A i&^^j 72 
guineas and B 52 ^^(?r^ they begin ; tf;f/^ /?//^ a cer- 
tain number of games won and loft between them^ A 
rifes with three times as many guineas as "& i I de- 
mand bow many guineas A won o/B. 

Anf. 21 : for 72+211=93 •, and 52— 21=31 ; 
and 93=31x3. 

Solution. 

Put Ji? for the number of guineas ^ won of 5, and 
Gonfequently that B loft ; then will A's laft fum be 
72+^, and B\ laft fum 52— ^ ; now according to 
the problem, /f' s laft fum is three times as much as 
JS's laft fum ; that is, three times 52— at, or 156 — 
^xi therefore 724-;f=i56—3x-, therefore 72+;^+^;^ 
= 156, that is, 72+4^^=156; therefore 4;^= 156— 
72 = 84 5 therefore x, the money A won of 5, equals 
21 guineas, as above. 

Problem 10. 

35. One meeting a company of beggars^ gives to each 

four pence^ and has Jixteen pence over -, but if he 

would have given them fix pence apiece j he would 

have wanted twelve pence for ihat purpofe : I demand 

the number of perfons. 

Anf. 14: for 14x4+16=72 = 14x6— 12. 

S o L u T I o N. 

Put X for the number of perfons -, then if he gives 
them four pence apiece, the number of pence given 
will be four times as many as the number of perfons, 
that is, 4^; therefore 4^+16 will exprefs all the 
money he had-'about him ; and fo alfo will Sx-^-iz 
by a like way of reafoning •, therefore 4X+i6r^x 
— 12 s therefore 16= 6x—4Ar — 12 = 2;^— 12 ; there- 
fore 2x=i6+i2=28 ; and x^ the number of perfons 
equal 14, as above. 

I Probl^vl 
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P R O B L E M II. 

36. What two numbers are tbofe^ wbofe £fference is 4, 
and the difference of whofe fquares is 112 ? 
Anf 12 and 16: for i6 — 12=4, and 16x16— 

1:2x12, that is, 256 — 1443=112* 

Solution. 

The lefs number, ;^. ^+4 

The greater, ^+4. ^+4 



XX+4X+16 

• The fqliare of the greater, ^x + 8 a^+ 16 
Th^ ftjuare of the lefs, xx 

The difference of their fquares, * 8^^ + 1 6 ; 
whfenct 8a:4-i6z:ii2 J therefore 8x— 112— 16395; 
therefore x the lefs number equals i2> andx+4 the- 
greatd- ^quaKs > 6, as above. 

Problem 12. 

37. What two mimbers are thofe^ whereof the greater 
is three times the lefs^ and the Jam of whofe fquares 
is five times the fum of the numbers ? 
Anf i'he numbers are 6 and 2, whofe fum is 8 : 

nown 6rz3 times 2 ; and 6x6+2x2 —40 ;=i 5 times.8. 

S o L u T i o li. 

The lefs number x. 

The greater, 3^, 

. Their fum, 4^* 

The fquare of the lefs, xx^ 

The fquare of the greater, 9 xx. 
The fum of their Iquares, lo^;^. 
' B>yt according to the problem, the fum of their 
fquares is 5 times the fum of the ^umbersy that \%^. 
5 times ^ or 20^ *, tlierefore ioxx^iqk \ aad \^H 
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tziO'y and x the lefs number =2 ; whence 3;^ the 
greater equals 6^ ^s above. 

P R O 'B L £ M 13. 

38. ^^at two numbers are tbofe^ whereof the lefs is to 

the greater as 2 to 3, and the produB ofwhofe mul^ 

tiplication is 6 times the fum of the numbers ? 

Anf The numbers are 10 and 15, whofe fum is 

25 : for ID is to 15 as 2 to 3 ; this will be plain by 

putting the queftion thus ; if 2 gives 3, what will 10 

^vc? for the anfwer will be 15 : thefe numbers will 

alfo anfwer the leconci condition of the problem •, for 

10x15=150=25x6. 

Solution. 

Put X for the lefs number \ then to find the greater 

number fay, if 2 gives 3, what will x give ? and the 

2 X 
anfwer is — ; therefore if x ftands for the lefs num- 
2 

bcr, the greater number will be -^-^ ; their fum will 

. X ax 2X+QX 5X . . . ^ 

be f-^ or — -^-2> or ^— ; and the produdl 

12 2 z 

r% ^ QX X 

of their multiplication xx ^—f or ^ — ; but accord- 

2 2 

ing to the problem, the produft of their multiplica- 
tion ought to be fix times the fum of the numbers, 

that is, fix umes •=^— , or - — ; therefore — — zr 
22 2 

' — i and 3;f*=3ox •, and 3^=30 j and x the'lcls 
2 

3 ^ 
number equals 10 •, therefore ^— the greater number 

equals 15, as above. 
^ / I 2 Pr-oblem 
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Problem 14. 

39. "Two perfons A ar.d B v^^ere talking of their money ; 
fays A to B, give me five fhillings of your money ^ and 

I fhall have jufi as much as you will have left : fays 
' -B to A^ rather give me five fhillings of your money ^ 

and I fhall then have Jufi three times as much as you * 

will have left : How much money had each ? 

Anf y/had 15 (hillings, and 5 25 : for then, if 
yf borrows 5 (hillings of i?, they will have 20 (hil- 
lings each ; on the other hand, if A lends B 5 (hil- 
lings, then \yill A have 10 (hillings left, and£ will 
have 30, which is three times as much. 

Solution. 

Put X fork's money ; then, if A borrows five (hil- 
ling^ of 5, A will' have x+5, and B by the fuppo(i- 
tipn, will have the fame left, to wit, x+5 ; but if 
5 after having lent A ^ (hillings, has ^+5 left, he 
mud have had a:+io before ; therefore if x reprefents 
i^'s money, x+ 10 will reprefent 5's : let us now fup- 
pofe B to borrow 5 (liillings of //; then will B have 
ifHf-i5> and ^will have x — 5 ; but according to the 
problem, B in this cafe ought to have three times as 

much as A has left, that is, three times x- — 5, or 
3^ — 15; therefore t^x — i5r:Ar+i5 ; therefore 3^ — x 
— 15ZZ15, that is, 2x — 15=115 ; therefore 2^=15+ 
151=50 ; therefore ^, or A'^ money equals 15 (hil- 
lings, and ;t'+io, or 5'szi25, as above. 

P R O B L E M 15. 

40. What two numbers are thofe^ the produSI of wbofe 
multiplication is 108, and whofe fum is equal to twice 
their difference ? 

Anf 1 8 and S : for the produft of their multiplica- 
tion is 108 •, and their fum 24, is equal to twice 
their difference 12. 

S O L U- 
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.Solution. 

For the greater number I put ic \ then, had . their 

fum been 108, I (hould for the other number have 

put io8— Jf i but it is not the lum of their addition, 

but the produd x>i their multiplication that is equal 

to io8 ; therefore if one number be called ;ir, the 

108 
other will be , which I thus demonftrate : let y be 

■ PC ' 

the other number ; ,then will xxj? or-^jn 108 by the • 

fuppofnion; divide both fides of- th^ equation by x^ 

108 • .. 

and you will have yzz ; as was to be deihort; 

ftrated. This being admitted, the difference betwseii 

the greater number x, and the lefs -^ — , is x ; 

X X 

108 
and their fum \^ x+ : buF by the condition of 

X . ■ ' ."• ,..■■■• 

the problem, this fihri ought tobe^ual to twice the 
difference, that is, to twice x — or 2x • 

V 1 r 216 108 , ' 

therefore 2x zz^H- — "i> therefore ixx — 216 

X X 

-zLXx+ibi ; therefore 2^^— x at— 216;=: 108, that is^ 
xx^2 1 6= ig8 ; theiefore xx:=. 108+2 1 623324 j there- 
fore X the greater number equals 18, and the lefs 

X 

equals 6, as above. 

Problemi6. 

41. // is required to divide the fiumber 48 into two Juch 
partSy that one part may be three times as much above 
liy, as the other wants of 20. 
-/&/ The two parts are 32 and 16: for 32+1 6—48 5 

moreover 32 is 12 above 20, and 16 wants 4 of 29 

^nd 1 2 . is three times 4* 

I 9 ?» 0\.>i- 



134 "^he Solution ^ Probhms Book IL 

Solution. 

Put X for the kfs number fought ;^ then will 48—^ 
be the greater, and the cxcefs of ifiis greater above 
20 will be 28 — x^ as is evident by fubcra&ing 2p 
from 48 — XI again, the excefs of 20 above the le(s 
number (which is, what the lefs number wants of 20) 
is 20 — X ; and according to the problem, the former 
cxcefs is three times the latter, that is, three times 

!2o— ;?, of 6cH— 3^ ; whence we have this equation, 
28 — xr:6o~-3A^; therefore 28 — ^flf4-3*^6o, that is, 
28+2^=60; therefore a^zz 60 — 28=132; therefore 
X the lefs part =; 16, and 48 — x the greater rz 32, as 
^bove. .' , 

Another folution of the foregoing problem. 

Put X for what, the lefs number wants of 20 ; then 
will the lefs number be 20 — a?, the greater ' 20+3;r, 
4nd their fum 40+2^ \ but by the problem, their 
fi^n is 48 ; therefore 40+2^=148 ; therefore 2x1=48 
— 40=18 ; therefore yz: 4 •, whence 20 — x the lefe 
number = 16, and 20+ 3^ the greater zz 32. 

P R 6 B L E M 17. 

42. One has three debtors^ A, B -andCy 'iobafe partir^ 
etUar debts he has fotgot •, but thus much be could re- 
member from his account s^ that AV and &s dibts to- 
gether ^mounted to 60 pounds ; AV and C'j to 80 
pounds ; and Ws and C'j to ^z pounds : I demand 
the particulars. 
Anf A^s debt was 24 pound*, ff$ 36, andC*s 56 : 

for 24+36^=60, 24+5^1=80, and 36+56=92. 

Solution. 

Put X for A's debt 5 then becaufe -^s and Bh to- 
gether made 60 pounds, 5*s debt will be 60— x^ 
agiin, becaufe -^s and C*s together made 80 pounds ; 
C*s debt mull be 8o*-;(r : i>ow fincc according to the 

problem. 
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problem, B*s and C*s debts when add^c) together 
make 92 pounds, I add 60-- x, and 80— r-Ji together, 
and fuppofe the fum i40-^2x=:92 ; whence 2i^4-^ 
= 1401; and 2x=: 140—92=48 ; and x^ that is, ^[s 
debt ZZ24 pounds : whence 60— y, or jB*s debt ^^36 
pounds ; and 80— ic, or Cs, is 56 pounds^ as above. 

• Problem i8. .. -^ 

43. Om being afked how %nany teeth he had remaining 
in bis bead^ anfwered^ three times as many as he bad 
loft ; and being ajked how many he had loft^ afifweredy 
as many as being multiplied into \ part of the number 
left^ would give all he ever had at fir ft ; I demand 
how many be had loft, and how maw/ he had left ? 
Anf He had loft 8, and had 24 left : for then 24 
the number left, will be equal to 3 times 8, tlte 
number loft ; and moreover 8 the number loft, mul- 
tiplied into 4, that i^, into \ part of 24 the niimbcr 
kft, will give 32::; 24 4- 8, all he ever had at firft. 

S o L U T I ON. 

Teeth loft, x. . . . - 

left, 3x. 
In all, ApX. 

o XX 

i part of the number left ^, or — -, this multi- 

6 2 

X XX 

plied into the number loft, makes — x* or— »- i tut 

22 

according to the problem, this produd is equ^l to all 

X X 

he ever had at firft j whence - — zz^x-, ajfid ^xzziix ; 

2 

and Xy the number loft z=8 ; whence 3^, the narttbcr 

kft =r24, as above. 

P R o B L E* M 19. 

44. One rents 25 acres of land at 7 pounds I2 /ffip^gs 
per annum ; which land conftfls oftwoforts^ We^bef- 
I 4 Ut 
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ter fort he rents at 8 fhiltings per acre^ and the worfe 
at §: 1 demand the number of acres of each Jort. 
Anf. He had 9 acres of the better fort, and i 6 of 

rfie wbrfe: fofp times 8 fliillings r: 72 ihillings; and 

i€ times 5 (hillings =z 80 (hillings; and 72 + 8*03:152 

ilhiUings 1= 7 pounds 1 2 (hillings* 

. -• "^ .. 

Solution. 
Put X for the number -of acres of the better fort ; 
theja will 25^— >v be the number of acres of the worle 
fort, becaufe both together made 25 acres : moreover, 
fince he paid 8 (hillings an acre for the better fort,/ he 
muft pay 8 times as many (hillings as he had acres, 
that is, 8;^ ; and fmce he paid 5 (hillings an acre for 
the worfe fort, he muft pay 5 times as many (hillings 
as he had acres of this fort, that is, 25 — ^XS^ or 
125 — ^x:. put both thefe rents together, and they 
will amount to 8;;+ 125—5^, or 3;!?+ 125 in (hillings; 
Jbiitthey amount to 152 (hillings, by the fuppo(ition ; 
therefore 3^^+1251=152 ; therefore 3x^:152 — 125 = 

27 ; therefore x, the number of acres of the better 
fort =9, and 25— •;i^, the number of the worfe fort 
:z; 1 6, as above. 

P R o B L E M 20. 

45. One hires a labourer into his garden for 36 days 

upon the fallowing conditions^ to witj that for every 

day he laboured^ he was to receive two fhillings and 

Jixpence ; and for every day he was abfent^ be was tofor^ 

fett onefhiiling and Jixpence : now at the end of the 3 6 

dayS^ after due deduSions made for his forfeitures^ be 

received clear 2 pounds 1 8 fhillings ; 1 demand how 

many days he laboured', and how many he was abfent. 

Anf. He laboured 28 days, and loitered 8 : for 

28 half-crowns amount to 3 pounds 10 (hillings due 
to him for wages ; and 8 eighteenpences amount to 
\% (hillings due from him in forfeitures ; and this lat- 
ter fum fubtrafted from the former, leaves 2 pounds 
18 (hillings to be received clear. 

SOLXJ' 
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Solution. 

Put X for the number of days he laboured; then 
will 36 — X reprefen/ the number of days he was ab- 
fent : again, fince he was to receive 30 pence for 
evcrj day he laboured, the pence due to him in wages 
will be 30X^, or 30*' ; and fince he was to forfeit 18 
pence for every day he was abfent ; the pence due 
from Him in forfeitures will be 18 x ^6 — x, or 648 
— i8x : fubtraft now 648— i8y, the. pence due from 
him in forfeitures, from 30*:, the pence due to him 
for wages ; or, which is all one, add 1 8^ — 648 to 
^oXj and there arifes 48x' — 648, the pence to be re- 
ceived clear : but he received clear 2 pounds 18 (hil- 
lings, or 6g6 pence, by the fuppofition ; therefore 
^8x — 648 zi 696 ; therefore 48;^ 2: 648 +696= 1 344; 
therefore Xj the number of days he laboured = 28 ; 
and 36— X, the number of days he loitered =; 8, at 
above. 

Problem 22. 

47. One lets out a certain fum of money at 6 per cent- 
JimpU inter eft -, which inter eft in 10 years time wanted 
but 1 2 founds of the principal: What was the prin^ 
cipal ? 

Anf The principal Was 30 pounds, and the interefl: 
18 pounds =30 — 12 : for as 100 pounds principal 
is to it's annual intereft 6 pounds, fo is 30 pounds 
principal to its annual intereft ' i .8 pounds; and 
therefore it's 10 years intereft will be 18 pounds. 

Solution. 

Put X for the number of pounds in the principal ; 

then to find it's intereft for one year, fay, if 100 

pounds principal give 6 pounds intereft, what will x 

6x 
principal give ? and the anfwer will be ; this will 

be the intereft of x for one year, and therefore its 
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oO X oX QX 

intcreft for lo years wiH t>e — ^^ or — , or — : but 

loo lo 5 

according to the Problem, this intercft is to be x — 1 2 ; 

for it is to want juft 12 pounds of the principal, ky 

the iuppofitioii ; therefore j? — r- 12 z:; ^— ; therefore 

5a:— 60=3;!?; therefore 5;f—3;ir— 60 izio, that is, 2x 
^6ozzo I therefore zxzz6o^ and x the principal =130 

2X 

and — the 10 years intereft :=; 18 pounds, as above* 

Problem 23. 

48. One lets out g% pounds in two different parcels \ 

one at 5, the other at 6 per cent, ftmple intereft j 

and the inter efi of the u^hole in 15 years amounted 

to &i founds : What were the two pareelsl 

Anf. The parcel at 5 ,per cent was 4^ pomnds, and 

|be other at 6 per cent was 50 pounds ; for in the 

firft place, 48 + 5011:98 ; and moreover, the anni^) 

intereft of 48 pounds at 5 per cent amounts to 2 pounds 

8 ihillings ; and the annual intereft of 50 pounds at 

6 per cent is 3 pounds ; therefore the whole intereft 

amounts to 5 pounds 8 (hilliags in one year ; and 

jconfcquently to 81 pounds in 15 years. 

Solution, 

Put y for the number of pounds in the parcel at 
5 per cent^ and confequcntly ^%^ x for the member 
of pounds in the othir parcel at 6 per cent ; rf^n to 
find the annual intereft of y, fay, if 100 pounds 
principal give 5 pounds intereft, what will x give ? 

and the anfwer will be : again, for the other par- 

100 

eel, fay, if loo pounds priticipal give ^povuid^ in- 
tereft, what will 98— If give ? and the anfwier will b« 

588 — dx , , , - . /, , 

—-- ' : add thefe two mterefts cogether, tQ witt 

100 

UL 
io» 
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Jl and i??=i^ and the fum will be ^!!±§!t±^ 
ioo 100 100 

588 X 

tl|at is, ; this is the intereft of the two par- 

100 ^ 

eels for one ycar^ and therefore in 15 years time, 

1 . . ^ -, 8820r— 15;^ , 
this intereft muft anwnjnt to i^-; — :— 5 but it a- 

100 

mounts to 8 1 pounds, by the fuppofition ; therefore 

=^— zz 81 ; therefore 8820 — * 15;^ zz 8100 1 

100 

therefore 8820= 15^+8100; therefore 15x1=8820— 

8iooh:720; therefore X, theparcel at5^^r«r/=48 

pounds ; and 98 — x, the parcel at 6 per cent =r 50 

pounds, as above. 

Problem 24. 

49. A gentleman hires a'fervantforayeafj or ti 
montbsy and was to allow him for his wages fix 
pounds in moneys together with a livery cloak of a 
certain value agreed upon : but after feven months^ 
upon fome mifdemeanour of the fervant^ he turns him 
eff^ with the aforefaid cloak and 50 fhillings in mo- 
ney ; which was all that was due to him for that 
time : I demand- the value of the cloak. 
Anf. The value of the cloak was 48 fhillings : for 
then his whole wages for 12 months would be t68 
ihilUngs ; and by the rule of proportion, his wAges 
for 7 months would be 98 fhillings ; whence fub^ 
trading 48 fhillings, the value of the cloak, there 
would remain 50 (hillings due to him in money. 

Solution. 

Put X for the value of the cloak in fhillings •, then 
wUl his whole wages for 12 months bex+ito ; and 
his wages for 7 months, may be found by the golden 

7x4-840 
ru^ faying, as 12 is to 7, fo is x+ 1 20 to 5 
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but according to the problem, his wages for 7 months 
was the cloak and 50 (hillings in money, that is, 

*+50» therefore ^+50=: 5 therefore 12;^ + 

12 

6oozz7;v+840; therefore 12;^ — 7;c+6oozi840, that 

is, 55^+6001=840^ therefore 5^:1:840 — 600=240; 

therefore x, the value of the cloak in fhillings, is 48, 

as above. 

Problem 25. 

50. One diftributes 20 Jhillings among 20 people^ gi'^l^g 
6 pence apiece to fomcj and 1 6 pence apiece to the 
reft : I demand the number of perfons of each deno- 
mination. 

Anf. There were 8 perfons who received 6 pence 
apiece; and 12 who received 16 pence apiece: for 
in the firft place, 8 + 1211:20 perfons; and fince 8 
fixpences are equivalent to*4 (hillings, and 12 fixteeo- 
pences to 16 (hillings, we (hall have in the next place, 
4+ 1 6=120 fhillings. 

S o L u T 10 N. 

Put X for the number of perfons who received 6 pence 
apiece ; then fince there were 20 perfons in all, 20—^ 
will be the number of thofe who received fixteenpence 
apiece : the number of pence received by the former 
company will be 6x ; and the number of pence re- 
ceived by the latter will be 20 — xxi6y that is, 320 
— i6x; and therefore the whole number of pence 
received will be 6jir+320— -16;^, or 320 — lox; but 
according to the problem, there was received in the 
whole, 20 (hillings, or 240 pence; therefore, 320— 
10^—240; therefore 10^^+24011:320; therefore 10;^ 
=320—2403:80; therefore ;f, the number of per- 
fons who received fixpence apiece, is 8, and conle- 
quently 20 — Xy the number of the reft is 12, as 
above. 

Problem 
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P R O B L E M 26. 

51. // is required to divide 24 Jhillings into 2 \ pieces^ 
confifiing only of nineteen and thirteenpencehalf- 
pennies. 

Anf. There mufl: be 8 ninepences and 16 thirteen- 
pencehalfipennies : for in the firft place, 8 + 16=124 
pieces ; and fince 8 ninepences are equivalent to 6 
(hillings, and 1 6 thil-teenpencehalfpennies to 1 8 (hil- 
lings, *^e have in the next place 6+18=24 (hillings. 

Solution. 

Put X for the number of ninepences, and confe- 
quently 24 — x for the nunriber of thirteenpencehalf- 
pennies : now the number of halfpence equivalent to 
the former is i8x, becaufe there are 18 halfpence in 
every 9 pence; and the number of halfpence equiva- 
lent to the latter is 2/}. — x X 27, or 648 — 27^", be- 
caufe there are 27 halfpence in every thirteenpence- 
halfpenny piece : therefore the number of halfpence 
equivalent to the whole will be i8;c+ 648 — 27;^, 
that is, 648 — f^x \ but according to the problem, the 
whole amounts to 24 (hillings, or 576 halfpence ; there- 
fore 648 — 9X=:576; therefore 9^+5761=648 \ therer 
Fore 9^^=648 — 576=^72 ; therefore x, the number of 
ninepences is 8 ; and 24 — Xy the number gf thirteen- 
pencehalfpennies is 16, as above. 

Problem 27. 

52. ^wo perfons^ A and B, travelling together^ A with 
1 00, and B with 48 pounds about hiwy met a com* 
pany of robbers^ who took twice as much from A as 
from B, and left A thrice as much as they left Yi: I 
demand how much they took from each. 
Anf They took 44 pounds from 5, and twice as 
much, that is, 88 pounds from ^, fo they left B 4 
pounds, and A 12 pounds, which is 3 times 4. 
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Solution. 

Taken from 5, x* 
from A^ 2x^ 
Left 5, 48— y. 
Lchyiy 100—2^. 

But according to the problem, they left ji three 
times as much as they left 5, that is, three times 
48— y, or 144— ix ; therefore 100 — 2x1=144— 3;^; 
therefore 100— 2;^+3xiz 144, that is, ioo+Ar=i44 j 
therefore AT, the fum taken from jB= 144—100—44 j 
and 2;c', or 88 is the fum taken from ^, as above, 

P R O B L E M 30* 

S5. There are two places 1 54 «i/7^j ^^z»/ from each 
other ; /re?»» whence two perfons fet out at the fami 
time with a defign to meet^ one travelling at the rati 
of 3 miles in 2 hours j and the other at the rate of 5 
miles in 4 hours : I demand bow long and how far 
each travelled before they met. 
Anf As our travellers were fuppofed both to fet 
out at the fame time, and they muft both meet at the 
fame time, it follows, that each muft perform: his 
journey in the fame time -, I fay then, that each per- 
formed his journey in 56 hours : for if in 2 hours 
the firft travelled 3 miles, in p^6 hours he muft travel 
84 miles, by the rule of proportion ; in like manner, 
if in 4 hours the fecond travels 5 miles, in 56 hours 
he muft travel 70 miles ; and 8'4 -}- 70 zz 154 miles,, 
the whole diftance. 

Solution. 

Put % for the number of hours each trave^kd 5 
then to Hnd how many miles the firft travelled^ >lay, 
if in 2 hours he travelled 3 miles, how far did he 

travel in x hours ? and the anfwer is ^— ; then for 

2 

the 
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theotker fay, if in 4 hours he travelled 5 miles, how 

far did he travel in x honrs ? and the anfwer is -2—; 

4 

therefore both their journies put together make -=^ 

/% X 
+ -2— ; but rfiey both travelled the whole diftance, 

154 miles ; therefore - — | =: 154 5 therefore 3* 

H — 308 ; therefore 12;; + io;r, that is, 22x 

4 
n 1232; therefore ;v, the number of hours each 

QX 

travelled = 56 5 therefore ^— -, the number of miles 

l^X 

the firft travelled r: 84 •, and — , the number of 

4 
mikft the fccond travelled = 70, as above. 

PilOBLEMjI. 

56. Onefets out from a artain pUice^ and travels at the 
rate ofy miles in 5 hours ; and 8 hours after^ another* 
fets out from the fame place^ and travels the fame 
rood at the rate of 5 miles in 3 hours : I demand 
bwo long and bow far the firfi muft travel before he 
is ever taken by the fecond. 

Anf. Th« firft muft travel 50 hours and confe- 
quendy 70 miles \ the fecond muft travel '50—8, or 
42 hours, and confequently alfo 70 miles : fince 
then they both fet out from the fame place, and the 
fecond traveller has now travelled as far as^ the firft, 
he muft have overtaken the firft. 

SOLUTIOI^^- 

Put X for the number of hours the firft travelled, 
and confequently x — 8 for the number of hours 
wherein the feCond travelled : then to find the miles 

travelled 
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travelled by the firft^ fay, if in 5 hours he travels 
7 miles, how far will he travel in x hours ? and the 

yx 
anfwer is ^ — ; then for the other fay, if in 3 hours 

5 ^ 
he travelled 5 miles, how far will he travel in x — 8 

hours, and the anfwer is .5 but as thefe two 

3 

travellers both fet out from the fame place, and mufl: 

come together at the fame place, it follows, that they 
mufl: both travel the fame length of fpace j therefore 

ex 40 7^ , r 2^^ 

zr — ; therefore 5 ^ — 40 =^ » there- 

3 5 5 

fore 25^— 200n2iy ; therefore 25;? — 21X — 200 

=0, that is, 4;if— 20o::;:o ; therefore 4^r:200 ; and 
Xy the hours travelled by the firft zi 50 ; whence 
flf— 8, the hours travelled by the fecond =142; 

jx 

1—, the miles travelled by the firft =: 70 ; and 

5 

, the miles travelled by the fecond =: 70, as 

3 
above. 

Problem 36. 

61. A Jhefberd driving a flock of Jheep in time of tvar^ 

meets a company of foldiers who plunder him of half 

his flocks and half a Jheep over ; the fame treatment 

be meets with from a fecond^ a third and a fourth 

company^ every fucceeding company plundering him 

of half the flock the loft had left, and half a fheep 

over, infomuch that at lafi he had hut 7 floeep left : 

I demand how marry he had at firft. 

Anf His flock at firfl: confifl:ed of 1^7 Iheep? 

and if the firft: company had only robbed him of half 

his flock, they would have left him 63I fheep; but 

as they plundered him of half his flock, and half a 

fheep over, they left him only 63 fheep •, in like 

manner the fecond company left him 31, the third 

15, and the fourth 7. 
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N. B. Before I enter upon the folution of this 
problem, 1 muft put the learner in mind of what he 
has been told before, (introduftion, art. 13,) to wit, 
that a fraftion may be halved two ways, either by 
halving the numerator, or doubling the denomi- 
nator. 

Solution. 

Put X for the number of his firft flock; then had 
the firft company only taken half his flock, they 

X 

would have left him the other half, viz. — ; but they 
took half his flock and half a flieep over ; therefore 

X I 

they left him juft fo much lefs, to wit, • — » 

or : again, had the fecond company only taken 

half what remained, they would have left him half, 

to wit, ; but by taking half a fheep more, they 

4 
.... :v— I I , . 2:v— 2—4 2X—6 
left him ^, that is, , or — - — , or 

42 o . 

X-— 2 

— -'y in like manner the third company left • 
4 

X-r-3 ' I 2X— 6— 8 2X — »I4 ^—7 , 

— -i ,or — , or — , or-——; and 

8 2 16 16 8 

the laft company left him — -A , or — — -; but 

, ^ '^ 16 2 16 

they left, him 7 flieep, by the fuppofition ; therefore ' 
• — -^ zz 7 ; and x — 15 = 1 12 ; and x his firft num^ 
ber iz 127, as above. 

Problem 37. 

62. One buys a certain number of eggSj half whereof 
he buys in at 2 a penny ^ and the other half at three a 
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penny ; thefe he afterwards fold out again at the rate 
^f S f^^ t'^^opencCy and contrary to his expeSfation^ 
loji a penny by the bargain : what was the number 
cf his eggs ? 

Anf I'hc number of his eggs was 60 ; half 
whereof at two a penny coft him 1 5 pence •, and the 
other half at three a penny, ten pence ; and the 
whole 25 pence: but 60 eggs fold out at 5 for two 
pence, would ojily bring him in 24 pence, as appears 
by the rule rf proportion ; therefore he loft a penny 
by the bargain. 

Solution. 
put X for the number of eggs -, then fay, if 2 ecga • 

c6ft one penny, what will — one half of his cga 

2 . ^^ 

X 

coft ? and the anfwer will be — ; and for the fame 

4 
rcalbn the other half at three a penny will coft him" 

-^, fo that for the whole he muft pay — 4- -rr, or -SL: 
6 4 6. la 

again fay, if 5 eggs were fold for two pence, what 

2 x^ 

were x eggs fold for ? and the anfwer will be — ^ 

5 

2 X 
therefore — will be the number of pence he received 
5 " 

ex 
for his eggsi fubtraft this from — , t!ie pence he 

paid for them, and the remainder ^ — — , or 

. 12 5 

X 

— - will be his lofs 5 but by the fup^ofition, he loft 

X 

one penny ; therefore -^^ = i ; and ;^ the number of 
00 

eggs will be 60, as above. 

Problem 
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Problem ^g. 

64« IHs required lo divide the number 00 into two fucb 
parts^ that one part may be to the other as 2 to 3. ' 
An/. The numbers are ^6 and 54 : for m the firft 
place, 36+54=90; and in the next place, if both 
36 and 54 be divided by i8, the quotients will be 2 
and '3 ; whence T infer, that 36 is to 54 as 2 to 3 ; 
for a comjDon divifion by the fame number cannot 
alter the proportion of the numbers divided; and 
therefore if, after this common divifion, the quotients 
be to one another as 2 to 3, the dividends muft be 
alfo in the lame proportion. 

Solution* 

Put> for the lefe part, and 90—;? for the others 
then will ;f be to 90—^ as 2 to 3, by the fuppofition ^ 
but by art. 15, whenever there are four proportionals, 
the produft of the extremes will be equal to the 
prodpd of the noiddle terms ; here the extremes are 
X a nd 3, whofe produd is 31* ; and the middle terms 

are 90—^ and 2, whofe product is 1 80 — 2x ; there- 
fore 3xr:i8cH^2^) therefore 5x=x8o; and x, the 
left part 1= 36; and 90— x, the greater =: 54, as 
above. 

Problem 41* 

66. What number is that^ which being feverally aided 
to 36 and 52, will make the former fum to the latter 
as 3 to 4I 
Anf. The number is 12: for 36+ 12 is to 52+12, 

as 48 is to 64, as 44 is to 44» as 3 to 4. 

Solution. 

Put % for the number fought, and you will have 
jhis proportion ; 36+;^ is to 52+x as 3 to 4. Whence 
by multiplying extremes and means you will, have 
144+4;^= 156+3^; therefore i44+x=:i56; there- 
fore X, the number fought =: t2, ^ above. 

K 2 P%wQlkV8.\JL 
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Problem 42. 

67. A bookbinder fells me two paper booksy one contain- 

, ing/^^ fheets for 3 /hillings and /^pencey and another 
containing 75 Jheets for^c fhillingsand 10 peftce^botb 
bound at the fameprice^ and both of the fame fort of 
paper: I demand what he allows himfelf for hina^ 
ing. 

Anf. fie reckoned 8 pence for binding; fo that the 
price of the paper of the firft book was 32 pence, and 
the .prjce of the paper of the latter 50 pence : now 
if this anfwer Ije juft, the two prices ought to bear 
the fame proportion to one another as the two quanti- 
ties of paper ; and fo we fhall find them : for 32 pence 
are to 50 pence as V ar,e to \?, that r§, as 16 to 25 ^ 
and 48 theets are to 75 fheets as ^ are to V, that is 
ilfo^.as 16 to 25. 

Solution. 
Put pc for the number of pence reckoned for bind-' 
ing ; then we fhall have 40 — x for the price of the 
paper in the firfl book, and 58— -a? for the price of the 
paper in the fecond book ; and 40— -x will be to 58— x 
as 48 to 75 ; multiply extremes and means, and you 
will have this equation, 2784 — 48:viz3000-T-75a?; 
therefore 2 7 84+2 7;v 1^:3 000; therefore 27^=1216; 
and X, the number of pence reckoned for binding 
=18, as above. 

Problem 43. 

68. What number is that y which being fever ally added to 
^5j ?7» ^^^ 45> will give three numbers in continual 
proportion. 

AT. B. Three numbers are faid to be in continual 
proportion, when the firft' is to the fecond as the fe- 
cond is to the third. 

Anf The number fought is 9 : for 1 5+9 z: 24 ; and 
^7+ 9:1x36 ; and 45+91=54-; and 24 is to 36 as 36 
fc to 54 : for 24 is to 36 as 44 is to 41, that is as 

2 to 
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2 to 3 ; and 36 U to 54 as 4^ is to i-\i that is al(b, a9 
a to 3. 

Solution. 

Put X for the number fought ; then we fliall have ^ 
this proportion, J^+15 is to y+27» as x+iy is to 
x+45 ; where the two middle terms are x-f-27 ant^ 
x+27 : multiply extremes and means, and you w^Il 
have this equation, y;^+6ox4-675r:xx+54x+729 •, 
therefore 60:^4-675 —54x4-729; therefore 6x4-675 zi 
729; therefore 6^1:54 j and a:, the number fought; 
ng, as above. 

Of the method of refohing problems wherein more 
unknown quantities than one are concernedy and 
reprefented by different letters. . 

70* Hitherto we have ufed but one finglc letter in 
every problem for fome one unknown quantity in it j 
and if there were more, thte reft received their name9 
froth the conditions of the problem : but in cafes of 
a more complicated nature, where many unknown 
quantities are linked and entangled in one .another, 
this method will be found very difficult ; and thcre^ 
fore in fuch cafes, the Algebrift is allowed to ufe as 
many different letters as he has iinknown quantities, 
provided he finds out as many independent equations 
for difcovering their values •, fee art. 92 : for-though 
in every equation wherein more unknown quantities 
than one are concerned, they hinder one another from 
being found out, yet if as many fundamental cqua* 
tions at firft be given, as there are unknown quanT 
tities, it will not be difficult in many cafes, from 
thefe to' derive others that are more fimple, till ac 
laft you come to an equation wherein but one only 
unknown quantity is .concerned, in which cafe all the 
reft are laid to be exterminated. 

Whenever two or more equations are propofcd^ 
involving as many unknown quantities, thefe cqua*- 

K 3 VJ^'w^ 
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tions moft firft be prepared by freeing them from frac- 
rions wherever there are any, and by ordering every par- 
ticular equation fo^ that all the unknown quantities 
may pofiels one fide of the equation, and fuch as arc 
known the other; or elfe, that all the quantities may 
poflcfs one fide of the equauon^ and a cypher the 
other: it will be alfo convenient, that in every par- 
ticular equation, the unknown quantities be placed in 
the fame order. 

In laying down rules for exterminating unknown 
quantities, I fliall begin with the fimpleft cafe firft^ 
which is tha: of two equations and two unknown 
quantities^ and when I have given as many examples 
as ftiall be thought proper in this cafe^ I fhall then 
proceed to others where more unknown quantities are 
to be exterminated. 

But here I muft not forget to advertife the reader, 
that as ] am now treating of fimple equations, and 
problems producing fuch equations, I fhall not med- 
dle with any cafes of extermination which lead to 
equations of higher forms : when 1 come to trca.t of 
quadratic equations, I may then perhaps add fome- 
thing further upon this fubjeft*, but to undertake to 
explain alj the various methods of exterminating un- 
known quantities would be an endlefs tafk, and a 
moft intolerably laborious and tedious one both to 
the writer and the reader, whom I cannot yet fuppofe 
to be fo far gone in Analytics, as to be willing to pur* 
chafe this fort of knowledge at any rate* 

Let then x and jf be two unknown quantities to be 
found ouc by the help of the two following equations, 
4*' — 5>^*i and6x^7jn4i or the queftion may be 
ftated thus ; if 4Ar — sj)?— 2, and 6x — 7J=4, ^hat arc 
jirand y? riow as thefc equations want no preparation^ 
put them down one under another j then upon a bye 
piece of paper multiply the firft equation (4^ — 5> = 3l) 
by 6 the coefficient oi x m the fecond equation, and 
ihc prcdufl: will give this equation, 24^ — 30jr=i2^ 
again, multiply the fecond equation { 6;f— 7 j:^ 4) by 

4. 



J 
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\^ the coefficient of x m the firft cquat!on> and the 
^produft gives 24^ — 28j=zi6 ; fubtraft nowci:her of 
thefe two laft equations from the otherj and jf will be 
exterminated : I choofc in the pre fen t cale 10 fubtra^ 
rhe former equation from the latter, that the coeffi- 
cient of jy after fubtraftion may be affirmative, thus y 



I 



24X — 3o;rz::i2 



* -f 27= 4. 



From this fubtniftion you have the following equa- 
tion, 2^—4, which put down under the two firft equa* 
dons ro make a third i then refolvc this third equa- 
tion 2jfr:4, and you will have j^rza, which put dowa 
under the reft for a fourth equation, ;.j 

Having thus found the value of y—:2, put rhis va- 
lue inftead of _y in the more fimple of the two firft 
equations, fuppofe in the equation 4X — SJ'zbz, and 
you will have 4^ — 10^2; whence 4x^1 12, and xz^g, 
which put down for a fifth equation, and the work 
Ss done ^ for x is now found equal to 3, and y equal 
to 2, and thefe numbers three and two being fubfti- 
tuted for X and y refpedively, will anfwer both the 
conditions of the queftion, that is, you will have 
4^^ — 5;^ = ^^ — 10=2, and 6x — 77^18 — 141^4* 
ift Equ. 4X — 57 = 2» 
td, 6x — ^7)^1=4* 

3d, *+2jfZ^4, 

4th, ^* J?ZZ2. 

5th, X *=3. 



' The coefficients of x^ the quantity to be extermi- 
nated in the two firft equations were 4 and 6 ; now af 
thefe numbers admit of a common divifor without 
any remainder, namely 2, divide them both by 2« 
and the quotients will be 2 and 3 ; ufe now thefe 
numbers 2 and 3 inftead of 4 and 6, and the opera* 
lion a» well as the equation re fu king from it> will 

K 4 bttit3fC!t^^ 
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become more fimple : for the firft equation multiplied 
•by 3 ihftead of 6, gives izx-^igyzzS ; and the fc- 
corid equation multiplied by 2 inftead of 4, gives 
12^ — lAyzzS 5 and the difference of thefe two equ^r 
'tions is yzz2. 

Another way of exterminating the unknown quai)r 
tity Xy is as follows : find out the value of a- in refpe6l 
of yj in the more fimple of the two firft equations •, 
then fubftituting this value inftead of x in the other 
equation, you will have an equation, wherein y alone 
is concerned : thus in the foregoing example, the 
firft equation was 4^ — 5y='^y therefore 4^= 5y+2» 

and x= ; fubftitute now this value ( j 

4 V 4 y 

infliead of x in the fecond equation, 6x — 77=4, by 

making 6x:zz . , and you will have this equa* 

ooy-4"i2 
tipn, — 7jzi:4 ; therefore 30^+12 — 2Syz:^ 

4 
16; therefore 2y+i2zzi6'y whencie 2JZZ4, and 

5y+2 

yzi2 ; and x^ or =3> as before. 

4 

N- B. ifty What has here been faid concerning the 
extermination of the quantity x^ may as well be ap7 
ipiied to the other quantity jy, except that it's coeffi- 
cients 5 and 7 will not admit of a common divifor, 
as did the numbers 4 and 6. 

2dly^ Of the two different ways of extermination 
here laid down, fometimes one will be found more 
expeditious, and fometimes the other, as will appear 
by the following problems. 

3 J/k, In the cafe of two unknown quantities, if the 
value of either of jhem can be had in integral terin$ 
in .both equations, equate the two values one to the 
other, arid you will have the other unknown quaritityj 
by means whereof the fir^ will alfo be known ; and 
this makes a third way of extermination, whereof 

|ther9 
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jchcrc are fo many examples in, the following pro-, 
biems, that nothing more needs here to be faid of It. 
Whenever two quantities, as x and j, are multi- 
plied together to produce a third xy^ the two multi- 
plicants x andjr arexralled fadors, or efficients, in 
which cafe, each is faid to be the other's coefficient: 
thus in rfie quantity xy^ x is faid to be the coefficient 
of jf, and^ the coefficient of x ; therefore if in any 
quantity wherein x is concerned as an efficient, it's co- 
jefficient be deiired ; divide that quantity by Xy and 
the quotient will" be the coefficient : thus if the quan- 
tity I2X — -jx be divided by ^v, the quotient is 12— j^ 
therefore in the quantity iix—yx^ the coefficient of 

Advertisement. 

The reader muft now no longer expeft to have all 
limple equations refolved to his hand, as hitherto has 
been fione. If after fixteen examples of fimple equa- 
tions refolved, and the folution of forty four Alge- 
braic problems, he be ftill at a lofs how to reduce a 
fimple equation, it muft proceed from a weaknefs 
that either admits of no c^re or deferves none. 

Problem 45. 

yi. What two numbers are thofe^ the produSl of wbofe 
multiplication is 144, and the quotient of the greater 
divided by the lefs is i6? 

Solution. 

Put X for the greater number, and y for the lefs^ 
and the queftion when abftrafted from words will 

X 

ftand thus : if xyzzi44y and -r- =: 16, what arc x 

^pdy? 

The firft of thefe equations wants no preparation, 
jwijd rfiereforc may be put down thus 5 
Equ. lit ^y «=I44. 

.The 
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The fccond equation, when prepared according to 
the laft art. will ftand thus ; 
Equ, 2d» 9c — i6y—o. 

Multiply the firft equation by i, the fuppofed co- 
efficient of X in the fecond, and the equation not be- 
ing altered by fuch a multiplication, will be sy'^zz 
144 -, multiply aUb the fecond equation by y^ which 
accprding^to the foregoing art. is the coefficient of x 
in the firft, and you will have xy — iSyyno-y ful> 
trad this latter produd: from the former, and you will 
have, Equ. 3d, « 16^7=1445 whence 
Equ, ^h * y—i. 

Substitute nOw 3 inftead of jr, or ^x inftead of xy 
in the firft equation, and you will have. 3^^=144, 
and confequently, 

Equ. 5tb, X *r:48. 

S6 that die numbers at laft are found to be 4 S and 
3; and they will anfwer the conditions of thequef> 

tion : for 48x3=i44> and — =16. 

_ o 

Equ. ift, *y * =144- 

jud, X — iSyzzo. 

3d, * i6jjK=i44. 

4tb, * J'l^s. 

5th, X ♦=148. 

Aftoiber folution of fhe foregoing proUemj from the 
laft article. 

Having found from the fecond equation that xzz 
i6j?, put i&y for y, or 16 yy for xy in the firft 
equation, and you will have i6jrjz:i44v whence 
y and x may be found as before. 

P'R O B L £ M 46. 

72. // is required to find two mmiers mtb-tie fotUm- 
rng properties^ to wit^ tbat^ the firft wtih half the 
fecond may' mdke 20 5 and moreover^ that the fecond 
^itb a third part of the firft may make ia. 

So L V- 
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Solution. 
Vxxt X for the firft number, and y for the fccond, 

y 

and the fundamental equations will bcx-i — =:20, and 

2 ♦ 

y ^ — r:20 *, wWqh being prepared according to art. 

70, will ftand thus ; ^ 

Equ, I ft, 2Af-f^=40. 
Equ. 2d, x+iyzzSo. 
Subtract the firft equation from twice the fecond^ 
^nd you will have 

JEqu. 3d» ♦ 5jrzz8o-, whence 
Equ. 4th^ ♦ yzzi6\ 
Put 16 inftead of jf in the firft equation, and you 
will have 2;ir-^i6is40» whence 
£qu. 5th, X «x:i2. 
Therefore the numbers fought are 12 and 16, and 
not 16 and 12, though 16 was found firft; becaufe 
x= 1 2 was put for the firft number. That thefe num* 
bers will anfwer the conditions of the queftion is plain : 
for 12+ V or 12 + 8=20 J and i6+V*» or 16+4 
xzto. 

Another JhluHon from ari. 70. 

Having found from the fecond equation that xzi 
60—37, put 60— ^y for AT, or 120— 6y for 2x in the 
firft equation, and you will have 120 — Gy+yzz^o ; 
whence ^n 1 6, as before. 

P R O B L E M 47, 

73. One exchanges 6 frencb crowns and two frencb 4pU 
lars for 45 fiUUngs ; and at another time 9 crowns 
and 5 dollars of tbifame coin for*j6 Jhillings : t de- 
mand the diftinff vaines of a crown and of a dollar. 

Solution. 
Put X and jr for the number <tf fhilltn^ a crown 
and a dolkr are reQ^e^lhrely wordi, and the equations 
ifH ftand thus 1 . 1EiQ;ji. 



156 The solution of Problems Book II. 

Equ. I ft, 6;^+2y:=:45. 

Equ. 2d, '9*4-5^=76. 
Subtraft 3 times the firft equation from twice the 
fecond, and you will have 

Equ. 3d, ♦ 4^=17*, whence 

Equ. 4th, * J'=4t fl>illings ; ' 
that is, 4 fliillings and 3 pence ; put now 4^ for j^, 
or 84- for %y in the firft equation, and you will have 
6;»f+8YZZ45, and ^xzz'^b^^ and 

Equ. 5th, id •'=L64r\ 
that IS, 6-rV (hillings, or 6 (hilling^ and a penny 5 
therefore the value of a crown was 6 ftiillings and a 
penny, and that of a dollar 4 ftiillings and 3 pence;' 
and thefe values will anfwer the conditions of the quef- 
tion ; for at this rate, 6 crowns will amount to '^S 
ihillings and 6 pence, 2 dollars to 8 ftiillings and 6 
ipcnce, and the whole to 45 ftiillings ;. moreover^ ^ 
crowns will amount to 54 ftiillings and 9 pence, 5 
dollars to 21 ftiillings and 3 pence, and the whole 
fum to 76 ftiillings. 

Problem 48. 

74, It is required to find two fucb numbers^ that half 
the firjt together with a third fart of the fecond may 
make 32 ; and moreover^ that a fourth part of the fir fi 
together with a fifth part of the fecond may make 1 S, 

S O i V T I O N. 

Put X and y for the two numbers, and the funda- 

X ' y X y 

mental equations will be — | — =: ?2, and — h — = 

23 4 5- 

18 ; which equations when duly prepared^ will ftand 
thus; Equ. ift, 3;c+2yz::i92. 
Equ. 2d, 5X+4yzz:g6o» 
Subtraft 5 times the firft equation from 3 times the 
fecond, and you will have 

Equ, 3d, * 2jzzi20i whence • • 
Equ. 4th, ♦ y:^6oi 

whencc> 
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whence, and from the firft equation, you will have 
3^+27, or 3X+120Z1192, which gives 
Equ. 5th, X ♦ZZ24. 
So the numbers are 24 and 60 ; and they will an* 
fwer the conditions of the queftion : V + V» ^^at 
is, 12+20=32 ; and moreover, V + V» '^hat is, 
6+I2ZZI8. 

Problem 49. 

75. Two perfons A and B were talking of their ages , 
fofs A /^ B, 7 years ago I was juft three times ai 
old as you were^ and 7 years hence IJhall be juft twice , 
as old as you will be : 1 demand their pre fent ages, 

Solution. 

Let a and b reprefent the prefent ages of A and B 
refpcflively ; then their ages 7 years ago were a — 7 
and^ — 7, and their ages 7 years hence will be ^+7 
and ^+7 ; whence, and from the conditions of the 
problem, may be derived the two following funda- 
mental equations ; 

a — 7zz^ — 7 X 3 — 3^ — 21, and 

^+7=^+7 X 2zi2*+i4. 
From the former of thefe two equations, to wit, a — 7 
3:3^ — 21, we have aizi'^b — 14; from the fccond 
equation, to wit, ^2+7^:2^+14, we have ^—2^+7; 
therefore 3^ — 14=12^+7, fmce both are equal to^j 
whence iJ=2i, and 2^+7, or ^3:49. 

A therefore was 49 years old, and B 21 years old ; 
Ipf hich is true : for then, 7 years before, A\ age 
would be 42, and 5*s 14 ; and 42 is three times 14 : 
on the other hand, 7 years after, A's age would be 
S6y and B's 28 5 and 56 is twice 28. 

P I?, o B L E M 50. 

76. AjocJy has two horfes^ A and B, whofe values are 
/ought's he has alfo two f addles ^ one valued at t^ 
founds^ the other at 2 : now if he fets the better 

JaddU 
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/addle upm A and the worfe faddk upon B, A will 
then be worih twtce m much as B \ but on tbt afber 
handy if be fets ihc better faddk upon B, and the 
worfe faddk upon A, B will then be worth three 
times as much as A: I demand the values of the horfes* 

Solution, 

I^et a and b reprcftnt the prices of the two horfes 
jf and 5 refpeftively in pounds ; then if the better 
iaddle be fct upon J^ and the worfe upon 5, -r^will 
be worth ^+12, and B will be worth b+2, and the 

firft fundamental equation will be a+ 1 2=^^+2x2 := 
2b + j^\ on the other hand» if the better faddle be 
fet upon 5, and the worfe upon A^ then B will be 
worth ^+12, and A will be worth j+2, and the fccond 

fundamentat equation will bei+i a =^+2x3 = 3^+6; 
in the lirft fundamental equation, where^+i 2 = 2^+4, 
we have<?:r2^ — 8 j fubftitute therefore 2^^ 8 inftead 
of i7, or rather 6b — 24 inftead of ^a^ in the fecond 
fufndamentat equation^ (which is 3^ + 6=^+12) and 
you will have 6b — 24+6, that is, 6b — i8z=i+i2i 
whence ^""6, and %b — 8, or azz^ : A then was va* 
lued at 4 pounds, and 5 at 6, and they will anfwer 
the conditions of the queftlon^ as any one niay eafily 
try. 

P R O B L E M 5r. 

77. There is a certain fra^ion^ which if an unit be added 
i§ the numerator^ will be equal tQ 4 % ^^/ if ^» the 
contrary an unit be added to the denomnator^ the 
fraBim will then be equivalmt to ^ : I demand tbi 
numerator and dencminaior of the fraSfion, 

Solution. 

Call the fraftion —^ and you will Iiave thefe two 

fimdamental equations,- ^z: j, and --^ — — ir- the 



jr+i 



former 
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fonner of thcfe equations when reduced^ gives jpzrjx 
+3, and the latter g!ves\yr:4X — i ; therefore 4X-r-i 
— 3^ + 3> becaufe both are equal to j^ ; whence* the 
numerator of the fra&ionis4; ^^^ 3X+3, orj, the 
denominator is 15; and the fraction itfelf is, ^; 
which if an unit be added to the nunieratdr, will be 
T^y, or4> but if an unit be added to the denomina- 
tor, itwillbeT^Y* or 4. 

Problem 52. 

78. There is a certain Jijhing rod conftfiing of two par $s^ 

whereof the upper part is to the lower as 5 to y^^ and 

moreover 9 times the upper part together with 13 

^ times the lower ^ is equal to 1 1 times the whole rod and 

36 inches over : I demand the length of the two parts. 

S O L U T I O W. 

Put X for the length of the upper part in inches, 
and y for the lower ; th^n will x +y be the length of 
the whole rod ; .and fince ;^ is to jr as 5 to 7 ^<v hypo- 
tbifi^ \rf multiplying extremes and means according 
to arc. 15, you will have yxzugy for a fundamental 
equation : again, as q times the upper part, together 
with 13 times the lower, is equal to 11 times the 
wjiolerod, and 36 inches over, you have gx+ 13^^11; 
iix+iiy+36 for a feconc{ fundamental equation i 
the latter of thefe two equations gives>irj— 1 8, and 
confequently yxzzyy — 126; fubftitutc this value in- 
flrad of 7X, in the firft fundamental equation, where 
7xrr57, and you will have yy — '126=5^5 whence. 
JZZ631 ^nd;^— 18, orx=:45. 

The upper part tberQfe)re was 45 inches, and the 
lower 63, as will appear upon tryah 

P R o B L £ M 53. 

79* One lays out 2 fhillings and Jixpence in apples and 

pears J bteying his iipples at four^ and his pears at five 

a penny ; W afterwards accommodates his neighbour 

wtb half Iw; apples and one third part of his pears 

for 
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for tbirteenpence^ which was the price he bought them 
at : I demand how many be bought of each fort. 

Solution, 
Put X for the number of apples, andj^for the number 
of pears ; then if 4 apples coft one penny, ^ will coft 

— pence; and for the fame reafonj^ will coft —pence, 
4 5 

X y 
and you will have h — =30 for a firft fundamen- 

4 5 . . 

X 

tal equation : again, the price of—, half of his apples 

X y 

will be — ; and the price of — > a third part of his 
8 '^ 3 

y • ^ y 

pears will be — ; and you will have -- + -^ :;: 13 

\5 ' • 8 15 

for a fecond fundamental equation. Hence, 

Equ. I ft, 5x+4yz=6oo. 

Equ, 2d, 15^+87=1560. 
Subtraft the fecond equation from three times the firft, 
according to art. 70, and you will have 

Equ. 3d, ♦ 47=1240; whence 

Equ. 4th, ♦ yzzSo. 
Suliftitute now 60 for y^ that is, 240 for 4^ in the 
firft equation 5x4-47=1600, and you will have ^x+ 
240=1600 -, whence 

Equ. 5th, X *z:72. 
Therefore the number of apples was 72, and the 
number of pears 60, as will appear upon tryal. 

P R o B L E M 57. 
83. A certain company at a tavern founds when they 
came to pay their reckonings that if they had been 
three more in company to the fame reckonings they 
might have paid one fhilling apiece lefs than they did j * 
and tbaty had they been two fewer in company, thcf 
muji have paid one fhilling apiece more than they did ; 
/ demand the number of perfons^ and their quota. • 

S OL U» 
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Solution. 
Put X for the number of perfons, and y for the 
number of (hillings every one aftually paid ; now if 
4 perlbns are to pay 5 (hillings apiece, the whole 
reckoning muft be 4 X 5 or 20 (hillings ; therefore if 
9c perfons are to pay y (hillings apiece, the whole 
reckoning muft be yxx or xy (hillings : this being laid 
down, fuppofe them now to be three more in com- 
pany ; then will the number of perfons be x+3 ; and 
to find what every particular perron ought to pay in 
this cafe, the whole reckoning xy^ muft be divided 
by ^+3, the number of perfons, and the quotient 
xy 
" will be every one's particular reckoning ; but 

according to the problem, every one's particular rec- 
koning in this cafe would have been one (hilling lefs 

than It aftuaiiy was, that is, 1^ — i ; therefore — — - 

^+? 
tzy^^i i in like manner the fecond condition of the 

xy 

problem furniflies this equation, z: y + 1 : the 

X — 2 

firft of thefe equations, to witj z±y — i, being 

reduced, gives -xzz^y — 3 ; and the fecond equation, 

xy 
CO wit, =jy+ 1 being reduced gives x-ziiy+i ; 

therefore 3jy — 3ZZ2J+2, and^r:5 j whence 2j^+2, 
Or ^=12. 

So there were 12 perfons in company, their reckon- 
ing 5 (hillings apiece, and their whole reckoning 3 
pounds, or 00 (hillings ; which anfwers the condi- 
tions of the queftion : for 44=41 ^i^d 4-^=^6. 

Problem 61. 

88. What two numbers are thofe^ whofe fum is twice^ 
and the produ^ ofwhofe multiplication is twelve times 
their difference ? 

L S L i7« 
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Solution. 

. Put X for the greater number, andj)^ for the lefs ; 
then will their difference be x — : j, their fam x + j, 
and the product of their multiplication xy ox yx\ and 
the equations will be x+yzz2x — zy^ and yxzzizx — 
izyi whence 

Equ. ift, X — 3y:=.o. 
. pqu. 2d, i2x,—yx — i2y=o. 
Multiply the firft equation by 1 2 — y^ which by art. 
,70, is the coefficient of x in the fecpnd, and the pro- 
du6t will be i2x — yx — ^Sy+^yy^o-, fubtraft this 
equation from the fecond, and you will have 

Equ. 3d, 24.y^3yyzzO'y whence 

Equ. 4th, j'nS ; and 

Equ. 5th, XZZ24. 
And the numbers 24 and 8 will anfwer the conditions. 
• Otherwife thus : by the firft equation xiz 3^, and 
4xzzi2y*^ fubftitute 4.x for i2y in the fecond equa-. 
tion, and you will have i2x—j;c— 4x3:0 ; divide by y, 
and you will have 12—^—4 — 0, andjzzS, and Jif or 
3^iz24, as before. 

Problem 62. 

89. PFhat two numbers are'thofe^ whofe difference^ fum 
and produSl are to each other as are the numbers two^ 
three and five refpeSlively -, that is, whofe difference 

. is to their fum as two to three, and whofe fum is to 
their produSf as three to five ? 

Solution. 

Put X for the greater number, and y for the lefs ; 
then will their difference be x— v, their fum x+^, 
and their produft yx -, and we fhalL have thefc two 
proportions produdlive of two equations, ift, x-^y is 
to x+y as 2 to 3, whence 3y— 3)'=:2x+2;^ ; 2d, Xr^y 
isi^oyx as 3 to 5, whence syxzzs^+s^: the refolu- 
tion follows \ . ^ 

Equ. 
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Equ. I ft, X— 5yzzo. 

Equ. 2d, ayx— 5x— 5yzio. 
Multiply the firft equation by 3>— 5, the coefEcient 
of 9c in the iecond, and the produfi: will be 3^y — 5* 
— i5)!j?+25)f=:o ; fubtraft this from the fecond equa- 
tion, and yG^ will have 

Equ. 3d, isyy^^oymo^ whence 

Equ. 4th, ^zz2, and 

Equ. 5th, ;cizio. 
And t]ie numbers 10 and 2 will anfwer the conditions 
of the problem. 

Othei^wife thus : by the firft equation ^=15^ ; fub- 
ftitute therefore x inttead of 5^ in the fecond, and 
you will have jyx— 5X— xrzo ; divide by x, and you 
will have 37—5—1=0, and yzz^^ as before. 

Problem 6^. 
90. 7/ is required to find two numbers fuch^ that if 
their difference be multiplied into their fum^ the pro^ 
du3 will be five \ but if the difference of their fquares 
he multiplied into the fum of their fquares y theproduH 
will be fixty-fi've. 

Solution. 
Put X for the greater number, and y for the lefs ; 
then will their difference be x — j, their fum x +7, 
and the produft of their fum and difference multiplied 
together will be y*— >*, by art. 1 1 5 then will ^*— j^* 
=5 by the fuppofition, and x*z=5+jj-, fquare both 
fides, and you will have x^=25 + ioy*+y^: again, 
the difference of the fquares of the two numbers 
fought is ;f*—jr*, and the fum of their fquares x*+y, 
and the product of thefe two ;v*— j* ; therefore x^-^y^ 
= 65 by the fuppofition, and x^zz6g +y^ ; but x* was 
before found equal to 25+10/+^* ; therefore 25+ 
ioy*+yzz65+y • whence y IT 4, andj^z=2; fubfti- 
tute now 4 for y* in the firft fundamental equation, 
which was x^—y^zzgy and you will have ^ — 4=2$, 
andx=3 •, therefore the numbers fought are 3 and 2, 
which will anfwer the conditions. 

I, 2 ^?^ou\.^vv 
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Problem 65. . 

93. ^hree perfons^ A, B andC were talking of their 
mpney \ fays A to B and C, give me half of your mo* 
neyy and I Jhall have d ; fays ^ to A and C, give 
me a third part of yoUr money '^ and I /hall have d ; 
fays C to.A and B, give me a fourth part of your 
money ^ and I fhall have d: How much money had 
each? 

Nn B. The letter d is here fuppofed to fupply the 
place of fome known quantity, which is left unde- 
termined till the calculation is over. 

Solution. 

Let ^, b and c reprefent the money of A^^ B and C 
refpedively, and we Ihall have thefe three funda- 
mental equations ; 

a H zzd', 

2 

b 4. ■-. ■ .. rr d ; and 
3 - 
a+b 
c + — !— z= d. 

Thefe equations, after due preparations according 
to art. 70, will ftand thus; 

Equ. ift, 2a-\'b+czz2d. 

Equ. 2d, ^ + 3^+^— 3^- 

Equ. 3d, a+i+4C=4J. " ^ 

Subtriaft the firft equation from twice the fecond, and 
you will have 

Equ. 4th, * gb-^czz^d. 
Subtraft the third equation from the fecond, and you 
will have 

Equ. 5th, * 2b — 2CZZ — d. 
Subtraft five times the fifth equation from twice the 
fourth, and you will have 

Equ. 6th, * * lyczzi^dr^^ 

Equ. 7th, ♦ * czz^^ . 

, 17 Put 
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Put this value for c in the fourth equation, and you 

12 d 
will have gb+c^ that is, 5^ + ^•2^zz4d'y therefore 

85^+ 1 3^= 68i, therefore 85^=155^, and hzz^- =; 

; therefore 

Equ, 8ch, ♦ ^ »=r: , 

^7 
Put now the two values of b and c already found, in- 

ftead of h and c in the firft equation, and you will 

, lld+l^d 2A,d 

have 2^+^+f, that is, 2^H — ^ ^^, or 2<? ^ 

• 17 ;^7 

zz2d\ whence 34^+24^=34^; and 34^1=10^, and 

tfn =: — ", therefore 

34 17 

I^qu. 9th, ^ * » =: — . 

So that the numbers are at laft found to be a =: 

— , bzz , and czz -^ -, whence it follows, that if 

17 ^7 >7 

any number be put for ^, that will admit of the nuni- 

ber 17 for a divifor, the quantities ^, b and f will 
come out in whole numbers : as if J be made equal to 
17, the' quantities ij, b and c will be 5, 11 and 13 
itfpcAiveiy ; and the numbers will anfwer the condi- 

tioM of the problem J for 5H ^,or5+i2r:i7j 

11+^^, orii+6r=i7-, i3+i±ii,ori3+4 

■=17. 

: Mvertifement. I hope the reader does not need to 

be U)ld» that the numbers a^ b and c muft always be 

imderflxiod to be of the fame denomination with the 

• number d\ as if the number ^ (ignifies fo many guineas, 

L 3 the 
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the numbers a, b and c xniift alfo fignify guineas ; if 
'^Hlirtgs, fhiltiitgsv' if pence, pence; &fr. 

2d, a+ib+c'=:'id. 



3d, <2+^+4ciz4J. 

4th, « sb+czz^d. 
5th, ♦2^~3^=— /i. j 

A Scholium 



Equ. '6th, *'♦! 7^—13^. 
7th, * * c=r . 

8th, * b , ikzz' — • 

, Qth, a * *iz— . 
I ^7 



94. Of the foregoiog equations, the firft, fecond 

^tand third, wherein the quantity ^ is concerned, may 
Ibc called equations of the firft rank ; the fourth and * 
JBfth, wherein the quantity b is concerned, and out 
of which the quantity a is excluded, may be called 
equations of the fecond rank ; the fixth, wherein c is 

.concerned3 and out of which both i? and b are exclu- 
ded, may be called an equation of the third rank ; 

-khd fo on, were there ever fo many unknown quan- 
tities. 
/Whenever the equations of any particular rank are 

"given or found, in order to derive from thence equa- 
tions of an inferior rank, the'Analyft is at liberty to 
combine thcfe firft equations by pairs as he pleafes, 
provided he does byt obfervethefe two things 5 firft, 
chat every equation of the given rank be Tome tittje 
brother coupled with fome other equation of the fame 
fet, fo as diat no equation be left out of the account ; 

"^Iccbndly, that in 6very particular combination, one of 
the equations b.e fuch as was never made ufe of in- any 
combination before, and the other fuch as hath been 
ijoncerned in fome combination before, excep^g the 
firft pair. It is not to be denied but that^the anift 
may, if he pleafes, vary fometimes from this laft pre- 
cept ; but if he arlways obferves it, it will be altoge- 
iheraswclL THE 
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Of the compofition and refolution of a fquare raifed 
from a binomial root. '^ 

ipi. ^ -^ITHERTp we have been chidBy 
concerned in fimple equations : 
it is now high time to apply our- 
,_^ ujp felves to .the refolution- of; qua- 
dratics ; in order to which, fomething muft be faid 
• concerning the nature of a binomial, upon.wh|cb 
that refolution entirely depends. 

Now a binomial (at leaft as it is here ufcd) is a 
quantity confifting of two parts or TnehiberS^ Ccih- 
nefted together by the fign + or—,. as.y+^, ^-^a^ 

^ + — ,'y ; and a fquare raifed from a biiionilal 

.root is nothing elfc but the fquare of fuch a quantity : 

thus the. fquare of x -| is xx + ^^ + — , and that 

, t . . hb 

ofx-*- — isxy— ^x + — . 

L 4 x+ 
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^b b 

-2 a 

b b 

2 2 



bx bb bx bb 

*»+ — + -1. X- + — 

2 4 ,24 

b'x bx 



9s^ H 1 i that IS, X* 1 ; that is, 

2 4 24 

4 4 

The difference betwixt thefe two fquarcs arifes from 
the different Tjgn of b j and that only affeds thq fe- 

cond member -, for the third member — will be the 

fame, whether the quantity b be affirmative or nega- 
tive 5 tjierefore if tnofe cafes be throiyji into one, ' it 

Tp hh 

will ftand thus : Thefquare o/x±—isxx :jrbx'\ ; 

^ . ■ ' • .- 2' ' 4 

( i 

to wit J + bx when the root is x + — , and — bx when 

the root is x . Now of the three members that 

2 ■ ■ ' ■ ■ 

cortipofc this fquare, the firft x at is the (quare of x^, 

the tecond ± bx is the root of that fquare muldplied 

into the coefficient ± b ; for the root of x x is x, and 

bb 
xx±b:=z ±bx ; the third and laft member — ^, is 

the fquare of ± — , that is, the fquare of half the 

coefficient of the fecond member ; whence may be 
deduced the two following obfervacions. 

Observation 
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Observation i. 

fFheiitoer we meet with a quantity confifting of tw§ 
members^ as xx±bx, whereof one^ as xx, is a fjuare^ 
and the other ±bx is the root of that fquare multiplied 
. into fome given coefficient ±b ; whenever I faj we meet 
witbfucb a quantity y it may be conjidered as an imperfeS 
fquare raifed from a binomial rootj and may eafily bt 

compleated by adding — , that is^ by adding the fquare 

4 
of half the coefficient of x in the fecond term : thus 

XX + 6x when compleated, becomes xx + 6x + gi 
XX ^Sx when compleated becomes xx-^Sx+i6% 
XX + gx when compleated becomes xx + ^x + ^^^iov 
here the coefficient being 3, its half will be 7, and 

2 X 

the fijuare of this will be ^ : again, xx + — when 

2 X t ^ 

jcomplcated becomes xx ^ 1 — \ for here the le- 

2 X 
cond term is — ^ and therefore the coefficient of x is 

3 
^ by art. 70 5 but the half of \ is ■}-> and the fquare 

of this is j^: again, xx——- when compleated be- 

comes XX .— %- + —2- 5 for here the coefficient is 
6 144 

— 4, whofc half is — t^, and the fquare of this is + 

— ^: laftly, xx when compleated becomes 

bx bb h 

XX -^ — -\ -, for here the coefficient is 1 

a \aa ^ 

b bb 

it's half , and the fquare of this is 

^ za ^ i^aa 

Observation 
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Observation 2: 

In the fecond place it may he obferved^ that the root 
9/ fucb a fquare viihen eompleafed^ tkat iSj (be root of 

bb -b ' 

3CX ± bx + — willalwojfs bex±: — that is. it will 
4 ^ '^ 2-'-.* '• •• 

always be the fquare root of the firfi member^ together 
with half the coefficient of the fecond: thiis the ^uare 
root of yx+6y+9 will be at+j ; that of yAr^— 8*+i$ 
will be X T— 4 ; that of xx +'^3^ + ^ will be x + 

o 2^1*1 ' 

— ; that of yAr-+- — -I — will be at 4- -^^ that of xx~ 
2 • 3 9' 3 • . -^ 

^ + -^ will be X— A; ^nd laftly, that>^ 
6 r44 12 

^;^ ^* * 

XX — ' — + --- — 'Will be X . 

'a 4.aa za 

ffhe common, form to which all ^adratic equations 
oiight tb Be redded in ifrdet to be hfok^d. 

102. Since an afFe£ted quadratic equation, as we 
^ have elfewhere Refined it (art. 23,)' is an equation 
'coniSftihg of tTiree difFererit'fottS of 'quintrnts j 'one 
fort .whereia the fquare x)f the unknown quantity is 
concerned, another fort wherein the unknown quan- 
nty is fiipply concerned, and i third fort wherein it 
is not cbncerried at' all ; it follows, that attqtiafidtaiic 
equations wba^ver^tnay be reduced to. this form, 
viz. 4x?e:=,Bx + C\ wherein ydf, 5^ and C denote 
known integral quantities whether affirmative or 
negative, and x the quantity unknown, the figiir"+ 
on the latter fide of the equation 5x+C figaifying 
ho more than that the rwo quantities Bx and C are to 
be addpd' together according to the common rules of 
addition, wlietTier they be both affirmative, or l^6th ne- 
gative, or one affirmative and the other negative \. this 
will eafily be allowed, if it be confidered, thatquucira- 

tic 
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tic equations, like ail others, may be freed from fraftions 
after the fame manner as fimple equations ; and when 
that is done, there needs no more at mo ft, than a bare 
tranfpofition of the terms to reduce them to the form 
above defcribed : we (hall however give fome examples 
of the redudion of quadratic equations to this form 
amongft thofe that follow. 

ji general theorem for refohing all ^quadratic 
equations. 

103- This preparation being made, let now fome 

general quadratic equation be propofed to be refolved, 

'with which all particular equations may afterwards be 

compared, and. by .means whereof thofe equations 

may be more readily refolved ; as for example, let 

the general equation in the laft article be propofed, 

to wit, AxxzuBx-^C^ and let it be propofed to find 

the value or values of x in this equation ; here tranf- 

poiing BXj I have Axx — BxzzC ; aod then dividing 

py A in order to free xx the higheft po^Hrer of x from 

Bx - C 

it*s coefficient, I have;vAf — _-. j this done, I 

A A 

Bx 
coniider the firft fide xx — ^-^.as an impcrfe<5t fquartc 

raifed.from a binomial root ; and accordingly I com- 

pleat that Iquare by art. loi, to wit, by adding 

B B 
*■ j that is, by adding the fquare of hajf the 
4 A A 

' B B 

coefficient of the fecond term; but if — '' — ^ muftbe 

4 4 A 
added to the firft fide of the equation to compleat 
■ t:hc fquare, it muft alfo.be added to the other fide to 
prcfcrve the equality, otherwife by an unequal addi- 
ction, the equation would be deftroyed: this equal 
- addition then, being made, the equation will ibgd 

thus. 
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Bx . BB BB C . 

thus,x*- — + .^— =:~^ + ~; but ri.e 

tv,-© fraftions and — -- when thrown into one, 

4.AA A 

give which dividing by Ay gives 

BB+4^C ^ . Bx BB 
therefore xx + 



^.AA . A ^AA 

— ; therefore the fquare root of one (idc 

^AA 

will be equal to the fquare root of the other ; but the 

BB I ±AC 

ibuare root of the fradlion rrr^^ at leaft as it 

^ 4,AA 

here ftands in letters, cannot be extraded, becaufe, 

though the denominator ^AA be a fquare, yet there 

is no literal quantity whatever which being multiplied 

into itfelf will produce jBA4-4/C ; therefore to put 

this numerator into the form of a fquare, let us 

foppofe BB+4AC=ss ; and then the equation will 

« ^ , Bx BB ss , , 

ttand thus, xx — + ■ r: — -— 5 but the 

A, 4AA 4.AA 

. Bx BB . B . 
fi^uare root of 4?^ ^H — —- is * -, by art. 

ss s 

101 5 and the fquare root of — -- is -h — - for a rea- 

2^AA "" 2A 

Ion formerly given, to wit, becaule — j when multi- 

plied into itfelf will produce ■ ■ as well as — -, and 

^AA 2 /J 

therefore by the very definition of the fquare root, 

the former quantity has as good a right to be fliled 

the fquare root of — j-r as the latter •, therefore this 
4AA 

equation will now be reduced to a fimple one^ and 

will 



Alt, 103. Quadratic Equations. 17 j 

B s 

will ftand thus, x 7=± — r; therefore « = 

2J 2A 

B±s . . ^+s B—s ri T7 T 

^ that IS, x= — --, and x zz — 7-. ^ E. L 

zA 2A 2A ^' 

Thus we fee that every quadratic equation necefla- 
rily admits of two numbers or roots (as they are 
called) which will equally anfwer the condition of the 
equation, that is, either of which being put equal to 
x» will make the two fides of the equation equal one 
to the other ; and thefe two roots in all arts and fci- 
ences where quadratic equations are concerned, are of 
equal eftimation, whether they be affirmative or nega- 
tive, or one be affirmative and the other negative : as 
for example^ ia Geometry, if a line drawn from any 
point towards the right hand be confidered as affirma*- 
tive, a line drawn from the fame point to the left 
hand ought to be confidered as negative ; for let AB 
be any line drawn from the fixt poind 4 ^^ ^^ point 
B on the right hand, and then imagine the point B to 
move towards A'^ here then it is plain that the nearer 
B approaches towards yf, the lefs will be the affirma- 
tive line AB\ when the point J? coincides with yf, the 
line AB muft be looked upon as nothing, and there- 
fore when the point J? by a continuation of it'§ mo- 
tion has pafled through A^ fo as to lye on the left 
hand of A^ the line AB ought now to be looked upotl 
as negative, having paflcd from fomething through 
nothing into negation ; and yet a line of this nega- 
tive kind is as true a line as any of thfc affirpnative 
tuid ; and therefore the negative roots of quadratic 
^uations which exhibit negative lines, ought to be 
or equal efKmation with the affirmative roots that ex- 
'iibit affirmative lines; and the fame will be the cafe 
a fay) of all other arts and fciences where quadratic . 
^S[uations are concerned : but in common life, where 
'^^gative quantities have no place, the affirmative roots 
^^^uajdratic equations are only allowed of in the refo- 

lution 
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lurion -of problems, the negative ones being for the 
moffi part excluded . 

N> B. i/. The root of any quantity whether in 
numbers or letters, that cannot be expreffcd, is called 
afurd : thus • 3 is a furd, and fo alfo is \^BB+^AC^y 
and it was for this reafon that I made v^BB-^^AC 
zzSj or which is all one, BB+^j1Czzss. 

2dlyy The quantity C and confequently 4/^C will 
fomctimes be negative ; in which cale the quantity jj, 
oriB5+4yfCmuft be looked upon as the lum of tiie 
affirmative quantity BB and the negative one 4^^ 
when added together according to the common rules 
of addition. 

^dfyy In many of the following examples, the 
learner muft be very careful to form a right eftima- 
tion of negative quantities : thus for inttancc, if jf, 
■ that is, +^= — 3, he muft make 4^, or H-4X — 3=-r- 
12 -, but he muft make — 4^, or — 4X — 3 =+12 ; 
fo likewife — ^, or — i^, or — ix — 3 muft be made 
equal to +3, C^c. 

Affntbetical demovjlration of the foregoing theorem. 

- 104. In the laft article it was demonftrated analy- 
tically, that \i Axx be equal to Bx-i-Cy then x muft 

neceflarily be equal both to- — --, and to y fup- 

2A ' %A ^ 

pofing JJ to be equal to 5iB+4-^C. NoW it may 
not be improbable but that the learner, efpecially if 
he has any tafte pr genius, may have a curiofity to 
&e the fame demonftrated again fynthetically, that is, 
to fee it demonftrated, that if x be jnade equal to 
Jj+j 5 — s 

— -- or — --, then Axx muft neceffarily beiequal to 
xA 2A ^ ^ 

^x+C: it is therefore to gratify the learner in this 
particular, that I have added the following xiemon- 
ftration. 

Case 
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Case ift. 

Let X zz ; then you will have x x zz, 

^ j~ ; multiply both fides by Ay and you 

will have Axx (or one fide of the general equation) 

equal to -^ ; for a fraraon may be multi- 

plied by dividing the denominator, as well as by 
multiplying the numerator : again, fince xzz » 

you will have Bxzz — \ double both the nume- 

.... 7.A 

litor. and denominator of this laft fraftion, which 
wifl not affed; the value of the fradion, and you will 

- „ 25B+25J v^ r T> ^ 2BB+2BS 

hsLYcBxzz — 5 therefore Bx+Czz — 

.4-^ 4-^ 

C 2BB+2BS+4AC _ BB+2Bs+BB+4.AC _ 

"*'T"" 4^ ~ 4^ ~ 

BB+zBs+ss^ ^^^^^^^ Ss+4AC=ss by thefuppofi- 

don ; therefore AxxziBx+C, fince each fide is equal 

, ^. . . BB+2Bs'{-ss 

CO the fame quantity . 

4-^ 

Case 2d. 

Let now xzz — -, and you will have xxzz 
zA 

^ ■ . ' , and Axx (or the firft fide of the general 

^AA 

BB—2BS+SS . ^ BB—Bs 

«quaaon) = ■ ■ "j : again, Bxzz -j— = 

4^ ^'^ 



lyS The Refoluti$n of offered Book III. 

iBB—iBs , • . ^ .^ 2Bi—2Bs+4^C 

— V therefore Bx+C= i^ ^^LZ — =: 

4/f 4^ 

— : • ; therefore Jxx=Bx+Cj becaufe each 

/•^ . 1 L r • BB—iBs+ss 

fide IS equal to the fame quantity — ^— i. 

^^ 

Farious examples of the refolutioH ofaffeSied qua^ 
dratic equations^ both withy and without the 
general theorem. 

Example U 

105. Let the equation propofed to be tefolved ttf 
Sxxzz^x — I. This particular equation, as well as 
all thofe that follow, may be refolved after the fame 
manner as the general one in art. 103 : but as thefe 
relblutions are very often attended with fradtions very 
troublefome to the young Analyft, and as thefe par- 
ticular equations are nothing elfe but particular cafes 
of the general one, it follows, that the rcfolution of 
thefe equations muft neceflarily be included in the re- 
folution of the general one ; and confequently^ that 
thefe equations will be much more eafily and readily 
refolved by referring them to the general one : how- 
ever for the fatisfadlion gf the learner, 1 fhall refolve 
fome of thefe equations both with, and without the 
general theorem ; and firft I fliall refolve the equa- 
tion propofed by the help of the general theorem thus ; 
in the general equation, art. 103, we have Axxzz,Bx 
+C; in the particular one already propofed, we have 
txxzzsx-^i y therefore J in the general equation an- 
fwers to 6 in the particular one, B anfwers to 5, and 
Cto — I ; therefore if the particular equation be re- 
ferred to the general one, it's refolution will be as 
follows: yfrz6,5zr5,Czr — i,i{iS=:25,4iC=:— 245 
therefoiie ssy or BB+4./iC will be the fum of 25 and 

—24 
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i_ r ^±^ 5 + ^ I B—s 
^24=1-; therefore j=:u~;=r = — , rr—^ 

, ?: "'— r-i= ~ 4 therefore the two roots of this equation 

6xx^z^—i are 4^ and 4.. The refolution of this equa- 
tion in numbers- without the gencr^ theorenvit-as 
follows: Equation, 6xx=5X^i \ therefore S^^x^gsc 

—-^ty ahd XX— ~=-^ -2^i wh^rt xx^ —- -may 
o » • 6- • 

bt confidered as the two iirft .members of a* fquarc 

hifed from a binomial root ; the coefficient of the fe* 

cond term is -^--, it's half -^, and the fquare of this 
6 iz ^ 

^ which cxpreffion I choofe to make ufeof ra- 



i^>Ci2 



+ 25 
their than for a reafon that will prefently be feen; 

add tiow -= — 2-- to both fides, that is, to one 
12x12 , , 

fide to compieafc the fquare, and to. the other to 

prefcrve the equality, and ypu will have xx-^~ + 

^5 — I 25 • • .• . ... 

• ^ ="*T^ +' — — » here now it is certam that 

12X12 12X12 

•—I +2/5 

the fraftions — r- and — muft be reduced to the 

6 12x12 

fame <}enominadon in order to be added .together into 

mckt funi ; but if this be done the conimon way, it 

Wi|l be impoffible to obtain the fquare. root of that 

fum without a further redudtion ; therefore to avoid 

this, I enquire wh^t number the denominator 6. muft 

i)e multiplied by to. make it 12x1 ;i the fame with the 

other denominator> ^nd the anfwer in this cafe, as 

WelLas in all others of this kind will be very eafy ; for 

*ax6=:fi2fV^nd therefore 12x2X6, or 24x6== 12x12 ; 

•Uierefore I multiply both the numerator and dcnomi- 



1/8 Tbe RsfsktioH df affii&ed B66k Ifl, 
nator of che fraAion --j-T^ftto 24, and fo have 



6 12x12 ' 

aridt Ais isklded to the other fradion •' ^ ■ gives 

12x11 ^ 

\ dfld now the cquatk» will be xxu--^+ 

*2Xi2. 6 

^5 . ] 



-*— ; exitadt.thc ro^t of both fides, and 
12x12 12x12 

you will have x — - — =:4: — ,whencex=r- — -"^ 
' 12 12 12 

^+^ 1 o — I ^ , /• II 

but ^^ IT — , and zi — , therefore *=—, or^. 

12 2 12 3 23 

This may alfo be proved fynthetically thus : kt 
xzzi, then you wilt have ;px=:^, and 6xjr=|^ or i^: 
again, 5x^14=24. -, thtrefore 5^ — 1 = 1^; therefore 
6*Vrr5Af— I, rinci*^afch equals 14. 

Let us now fuppofe xz=^, and you will have yjr 
n^, and 6x^z:^, or 4. : on the other hand you will 
have 5xz:j or \\\ therefore 5X— ir=4; therefore 
Sxicrzgx — I : thefe two fradions therefore will ao-^ 
fwer the condition of the equation ^.and there are no 
other numbers befide thefe, whether whole numbers 
or fraftions, that will do it. 

E X A M P L E 2. 

Let the equation to be refolved be 24^— 2;cAf=:Af;r 
+45. Here tranfpofing — 2xx we have 3x^4-452: 
2411?, whence ^xxzzi^x — 45 ; and thus we have ft- 
duced the equation propofed to the form of the giy 
neral one in art. 102 ^ wherefore applying that gene^ 
r4l equation to this particular one^ the refolution^ by 
aft. 103 will be as follows : y/r:3, i3zi24, C=*~45, 
BB=576, 4>Cr:— 540, sszz 576^540:=: 36^ 1=6^ 

— -jr =5»-^ =3 i therefore xzzs^ or 3 1 and this 

will further eafily appear by fubfKtuting 5 or 3 for ^ 

in 
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in the original equation thus ; xzzg ; therefore 244P 
r:i20; xxni^^ therefore 24^— 2^x2:120^—50=70, 
which is one fide of the equation : on the other fide 
we hive xx+45 =12 54-45 =70; therefore 24X^2JK9r= 
xx+45. Again, let x=:3, then we fliall have 24^= 
72, and xxz:9, and 24X— 2x^=54: on the other 
hand, xx+45=54j therefore 24X—2xx=:xx+45. 

N. B. This laft equation when reduced to the form 
of the general one in art. 102, ftood thus^ 3xx= 
a4X— 45 : but this equation might have been re- 
duced to a more fimple one of the fame form by di- 
viding the whole by 3, and then the equation would 
haVe flood thus, xxzzSx— 15; in which cafe we 
fhouW have had jlzzij 5=8, C=:— 15, BB=6^^ 

^+^ ^--^ 
4^«7r?:— 60, sszz^i j=:2, — 7=5> — 7 = 3> as be- 

fore : the folution of the foregoing equation in the 
comiftbft way is this -, xx~8xiz— 15 ; therefore com- 
pleating the fquare, xx— 8x+i6=:i •, therefore ex- 
tracting the fquare root, x— 4=:±i ; therefore x:2S 
+4±i=5, or 3. 

Example 3. 

Let xSm equation to be refolved be 72X— 2xx-)-i44 

rr3xx— 8x+444« Hence by tranfpofitions we have 

7ax+i44=5*'^— 8x+444^ and 8ox+ i44=5xx+444, 

and 5XX=:8ox — 300, and xxn i6x — 60 ; which equa- 

rio|i being refolved like that in the laft example, gives 

Offrr io> or 6 ; which may alfo be eafily feen by fub-^ 

Ctkutii^ 10 or 6 for X in the original equation. 

Example 4. ^ 

Let the equation to be refolved be 28x — ^xx^ns^ 

^lefe we have xx+i 15=28x9 and xx:r28x — 115; 

^Vrhich equation being refolved like that in the fecond 

^xample^ ^ves x=:23, or 5 ; the pro<^ whereof is 

^afy- 

M2 E<- 
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—1.^ ' E X A Al -R L. B 5. 



,0:- 



120 I2C 



r:Ijct -the equation to be refolved be c— —_ •- 

1 2 o^ 
tKcrefore' i 20—^5^3: — p- -, therefore ioox -^ 5^^^ 4- 

48or: I20iptf ; therefore g^c^ + 1 2o;i; = lOOx + 480 ; 

tiierefore 5x^1= — 20^+480 ; therefore (dividing by 5) 

xx= — 4^+96 ; therefore in this cafe, //r: i, jBzz— 4, 

Crz96, 55ni6, 4/fCi=384,Ji= 16+384^:400, jzz 

fi4-j --4+20 - B — s — 4 — 20 

20, — — = 135, — -r-z: zz — 12 V 

2/f 2 2/f 2 

therefore in thts^ equation, x=Sj or — 12 : the proof 
is thus; let;v3i + 8 •, then— =115, and /;z=io: 

X X 

J 120 , ^ 120 

aejam, Af+4=: 1 2, and zi f o ; therefore /; 

^ ^+4 ^ ^ 

120 A • 1 I ^20 

Again, let ;^z:— 12, then - — — — 10 ;. 



^+4 ° ' ^ 

therefore, 5— — 10 — 51Z — 15: on the other 

X 

hand, fl:+4=:— 12+4=1 — 8; therefore z^ — - 

. x+4. r-S 

=-—15; therefore 5=- . The refolution 

- ^ ^+4 

in the common way is this ; xxzz — 4^+96; thett- 
fore ^^+4x^196 i therefore ^+4^+4= 100 ; there- 
fore x+2=:±io i therefore x= — 2±ioz: +8, or 
— 12. 

^Example 6. 

. Let the equation to be refolved be ixx+^xzzlS^i 
therefore 2;f^zz— 3^+65 ; therefore in this cafe, 
-^fz:2, J?z:— 3, CzzS^y BBzrg^ 4.^0=520^ ^^=529, 
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6—: therefore in this equation, x^+^^ov — 54. i 

that ^=+5 will eafily be feen ; and that xzz, — 6^ 
or that — 64- being fubftituted for x will make 2xx 

+2xzz65^ I thus demonftratc : xzz — 6 — ~— — 2-^ 

'2 2 - 

therefore xxzz ^ ; therefore 2xx zz — ^ ; and 4- 

4 2 

3;fzz+3X = — — ; therefore ixx + jy — 

22 *< . 

— ■■ zz --^=65. The rcfolution in numbers 5 
22^ * 

2XX+ 2xr:o^ ; ^therefore xx + 1 — ^^^^ zz — ^ + 

^ ^ 2 4x4 2 ^ 

_9_^^20+9^529^ therefore .+i=:±^; 



—■^-+-23 I 

therefore X z: ■ "~ ^ :::^ + 5> or —6—. 



4X4 4X4. 4x4 4 

3±23 ^ I 

4 .2 

E X A M P I- E 7 



Xxt the equation to be refolved be ^x — ^^2= 140^ f 
therefore 9;^^ = i ;? + 1 40. Here jIzh 9, i^ := i , C=: i +0, 

B5= I, 4^=5040? •^^=504^ ^^7^* "U ^-^^^ 

5—^ 8 ^ ^ 8 , V " 

— -zi— 3— ; therefore xzz +4. .or — 3— : the lat- 
2^ 9 ^ 9 

8 oc 

ter cafe I thus demonftrate ; x=—2 — zz — ii- ; 

,9:9 
. +1225 , ^ 1225 , .. 

therefore XX =: — -—r-; therefore gxxzi: ■ ■: again, 

O I Q 

— IX, that is, —IX = — —9 therefore oxx— x 

.9 9 ,1; 

,1225+35 1260 - ;. :. , V ' **^ 

— -_:i — ±1 — zz 140. In numbers', thus ; 

9 9 

M 3 ^^^ 
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n)ffx — IX zi 140 i therefore xx ~ — = -— j there- 
^ 9 9 

fore *^ — -— + ToTTTo .= ""T: f" 



9 18X18 9 I6XT«- - 

52;*2lti = -5211. 5 ^xtra<a the root of botk iide$, 
'18x18 i«xi8 . . ? 

that is, of XX -| — r — r on one fide, and of 

9 18x18 ' = T 

■ ^ J ■ on the other* and you will have x — r-s- 
r8xi8 ^ "r« 

=;st*^ i: whence ;r^+4/ w -— 31^* 
Example 8* 

Let the equation to be refolv^d be — ^v— + 

116 , r . 222jf-f 348 

. ^ = 7 ; therefore 45 + ^2— -^2i_ - 14;^^ 

4^ + 5 4A?+5 

21 •, therefore i8Qx+225 + 232Af+348=:56;c;f+i54;g 

+ 105; that is, Ai2x+573zz56xx+i54x+io5i 

^lefoie »58x+573=:56i?rx+ 105-, therefore 56xxi=, 

»58y!^468; therefore (dividing % 3^) jmuihaYc 284^ 

= 129^+224 J which equation being compared y^iih, 

fJie general 6nc exhibited in art. 103, grvrs yif:=28,' 

£=129, Ci=234, jS£=: 16641, 4/C=r262o8, w:r; 

42849, ^=207, i:7 = 6,-^=-^-^ ' tber,. 

fore in this equation x= + 6j or — i -^j both which 

Itbusdemonftrate: firft^=r6', therefore 2*+3=i5; 

therefore •— =33 ; moreover, 44r+ 5=^29 j there- 

tx+i 

fore •; — -. = 4 J therefore ^ + ■■ == 4+4 

=7i 
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=7 : fccondly, x zz—i .^--r::~12. • th^rrforc ^%x 

28 28 

= ^? . ; therefore 2Jf+3r: — ^ 4. A- —-L ; 
14 14 1 14. 

therefore is the quotient of -5- divided by 

2X+3 ^ I ' 

-r— ; but this quotient, according to the rules of frac- 
14 

tipnal diviiion, is-: — r = 210 ; therefore *i*s. 



3 ^ + ? 

IT 210 : again, 4^ zi i ; therefore j^x +'5;i 

_ _ 7 ^^^ 

H — = — *- i therefore -^^ is the quotient 

71 7 4^+5 

of divided by ; but this quotient is , 

^ 7 4^ 

or— 2035 therefore-.. r= --2 03 5 therefore-—--. 

116 

+ =210 — 2 03=: 7. 

4^+5 

The refolution of this equation in the commoa 
way is as follows i 56XX— 258x^:468 j thixt^t 

XX ~- SI — ^ : here the coefficient of the fecond 

2^8 1 20 

tenn is- ^, it's half — >—?> and the fqflirc oJP 

56 56 

this i- i add this fquare to both fides, and yob 

5^X56 ^ 

•111- 258X , ,i^4J 468 16641 

waihavex.-_ + ^-^^=-^^ + ^^;^ 

^ ^6208^x6641 ^ j|849^ ^^^^ ^^, 

56X56 5.65c.$t> ., ^ 

2 5 OX' 16641 
Rpot of bqth fides, that is, of x x — -rg- rh - ^^ > 
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on one fide, andof^-- — 7 on the other, and you 
56x56 
129 207 

will have x ^ — ;?-,=: ± — — \ whence x = + 6, ot; 
56 5^ . - • ^ 

II 

— ^- 

E X A M p ;. E 9. 

Let-the equation be igx-^x^czisS \ then this equa- 
tion being refoived by the general theorem give^ 
x=8, or 7 5 and in the common way it is thus re- 
foived s igx — XXZZ56 ; change all the figns to make 
XX ajffirmative, ahd you will have xx— 15x33—56 ^ 

225 ^ 225 I " 

whence xx — 15X+ n— 56H z: — -, thcre- 

.4 4 4 • 

fore ^ -. =: ± — , and x = 8, or 7 : but what; 

22 

I chiefly intend by this example is -to -ttiew, that in 

refolving a quadratic equation by the general theorem 

there is no necefliry of niaking any tranfpo(ttion iq 

exhibit xx affirmative when it would otherwife have 

been negative ; as for inftance, in the equation here 

prdjiofed we had 15X — xxzz^S ; trahfpofe igx^ and 

you will have — xx, that is, —ixAfzr—ri 5^+56 ; let 

this equation be referred to the general one in art. 102* 

and fefolved by the general theorem iri art. 103, and 

you will have -^z:— I, 5—— 15, C=^, 55±:225, 

.^ B+s _-t5+i _^i4, 

^ ^ lA- —2 -*-2 

. 5— J —15— I 

How the learner is to proceed when tjj^, roots of a 
, . quadratic equation are inexprejjihk^ 

• io6i As -there are but few fquai*^ numbers in 
compariibn of the reft, aiid «js all quadratic equations 

■ are 
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are refolved by cxtrafting the fqukre root, it follows, 
that there ate but few quadratife equations capable of 
an exaft numeral foluri6ji in coniparifon of thofc that 
are not ; but as the fquare root niay be extraded to 
any degree of e^caftncfs we pleafe, the refolution of a 
jjpadratic equation, which depends upon it, may 
affo be performed to any degfee of accuracy what- 
ever ; as will appear by the following example, 

E X A M p L E JO, 

Let the poqation be x^— 4^+ 1 no, or xx-zz^r-i^ ^ 

|iere jfm, £—4, Czz— i, BB=i6^ 4^=— 4, 

/ ■ B+s 4+i^i2 'B'-'s 

JJZZ12, jrzi/12, -^ — -—zi ^j and ^ =1 

24 2 . 2J 

4-v<i2 .... 4+v^-.i2 4— 1/12 

' ; therefore x zz r-, or . : but 

••■ "2 •'•'•"' ■ ' - ■ 2 2 . ' 

let us enquire in the next place, whether thefc two 
iraSLions are not capable ojf being reduced to more 

4 
limple terms ; firft then it is plain that — iz2, and I 

••■••■ ' ' ' J 2 " 

fay further that — --zzi/s > f^^ ^.2 = 3X4 ; there- 
fore 1/12 zi i/3Xi^4 = i^3X2; therefore 

i/ 12 

i ■ r:i/2 ; whehce it follows, thatx=2+i/2, or 
2 

2— ^3 ; but i/3 extrafted to three decimal places 
gives 1.732 : thei:efore 2+1/3 = 3 .732, and 2— i/3 
ZI .268 5 therefore xzz (nearly) 3 .732, or ,268, as 
will be further evident from the proof following : 
firfl- x—s -732 ; therefore xxzzi^ .927824; and 4xz: 
14 .928 i therefore j^x^xxzzi .000176 5 therefore 
ix— 4J<f=*-i .000176 ; therefore ^x— 4v4•IZI— 
.oool76z:o very nearly ; fecondly, let x =:..268 and 
you will have xyz:.07i824 and 4x^=1 .072, and 4^— 
y^zii .000176 5 therefore xx — ^4;)?=:— i .006176 ^ 
therefore p^;^-^4X+i^— •000176=0 very nearly; 

therefore 
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therefore in both cafes* the condition (^the equation 
is anfwered to ^ loany figures or cyphers^ as is equai 
to the number of decimal plaqes to which the fquare 
^•oot of 3 was extrafted. 

It may feem to fome p^haps a paradox to afleit, that 
though the two furd values of the unknown quantity 
found in this and the like cafes, are not to be eyprefle^ 
in numbers, yet they may be demonftrated to be 
juft : Thus I (hall demonftrate, that if either of the 
two values of x found in the laft cafe, to wit, 
2 -+-•3, or 2 — 4/3, be fubftituted for Af, we ftiall 
have this equation ^^^—4^^+1=0, which was the 
equation there propofed : in order to this, make 
i/^zzsi and firft, let y =2+1/3, or2'4'Ji and we 
fhail have.;if^=4+4x+jj, and -— 4^=--:*-.--4i j and 
Arx-^4X=54+4X+JJ— '8-r-4X=w — 4; but if szz%/ 3^ 
jjz:3, andj^ — ^4=—? -, therefore, xx— 4^=— i,ancl 
XX — 4x+i=:o : fecondly, let x=: 2-^-1/3,' or a — s^ 
and wefhallliave x^i=4— 4i+jJ, and— ^4i?=:-r-Sr|-4f, 
and XX — 4xz:2ss — 4.ZZ — ly as before-, wtience ji»^--- 
4^+1 =o. 

Of impjj^le roots in a quadratic equation^ and 
ivbence tbey arifi.- » ' 

107. The roots of quadratic equations are not 
only very often inexpreflible, bMt fometimes evca 
impoflible, as will appear by the following example. 

Example ii. 

Let the equation be ^x— 4AP+ 6=:©, or xx=4;ir^-6. 
Here ^=: I, 5^:4, C—'-^S^ BBzzi6y 4jiCzz--*Z4^ 

4---v^— 8 4 

\ but — z: 2, and— Sn— 2X+4 5 thcre- 
2 ' 2 ' « • . 

fore 
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fare j/^ = i/— 2 XV+4ZZ •— 2 X ^ 1 therefore 

1_~5=^— 2 i therefore in this equation^ % ^ 2 -|:^ 
2 

^—2, or 2— */— 2 i but as no quantiry whatever, 
ather affirmative or ncgativcp being muUipHed into 

itfeJf will produce a negative* it follows, chat ^^ 
is nor only an incxprefTiblc qumticy, but aLlu an im- 
poITible ODCi and confequently» that the two vahies 

ofxln this equation 2 + v^— 2 and 2— y'-ri will both 
be impoffiblc. 

N- B. Though the roots of this laft equation be 
impoffible in their own natures^ yet they may be ab- 
ftradedJy demonftrated to be juft, as ifi the laft ar- 
ticle, by making j— v'— 2, and confequently ji— — 2, 

From what has been faid concerning impoflible 
roots, it appears that one root of a quadratic equation 
can never be impoiTible alone, but that they muft 
either be both poflibleor boch impoffible; for it ap- 
pears from the refolution of the laft equation, that 
the impoflibility of the roo:s flows from theimpoffi- 
bijity of the quantity j, or of the fquare root ot ss 
when it is negative j now when s is poiTible, b6th the 

roots of the equation ■ ■ ■ and will be poffible; 

on the other handj when s is impoflible, both the 
roots muft neceflarily be impoffible. 

Since the poffibility or impoffibility ©f the two roots 
pf a quadratic equation depends upon the quantity ss 
being affirmative or negative, it follows, that when 
ss and confcquently j equals nothings the roots will 
|>c in the limit between poffible and impoffible : now 

U J— o, we mall have 3: — , and — ' — = — % 

7.A %A 2A %A 

therefore the two unequal roots of a quadratic equa- 
tion grow nearer and nearer to a ft ate of equality as 
they grow nearer and nearer to a ftate of impoffibilityt 

buc 



ift 
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but do not come to be eqgal till they come to the limit 
between poflibility ^nd impoffibility. 

How to find the fum and produB of the twaroQts 
of a quadratic equation without re/ohing it ; 
alfo haw to generate a quadratic equation that 
Jhall have any two given numbers whatever for 
it's roots. 

foS. In a quadratic equation of this general form^ 

to wity AxxziBx+C, the fum of the roots wilt always 

R — C 

ie — , and the produSl of their multiplication r---- : for 
A ^. , ■"- 

the roots of fuch an equation were and -^ — r— ; 

the fum whereof is — > or — ; and if thefe two roots 
2A A 

be multiplied together, their produft will amount to 

PB—ss 

— — J-; but ss=BB+4.JC dJs was formerly fup- 

pofed, art. 103 -, therefore ss — BB ^2 4^, and 

^ BB-^ss 
BB — ss= — 4JC'^ therefore — — -, or the produft 

4A/2 

1 —4^ — ^ 
of the two roots equals 7--^=: — --• 

^JA A 

Therefore if Azzij that is, if the equation be 
xx-nBx+C^ thcf Turn of the roots will be 5, and their 
produft — C; that is, as the equation now ftands, 
the fum of the i-oots will be the coefficient of the 
unknown quantity on the fecond fide of the equation, 
and their produft, what we cill the abfolute tiemi:, 
with it's, figrt changed. 

Hence we have an eafy way to form a quadratic equa* 
tion whofe roots Jhall be any two given numbers whatever i 
as for inftance, fuppofe I would have a quadratic 
equation whofe roots ihall be the two numbers 3 and 

45 
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4 i here it is plain chat the fum of. the two numbers 
^ and 4 is 7^ and that the produdt' of their multipli- 
cation is 12 ; therefore I iorm an equation whereof 
one fide is xxy and the other fide is 7^— 12, to wit, X9C 
zz.jX'^i^ > and the roots of this equation will be the 
given numbers 3 and 4, as will appear from the re- 
k)lution ; if I intend the two roots. to be 3 and —4, 
their ium will be-^i, and the produ(5t of their mul- 
tiplication — 12, and the equation ^ zi — x 4- 12 : 
if the roots are to be .— g and +4^ their fum will be 
4-1, the produd of their multiplication — 12, and 
the eiquation xx:=ix+i2 : lafljy, if the roots are to 
be —3 and —4, their fum will be —7, the produft 
of their multiplication +12, and the equation xx zr 
— 7x— 12. I ihail demonftrate one general cafe ac- 
cording to the refolution given in art. 103, which will 
be fufficient to fliew the way to all the reft : let then 
the roots propofed be p and q, whole fum is p'+qj 
and theprodudl: of whofe multiplication is pq; and 

the equation will ht xx = p-\-q x x^pq ; now if this 
^uation be referr ed to the general one, we fhall have 

azzi^ B=p+q,C=z-pq,BB=:pp+zpq + qq,^y^= 

B+s p+g+p-^g 

^4pq^ss:zpp-2pq+qq,jzzp^q, -j= '^ ^ = 

2p B^S p+q-p+q 2q , r .u 

-^—p^ — 7 = - — ^— ^^ — ' zz -^ n ^ ; therefore the 
22-^ 2 2 

two roots of this equation are^ and q. ^ £. J). 

I think I ought not to omit here, that if any one 
has a mind to form a quadratic equation with any 
two given impoffible roots whatever, (if I may be al- 
lowed the ejcpreffion) it may be done by the forego- 
ing rule, provided that thefe impoffible roots be in 
fuch a form as is proper for a quadratic equation : 
as for example, fuppofe I would form a quadratic 
equation with thefe two impoffible roots, ,to wit, 

2 -f* V— 3 and 2 *-•— 3, I put ss for— 3 ; for though 
no poffible quantity multiplied into itfeU can produce 

a ne- 
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z negatives yet an impoffihleoiKmayi tbtc being the 
* very thing wherein theimpoltibiiity OMiiifb ; making 
then sszz — 3, I have Jzzi^— 3, an d fo the two roots 
of the equation will now be 2 +Sy and 2 — si di6 
(iitti of thefetwo roots is 4, and the prodiift of their 
multiplication 4-fi-jj J but if jjtr— 3, — JJri+3, and 
4— ^^=4+3=27^ therefore the equation with thefe 
roots will be ;^x =± 4;^ — ^ 7 t and this will be fiirthef 
evident by the refolution ; for if xx=^^^ that is, 
if xx— 4^=--7, We (hall have ;rx^— 4x+4=-^5, and 

X — 2r:±i/— 3, andxii:2+i^— 3> or 2 — •—34 

How to determine ^ the Jigns of thepoffible foots of a 
quadratic equation without refohing ith 

109. If all the terms of a qi^ratic equation be 
thrown on one fide of the equation, fo as to be made 
equal to nothing; and if the term wherein xx^ xSat 
fquare of the unknown quantity is concerned, be 
made the firft,* that wherein ^, the (imple power is 
concerned, be made the fccond, and tne abfolute 
term, as it is called, be made the third ; the nufnbtf 
c^ affirmative and negative roots in fuch an equation 
may be found by the following rlile, to wir. As often 
as the Jigns are changed in pajfing through all the terms 
from the firft to the laft, of fo many affirmative roots 
will the equation con/ft \ but as often as the Jigns are 
the fame,, Jo many negative, roots will be found in the 
equation. This is true in all equations whatever^ 
though at prefent we fhall only demonflrate it in the 
cafe of a quadratic equation : but firft we fhall give 
the following explication of the rule. 

Case i. 

Let the equation be axx — ix+mo. Here there 
are two changes in palTing through the terms from 
the firft to the lafl, to wit, from ^axx to ^-^» and 

from 
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from — ^Ji to 4*^ 5 therefore the roots of ihts equa- 
tion ftre both affirmativei^ 

C A s £ 2. 

Let the equation b* ax)^ — hx — rr!o. Hens from 
+ ^ixx to ^bx is one change, and from -^bx to — ^ 
is none ; therefore this equation confifts of an affir- 
mative amd a negative root. 

C A s k 3, 

Let the equation be axx+b:(^ct=,o. Here in paf* 
fing from ^^-axx to +bx^ there is no change of fign, 
bdt in pal5iigfrom ^bx te-^c there is a change; 
therefore this equation alfo confifts of an affirmative 
and a negative root. 

Case 4. 

Laftly, let the equation be axx+bx+c-=io. Here 
t^ere are iK> changes, and confcquently the roots of 
thi$ equation are both negative. All thefe cafes I 
IhaU demonftrate in the following manner. 

Case i. 

Let the equation be axx — bx+c-zio^ or axxzubx-^c. 

c 
Here the produft of the two roots is — by the laft 

article, that is, the produdt of the two roots is an 
affirmative quantity, and therefore thole roots muft 
either be both affirmative or both negative ; but they 

cannot be both negative, becaufe their fum is ~, by 

the fame article 5 therefore they muft both be afflr- 
mative. 

C A s E 2. 

Let the equation be axx-^bx-^czzio^ or axxzzbx+c. 
Here the prdduft of the two roots is and con- 
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feqwcrttly thdfc roots muft be of diflferent kinds^ one 
affirmative and the other negative ; and bccaufc their 

fum, H — , is an affirmative quantity, it is an argi!^ 

tnent th^c the greater root is affirmative; 

C A S fe 3i 

Let the equation be ax^+tx-^czzo, ot axxtz-^ik 
+r. Here again the product of the two roots is 

- — ^ which argues one root to be affirmative and the 
a 

other negative ; and becaufe their fum — is a ne- 

gative quantity, it is an indication that of thefe tWo 
roots, the greater is the negative one. 

■ • .C A S j£ 4. 

Laftly, let the equation be tfx;v+^^+f izo^ or axit 
^^ipc^c. Here the produft of the two roots is 

c 

-f — an affirmative quantity •, therefore the roots are 
a 

cither both affirmative Or both negative; but they 
cannot be both affirmative, becaufe their fum is 

negative •, therefore they muft both be negative. 

Impojjible roots excluded out of the joregoing ruk^ 

The rule here given for determining the number 
of affirmative and negative roots relates only to pof* 
/ible roots -, for impoffible ones cannot be faid to be- 
long to any clafs, either of affirmatives or negatives ; 
nay fo capricious are they in this refpeft, that in one 
and the fame equation, the very fame impoffible roots 
fhall fometimes appear under one form, and fome- 
.; times under, the other : as for example, this equation 
" \y;c+3z:o may be filled up two ways without afFeft- 
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ing either the equation or it's roots -, to wit, cither 
thus, XX — ox+3 z: o, the roots of which equation 
according to the foregoing rule are both affirmative ; 
or thus, xx+ox+s=o, the roots of which equation, 
though it be the fame with the other, and differs only 
in form, are both negative :- the reafon of this abfur- 
dity is, that the two roots of the equation xx+3:=zo 
areimpoffible, and occafioned this confufion by put-, 
ting on one Ihape in one equation, and another fhape 
in the other : this will further appear from the refo- 
lu tion ; forif xx+3:=:o, wehavexxz: — 3, and;fz:.+ 

^ — 3» or — ^ — 3, which are both impoffible quan- 
tities. Again, the equation x^ — 3Z10 may be filled up 
various ways ; as thus, x^ — oW*+oy — 3=0, in which 
equation, according to the foregoing rule, there are 
three affirmative roots ; or^thus, x' — ox* — ox— 3=0, 
in which equation there is but one affirmative root 
and two negative ones : hence an experienced Analyfl: 
would immediately conclude (as is really the cafe) 
that two of the roots of the equation x^ — 3=0 were 
impoffible, and that they flood for affirmative quan- 
tities in the former way of putting the equation, and 
for negative ones in the latter. This will further ap- 
pear, when wc come to treat of cubic equations. 

0/ biquadraticSy and other equations in the form of 
quadratics. 

110. Thus much for the refolution, nature, and 
properties of a quadratic equation : I fhall only add 
an example or two more of other equations that fome- 
times put on the form of quadratics, and have done. 

Example 12. 

1 600 
Let the equation to be refolved be, -^xxzz 

^ XX 

116; therefore 1 600+x+zi 1 1 6xx ; therefore x^ = 
I i6xx— .1600. This equation is, properly fpeaking. 
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a biquadratic, that is, an equation wherein the fourth 
power of the upiknown quantify is concerned : now 
as every: po/Hble quadratic equation has two roots, 
which will equally anf'wer the condition thereof, fo 
a cubic equation, that is, an equation that riies to the 
third power of the unknown quantity may have three 
fuch r(.ots, a biquadratic four, fcfr : but the equa- 
tion x^2zii6xx — 1600, though it be a biquadratic, 
and admi s of four roots, yet it is in the form of a 
quadratic, it we confider xa? as the unknowir quan- 
tity •, in which cafe x^ muft be looked upon as the 
{quare of the unknown quantity, and the equation 
Bpyft be referred to the general one in art. 103, thus; 
A^ij B=ii6^ C= — 1600, 55=13456, 4^=— 

6400, 5^=7056, j:z:84, -— - moo — - z: 10 5 

therefore in this equation, a-xz: 100, or 16: now if 
^r^zzico, we (hall have x=+ or — 10; ifx^zziS^ 
we (hall have xzz+ or — 4 ; therefore the four roots 
of this biquadratic equation are, +10, —10, +4 
and — 4 : but though in this equation x has four 
iignifications, xx has but two, viz. 100 and i5, 
cither of which being fubftituted inftead of xx in the 
original equation, will anfwer that equality, as may 
eafily be tried. 

N. B. Whenever of the four roots of a biquadraria - 
equation any two are eqoal and contrary, to the other 
two, the equation will be in form of a quadratic, and 
may be refolved accordingly. 

Example 13. 

Let the equation be XXZ155 : here we have 

576 — x^:=i55xxj andjv*+55xxrr576, anda^z: — gg:^ 
+576 ; therefore according to the general equacioa 
in art. 103, Jzzi, 8=^55, €=576, 55=3025, 

4^C=2304, ^=5329* ^=73^ -^ =9t a^ =- 

64; 
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64; therefore in this equation, x^ =1+9 or —64: if 
xxzu+ gj x= + or — jjjf'yxzi— 64, x will be equal 
to +^—64 , or — i^— 64 , both which values are im- 
poffible 5 fo that in this equation X has but two values, 
^ or —3, the other two being impoflible ; and xx 
has two values, to wit, +9 and —64, which art 
both poffible, and wjiich being fubftituted inftead of 
XX into the original equation, will anfwer that equa- 
lity. From this example it is eafy to fee, that a bi- 
quadratic equation may have four roots, and never 
can hive more -, ^et it may fometimes have fewer, 
upon the account of fome of it's roots becoming im- 
poflible; nay inftances might eafily be given wherein 
all the roots of a biquadratic equation are impoflible. 

If any one difapppoves of the refolutions here given, 
he may perhaps relifh the following better : let the 
equation be Jx^ziBx^+C-^ here putting z for xx^ 
and confcquently zz for ;v+, the equation will be 
changed into this A)mmon quadratic, yizzzzBz+C*^ 
which being refolved, z or xxj and confequently x it- 
fclf will be known : fuppofe the equation to be Jx^zz 
jB«^+C; here putting z for x\ the equation will be 
changed into a quadratic, as before, to wit, yfez— 
Bz+Cy the refolution whereof will give z for x\ and 
confcquently x by an extraftion of the cube root : 
laftly, let the equation bQJx=Bxi^x+Ci here put- 
ting zz for X, and z for i/x, the equation will be 
jtzzzuBz+Cj as before ; whence 2:, and confequently 
zz or X will be known* 

The foJution ofjome problems producing quadratic 
equations. 

Problem 6g. 

III. // is required fo divide the number 60 into two 
fucb partSy that the produS of their multiplication 

may atnount to 864. 

. N 2 SoLu* 
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Solution. 

Put X for one of the parts ; then will the other 
part hit 60 — Xj and tbeprodud of their multiplica- 
. tion will be Sox — xx ; whence the equation will be 
60X — xxzzSS^.', therefore ^x+ 864— 60;^', and x;ri= 
jSox — 864: this equation compared with the .general 
one in art. 103, gives y^iri, 5zz6o, Czz — 864, 

B+s 

55^:3600, 4/fCzi — 3450, jj— 144, s = I2y — — 

D J 

""3^* — J"""^''"** therefore the parts fought arc 

24 and '}^S \ which upon tryal will anfwer the condi- 
tions of the problem. 

Obfervations upon the foregoing problem. 

Observation ill. 

In this problem we may clearly fee the neceflity of 
the unknown quantity's having fometimes two diftinft 
values in one and the fame equation . for here, if I 
put X for the greater part of 60, the lefs will be 60 
— x^ and the equation will be 6ox — xxzz^6/\. : fup- 
pole now I put x for the lefs part ; then the greater 
will be 60 — x^ and the equation will ftill be Sox — xx 
rz864; therefore, whether ^ be put for the greater 
or the lefs part, we ftill fall into the fame equation 
Sox — xxzuiSj^'^ whence I infer, that this equation 
muft either give us both the parts fought, or neither; 
fince no reafon can be fliewn why it fhould give us 
one part rather than the other. 

Observation 2d. 

Hence alfo we fee the neceflity fometimes of im- 
poflible roots, to wit, when the cales of problems to 
be lolved by them become impoflible : as for inftancc, 
if any number, as 60, be divided into two parts, the 
nearer the two parts approach towards an equality, 

the 
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the greater will be the produft of their multiplica- 
tion ; and therefore if the parts be equal, the produdt 
will be the greateft poflible : thus if the parts be 24 
and 36, the produd will be 864'; ifthey.be 25 and 
35, the produd will be 875 ; if 30 and 30, the 
produd will be 900, which will be the greateft pof- 
fible : let us now for once put an impoflible cafe, and 
let it be required to divide the number 60 into two 
fuch parts that the produd of their mulnplication may 
amount to 901 •, here the equation will bt 6ox — xx 
ZZ901 i which being refolved according to art, 103, 

gp+t /Z^ 60— ^=1^ . ^ , ' 

gives xzz , or ; but thefe va- 

22 

lues of X may be reduced to more fimple terms thus ; 
— 4=:— iX+4 therefore v^— 4=:V^IITx^+4:ii^^i 

^~A. y — , 60 

X2 ; therefore iz:^ — t; but— ^130; there- 

2 2 

fore the two parts fought are 30+ ^— i, and 30 — r 
^— I, both which are impoflible upon the account of 
the impoflibility of '^— i ; and yet thefe two parts 
abftradedly confidered wi ll anfwer the conditions of 
the problem; for if^ — i be made equal to j, the 
two parts will be 30+5 and 30 — s whofe fum is 60, 
and the produd of whofe multiplication is 900 — ss\ 
but if s-=i^~i^ we fliall have sszz—i^ and — sszn 
+ 1, and 900 — J5~90i ; therefore the produd of 
the two parts, 30+^ — i, and 30— 'V^— i, amount 
to 901, as was required. 

Observation 3d. 

Laftly, we here alfo fee the nepeflity of both the 
roots of a quadratic equation becoming impoflible at 
once. Two impoflTible quantities added together, 
may fometimes make a poflible one, becaufe one 
quantity may be as much impoflible one way as the 
N 3 . other 
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other is the contrary way : thus the two impoffible 
quantities 30+i/— i and 30 — v^— i being added to- 
gether make 60, the impoffible furds + i/-^r and 

-— $/ — I deftroying one another.; but a poffible and 
an impoffible quantity when added together can never 
make a poffible one -, and therefore the two parts of 
60 in this problem muft eitlier be both poffible, or 
both impoffible. 

Problem 70. 

112. T^here are three numbers An continual proportiopj 
wberecf the middle term isjrxty^ and the Jum of the 
extremes one hundred twoityfive : fVhat are the ex- 
tremes ? 

Solution. 

For the extremes put x and 125— a*, and you will 

have this propor ion •, x is to 60 as 60 is to 125 — x, 

whence by multiplying extremes and means, yoii 

haye this equation, i2.p^x—xx'=z^6oo^ ox xx + 3009 

^1125^, or x'-'zzii^x — 3600 : here ihen-^zii, Bzz, 

J25, C= — 3600, 551=15625, 4.^Ciz — 14400, ss-±, 

B+s . B—s . . . ,; 

1225, ^=35, --^1=80, -^ -45, thererorem this 

equation, ^=45, or 80 ; but x reprefents either ex» 
p-eme, becaule, which extreme foever x is put fori 
the other will be 125 — x, and the fame equation will 
arife, to wit, 125X — XXZZ3600; therefore the two ex- 
tremes are 45 and 80 \ and they will anfwer the con- 
ditions of the problem ; for 45 is to 60 as 44 ^^ to I4, 
that is, as 3 to 4 ; and 60 is to 80 as 44 is to 44> 
which is alfo as 3 to 4. 

P R o B I, E M 71. 

113. It is required^ having given the fum or the diffi^ 
fence of two numbers ^ together with the fum of their 
Jfpiares^ to find the numbers. 

SOLV- 
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Solution. 

Cafe ift. Let the fum of the numbers fought be 
28, and the fum of their fquares 400 ; then putting 
X and 28— X for the two numbers Ibught, the fquare 
of the former will be xx^ the fquare of the httcr 
784— 36x+^x, and the fum of their fquares zxxi^ 
56x4- 784=1400 •, and the fame equation will ariie^ 
whether x be made to (land tor one number ©r the 
other ; therefore the two values of x in this equatioa 
will be the two numbers fought -, but if 2xx— 56X+ 
7843:400, we (hall have axx— 56x=:— 384 ; divide 
the whole by 2 for a more (jmplc equation, and you 
will have xx— iSxiz— 192 ; and xx=:28x— ig2; 
which equation being refolved according to art. 103^ 
gives XIZI2, or 16 ; therefore 12 and 16 are the two 
numbers fought. 

Cafe id. Let now the difference of two numbers 
be given, fuppofe 4, and let the funi of their fquares 
be 400, as before; then putting x for the lefs num- 
ber, and x+4 for the greater, the fum of their fquare^ 
will be 2xx+8x+i6-i^oo j whence 2xx+8x=:384, 
xx+4xi=i92,xx+4X+4z=i96,x+2iz±i4,x=:+i2 
or — 16 ; now it cannot be fuppofed that +12 and 
•^1$ are the two numbers required in the problem, 
for their di(Ference is 30, not 4 ; ' neither ought it ^ 
be expefted ; for when x was put for the lefs nu!?> 
ber, and x+4 for the greater, the equation was 2xx+ 
Sx+i6=400 -, but if X be put for the greater num- 
ber and conlequently x— 4 for the lefs, the equation 
will be 2XX— 8x4-i>6z=400, different from the for- 
mer ; fince then a different equation arifes according 
as X is put for the greater or lefs number, it cannot 
be expected that one and the fame equation (hould 
give both : the true (tate of the cafe is this ; there arc 
two pairs of number^ which will equally folve this 
queftion, and the equation 2xx+ 8^+ 161=490 gives 
the leflcr number, of each pair •, for if we make x= 1 2, 

N 4 and 
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andx+4=i6, the numbers 12 and 16 will folve 
the problem -, on the other hand, if we make ^m— 1 6, 
we flialJ havex+4zi-— 12, and the numbers —16 and 
—12 will equally foJve the problem ; for their dif- 
ference is +4, and the fum of their fquares -+-400; 
here then we may obferve, that affirmative and nega- 
tive folutions of problems are of equal eftimation 
in the nature of things, though perhaps not amongft 
men, the narrownefs of our minds contrading our 
views ; but truth ^oes juftice alike to all : certainly 
negative numbers differ no more from affirmative ones, 
than affirmative ones do from one another, which is 
in degree, not in kind ; and therefore in the nature 
of things, negative quantities ought no more to be 
excluded out of the fcale of number, than affirma- 
tive ones, though in common life they are fet afide. 

Problem 72. 

114. fFhat two numbers are thofe^ whofe fum is feven- 
. teen, and the fum of their cubes one thoufand three 
hundred forty three ? 

Solution. 
For the two numbers fought put x and 17 — x^ and 
the cube of the former will be xxx, and the cube of 
the latter 4913 — ^Sjx+^ixx — xxx^ as appears from 
thfe following computation : 
i7-;r 
17- X 



289 IJX+XX 

— lyx 

289 — -'i^x+xx 
17 — X 

4913—578^+17^^—^* 
— 289x4-34^^ 

4913 — SSjx+gixx-^xh 

Therefore 



Art. 1 14, 115. producing ^adrafic Equations. 201 

Therefore the fum of thefe two cubes will be gixx-^ 
867^+4913 = 1343, and the equations will be the 
lame, whichfoever of the two numbers fought x is 
made to ftand for; butif5iA?x — 867^+4913 = 1343, 
we (hall have 51XX — 867^ zz — 3570 ; divide the 
whole by 51, which though not neceflary, is how- 
ever convenient; to render the equation rnore limple, 
fince it may be done without fraftions, and you will 
have, XX — lyxzz — 70; which being reduced as in 
art. 103, gives xzzy^ or 10 -, therefore 7 and lo are 
the two numbers fought. 

Problem y^. 

J 1 5. Ltf there be a fquare wbofe fide is a hundred and 

ten inches ; // is required to affign the length and 

breadth of a reSangled parallelogram or long fquare^ 

wbofe perimeter fhall he greater than that of the fquare 

by fgur inches^ but whofe area fhall be lifs than tbi 

area of the fquare by four fquare inches. 

N. B. By the perimeter of a plain figure is meant 

the length of a line that will encompafs it round ; fo 

that the perimeter of a fquare is equal to four times 

it's fide ; and the perimeter of a re<5tangled paralle- 

logram is equal to twice it's length and twice it's 

breadth added together. 

Solution. 

Since the fide of the given fquare is no inches, 
it's area will be 12 100 fquare inches •, therefore the 
area of the parallelogram fought will be 12096 fquare 
inches : again, the perimeter of the given fquare is 
440 inches -, therefore the perimeter of the parallelo- 
gram fought muft be 444 inches ; thereforie half it's 
perimeter, or it's length and breadth added together 
mufl: be 222 inches; therefore, if either the length 
or breadth be called x, the other will be 222—^, and 
the area will be 222^ — x;ci= 12096; which equation 
refolved according to art. 103, will give xzzqSj or 
126', therefore the breadth of the parallelogram 

fougjit 
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ibught muft be g6 inches, and the length 126 inches : 
and thefc numbers will anfwer the conditions of the 
queftion •, for twice the length will be 252, twice the 
breadth 192, and the whole perimeter 444 ; more- 
over 126x96, or the area will be 12096, a« the 
problem requires. 

Scholium. 

This problem fhews how giofly they are miftaken 
who thinlc to eftimate the areas or magnitudes of plain 
figures by their perimeters, as if fuch figures were 
greater or Jefs in proportion as their perimeters were 
yy ; whereas here we lee, that the perimeter of one 
figure may be greater than that or another by four 
inches, and at the fame time it*s area may be lef^ than 
the area of that other by four fouare inches. This 
error, it is true, does not obtain out in low and vul- 
gar minds, nbr there neither any longer than Arhileft 
it continues to be a matter of mere fpeculation, and 
truth and falfhood are equally indifferent to them : 
for whenever men come to apply their notions, and 
find it their intereft not to be miftaken, then it is, and 
frequently not till then, that they begin. to look about 
diem, correft their errors, and entertain more juft 
and accurate notions of things. The greateft part of 
mankind have a natural averfion to abftraft think- 
ing, and where their intereft is not concerned, will 
father fubmit their opinions to humour, caprice and 
cuftom, or be content to be without any opinions at 
sti, than they will examine flridly into the nature of 
things. 

Problem 74. 

II 5. One ht^s a certain number of oxen for eighty 
piineas\ where ttmuji be dbferved, that if he had 
houghi four more for the fame money ^ they would have 
eome to him a guinea apiece cheaper : What was the 
immberof oxen? 
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Solution. 

For tlje number of oxen put ^ j then to ftnd the 
price of a fingle ox, fay, if x oxen coft 80 guineas, 

what will one ox coft .? and the anfwer is— ^ — j and for 

"•'■'■ X ^ 

the fame reafon, if he had bought 4 more, that is, 

x+4 for the fame mon^y, the price of an ox would 

■ ^ 80 
have been ; but according to the problem, the 

Jatter price Js lefs than the former by one guinea ^ 

whence we have this equation — — i zz -r — ; there* 

X x+4 

fore BO'^xzz ; therefore 80— xX4 + ^ or 320 

x+4 

+ 76X — ^xxziSox; therefore xx+Sox ziy6x+ ^20 % 

therefore w=— 4X+320. Here then Jzzi^ j5=:— 4, 

€1=320, BBzzi6y 4/C:=i28o, sszzi2g6^ J=3^, 

— i- =16, — = — zr —20 ; therefore x zi + 16, or 
2 J 2 J 

— 20 ; therefore the number of oxen was 16, the ne- 
gative root — 20 having no place in this problem ; 
and this number 16 anfwers the condition of the pro- 
blem j for it 16 oxen coft 80 guineas, one will coft 
5 guineas ; but if 20 oxen coft 80 guineas, one will 
coft 4 guineas. 

80 80 

N.B. The equation 1=:— — , gave 9c— + 

16 or —20, not becaufe the number — 20 would 

folvc the problem, but becaufe it would folve the 

equation i for if we make xzi--20, we (hall have 

80 * 80 

— =—4, and 1=— 5i on the other fide we 

X X 

80 
fluill have x+4=:— 16, and -sr— — —5 ; therefore 

it 
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if X be made equal to — 20* we Ihall have i iz 

X 

, becaufe both fides are equal to —5 ; and fo in 

^H-4 ^ ^ 

all other cafes we (hall always find, that the feveral 

roots of an equation will be fuch as will equally folve 

that equation, though perhaps thev may not be 

equally proper to folve the problem from whence the 

Equation was deduced : but of this more in another 

place. 

P R O B L E M 75. 

iiy. A certain company at a tavern had a reckoning of 
feven founds four Jhillings to fay ; ufon which two of 
the company fneaking off^ obliged the reft to fay one 
Jbilling afiece more than they fhould have done : What 
was the number offerfons ? 

Solution. 

For the number of perfons put x -, then to find the 

number of fill i lings every man Ihould have paid, fay, 

if ^ perfons were to have paid 144 fhillings, what muft 

144 
one man have paid ? and the anfwer is ; there- 
by 

144 

fore is the number of fhillings every man fhould 

^ . 

144 

have paid ; and for the fame reafon is the num- 

X — 2 

ber of fhillings every man did pay ; but according to 
the problem, this latter reckoning is greater than the 
former by one fhilling •, whence the equation will be 
1 44 1 44 1 44X 
hi — > therefore 144+;^— ; therefore 

X X 2 X 2 



X — 2 X i44+^> or ;rA^+i42x — 288 = 144;^ ; therefore 
XX — 288z:2Ar; therefore xxzzix+iH. Here then 
-^=I,5=:2;C=;288,5J5=:4,4//C=ii52,jj=ii56, 
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J— 04 =18, — 7-=— 16; therefore x= + 1 8, 

^ 2yf 2 A 

or — 16 ; but negative roots have no place in this fort 

of problems 5 therefore the number of perfons was 

1 8, which anfwers the condition ; for zi 8, and 

18 

P I^ O B L E M 76. 

118. What number is tbat^ which being added to if s 
Jquare root will make two hundred and ten ? 

Solution. 

For the number fought put x^ ; then will it'siquare 
root be x, and the equation will be xx+xzi2io, or 
xxzr — X+210; where ^zzi, Biz — i, Czz2io, 

BS=i, 4-^0=840, ^jjzz 84 1, J=:29, — ^ = 14, 

2A 

-^^:=— 15 ; therefore ;fzi+i4, or — 15 ; there- 
^A 

fore XX or the number fought equals 196 or 225, 

fuppofing the fquare root of 225 to be —15 ; and 

either of thefe two numbers will anfwer the condition ; 

for 196+141:1210, and 225— 15Z1210. 

Problem 77. 

' 119. What two numbers are tkofe^ the produSi of whofe 
multiplication is one hundred ninety two^ and thefum 
of whofe fquares is fix hundred and forty ? 

Solution. 

192 
For the two numbers fought put x and-^jthen will 

the fquare of the former be xx, and that of the latter 

? — ^,and the fum of their fquares will be xxH r* 

XX ^ x^ 
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£=640 ; which equation will be the fame, whichfoever 
of the two numbers fought^ is mlade tafian4forj 

but if** -f-i— _i=:640,' we fhall have *f*+36864=f , 

6i\.oxx ; and x^—G^ox"- — 36864 : here then ^=1, 
JB=640, C=:— 36864, 55=409600, 4y«:=-^ 

^4745^* Jj!i:262i44, J21512, -^ = 5^6, --IH/ 

= 64 ; therefore xx=5j6^ or 64 ; therefore x—-^ 
or —24, or -f or —8 •, therefore the two number^ 
Ibught are 8 and 24. 

Problem 78. 

120* One lays out a certain fum of money in goodu 
which be fold again for twenty *four poun^s^ and 
gained as much per cent as the goods cofi him : I di^ 
mand what they cojl him^ 

N. B. One's gain per cent is fo much as he gains^ 
every hundred pounds he lays out 5 or if lie does, not 
lay out fo much as a hundred pounds, his gain pet 
cent however, is fo much as he would have gained if 
he had laid out a hundred pounds with the fame ad-* 
vantage : thus if he lays out 20 pounds and gains 2 
pounds, he is faid to make 10 per cent of his monef^ 
becaufe 20 pounds is to 2 pounds as 100 pounds is 
to 10 pounds. 

Solution. 

Put X for the money laid out, and the gain will be 

24. — X 5 fay then by the golden rule, if in laying out 

xhe gained 24 — x, what would he have gained if he 

had laid out 100 pounds to the fame advantage ? and 

1 r Ml, 2400 — loox , _ 2400— lOOX 
the anfwer will be ; therefore 

X X 

will be his gain per cent ; but according to the pro- 
blem, this gain is equal to x, the money laid out \ 

, ^ 2400 — I OCX 

thereiorc ;;= ■ ■ > and *xz:2400-^ioo;r : 

X 

here 
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here then ^=i, fir: — loo, C=:2i40o, 5J5=:ioooo, 

4^40=9600, ^=119600, j=:i4o, -^-~.=:2o, — — 

2A 2/f 

=r— 120; therefore the money laid out was 2opounds| 
therefore his gain per 20 was 4 pounds ; therefore his 
gain per cent was 20 pounds, equal to the money laid 
out. 

^ Problem 79. 

121- One lays out thirty three pounds fifteen fiillings in 
clotbj which he fold again for forty fhillings per 
piece^ and gained as much in the whole as a fingU 
piece coft : I demand how he bought in his cloth per' 
piece. 

Solution. 

Put X for the number of fhillings every fingle piece 
was bought for, and the gain per piece will be 48 — x% 
fay then by the rule of proportion, if in laying out x 
he gained 48 — x^ what did he gain in laying out ^3 
pounds 15 fhillings, or 675 fhillings ? and the anfwer 

wiUbel!if^i:^; therefore 3!l22=±51wUlbe 

X X 

his whole gain ; but according to the problem, the 

wh6le gain was equal to x, the money given for a fingle 

\ r 32400 — 675X , - 
piece ; therefore xzz. ^ — ; therefore xx^z 

32400— 67 5x ; therefore -^= i, J5zi— 675, 0=32400, 

BBZZ4S5625, 4/^0=129600, sszi5S5225yS=y6^ 

B+s B—s , , 

— -•=45> — r="~720*» therefore x=+45, or — 

2jS. 2A. 

720 ; therefore the money every fingle piece was bought 
for, was 45 fhillings, and the gain per piece was 3 
jhiliings ; but if 45 fhillings gains 3 fhillings, 33 
pounds 15 fhillings, or 675 fhillings, will gain 45 
&illing9 ; therefore the whole gain was 45 fhillings, 
tqual to the money given for a fingle piece. 
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JV. B. It is not impoflible but that fometimes two 
ciifFcrent problems may produce one and the fame 
equation ; and then the equation muft provide equally 
for both : therefore in fuch a cafe, though the equa- 
tion has two roots, and both affirmative, yet it muli 
not be expedled that both roots fliould equally ferve 
for the folution of one problem, and that there (hould 
be no folution -left for the other ; we ought rather to 
conclude, whenever an equation gives vm> roots, and 
both affirniative, whereof one only will folve the 
problem that produced the equation; we ought, 1 
fay, rather to conclude, that the other root is for the 
folution of fome other problem producing the fa6ie 
equation ; a curious inftance whereof we haVe in the 
two following problems. 

Problem 8o* 

122. I'wo travellers A and B, fet out from two placei 
C and D at the fame time^ A from C bound for D, 
and Bfrom D bound for C •, when they met and bad 
computed their travels j it was founds that A had 
travelled thirty miles more than B, and that at their 
rate of travellings A expeifed to reach D in four days^ 
and B to reach C in nine days : I demand the difiance 
between the two places C and D. 

Solution. 

Put X for the number of miles between C and D \ 
then it is plain that A and B both together had travel- 
led X miles when they met j therefore as much as the 

X 

miles travelled by ^exceeded -— , juft fo much did the 

X 

miles travelled by B come ftiort of— j but by the fup- 
pofition, jff^ miles exceeded thofe of 5 by 30 ; therc- 
foit A muft have travelled — hX5 or • miles ; 

2 2' 

and 
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and 5 muft have travelled 15 or — — miles ; 

2 2 

therefore the remaining part of A^s journey is 

^ miles, which he expedbs to perform in four 

days, and the remaining part of 5*s journey is 

^ miles, which he cxpefts to perform in 9 

days : thefe things being allowed, let us now enquire 
into the number of days each hath travelled already j 

and firft for A fay, if A expeds to travel ^~3^ 

2 
miles ih 4 days, in how many days did he travel 

4X ^^ . • 

^i±l^iniles? and the dnfwer is ^^ 4X^+30 . 

21. ^ — 30 X — 30 

2 

theA for .5 fay, if i? expefts to travel miles in 

.2 

9 days^ in hew many days did he travel 



2 



miles? and the anfwer is ^ ^..^ therefore ^ 

hath travelled 1^^^^±^' da^^^ and S ^^^^^LZj^ 

4^yj| frotn the time of their firft fettjng out j but as 
they both fet out at the fame time, and are now met,? 
they iptift,!both ha ve -trav elled t he fam e number of 

days.j, therefore - — z=-^ — : multiply. 

both fides of the equati on into x— 30, and you will 

have 4 X x+30iz-^-r - ■ 5 agau:i mul-^ 

^ . *+30 ^ ^ 

tlply by af+30, and^ou will have 4 X ^+ 30 X 
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;c+30= 9X^— 30XAf — 30 % extraft the Iquarc . 
root of b oth fide s,, and you will have ± 2 X x+30 
— i 3 >?^ — ^^3^ • this general equation refolves itlclf 
iACafovtt* particular ones, viz. 



ift, '+ 2 X x+^o = + J X A^— 3Q - 

ad, + a x ;^+3Q = — 3 X y— 30 > 

3d, -r 2 x ;g + 3Q = + 3 X y— 30 * 

4cby —2x^+30 = — 3 X ^— 30* 

But a^ tlK^ two laft of thefe equations give but 
the fame values as the two former, I fhall only make 
life of the two former, t hus ; 

I ft, Suppofe 4- 2 X ^+30 = + 3X^ — 30, then 
we ihali have 2Ar+6o=jx— 90, and XZZ150. 

adiy, Suppofe + 2 x x+30 = — 3 X* — 30, then 
we (hall have 2x+66z=: — 3^+90* ^nd x=6\ there- 
fore the diftan^e between the two places C and D muft 
iiiihtr be i5rr mif^i^, ot 6 mUes ; b6t 6 miles it c*h 
not be, becilufc when yf came up to 5, he had tra- 
velled 30 tf\i\^s mbrt than iS^ and had not yet reached 
D -, therefore the diftance between the two places C 
and D muft be igo miles.-, which will fatisfy the 
problerti; for then yf, muft h^Ve travelled 75+15, 
er- 9e-fniles, and S 75 — 15, er 6e miles, from the 
time of their fettgig out y th^lf^foYe yf has- 60 milesi^ 
and,J9;00 to travel i but if ^ couM- travel 60 miles 
n 4 diys^'h^ tffufty at thef f^md nWy hx^rd tnlf etteA 
9D miles iti 6 dilys^ and if iS' could travel 00 Mttcfi in 
0.days, he rrifuft hive tra^^^efled 60 iftiks-fidfo iji S 
days > therefore they both travelled, the famq number 
<rf:diysf^frdm fBp fiiTO of rtieif'flrft (ettm^ dufttc* 
the time qf their meeting, as the problem requires. 

Br o B L £ y 8i. 

123. Two travellers A and B, fet out from two places 
CaiidD at tbifasn6time\ AfromCmthad^gfsH 



Aft. I a J. producing ^adratic Efteations. s 1 1 

pafs through D, and B from D with a defign to 
travel the fame way : after A had overtaken B, and 
they bad computed their travels^ it was founds 
that they had both together travelled tbiiiy miles ^ that 
A badpaffed through Ti four days before^ and thai B 
at his rate of travellings was a nine days journey 
diftant from C : / demand the diftance between thi 
two places C and D. 

S o L is T i 0,1^. 

pQX X for the number of miles from Cto Di then 
it is plain, that ^ muft have travelled more miles 
than Sby X'y but they both together travelled * 30 
miles, by the fuppofition ; therefore as mqch as A*s 
miles exceeded 15, juftfo much jB*s niiles come fliort 
of 15; but the whole difference was x^ as above; 

therefore ^muft have travelled is A — or ■ » 

.miles; and B muft have travelled 15 — — or ' '^ » 
* . ■ 

miles s therefore A^% diftance from Dy after be had 

, feViirtAcfi 5, was ^^ — miles, whicJh he had tr** 

2 

Vislled in 4 days, and B^s diftance from C was 

^- — ^ miles, which by the problem he could travel 
2 

in 9 days ; therefore to find how many days eafch 

bad travelled already, fay, if J hath travelled 

•^^ miles from D in 4 days, in how many days 

ao-4-^ 
did he travel ^ — ^-^ miks fince his departure from 



e? andtheanrweris r— rst '^^f^y » ^&'^ 
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fay, if B could travel ;2 — — miles, the whole diftancc 
from C, in 9 dajs, in how many days did he travel 
— miles fincc his letting out from D ? and the 



anfwcT is ^—^ — — •, but as they both fet out at the 
30+Ar 

fame time, and A has now overtaken 5, they muft 

both have travelled the lame numbe r of days; there- 

f , ,, . 4 x30+^ 9x30-^ . 

tore we have this equation, — zz — • 

30- ^ 30+x 

multiply both fides into 30— x, and you will have 



9X 30— yX30"-y 



4x30+* = -2 — \o+x ' *^^^"' multiply 

by30 +y, and you w ill have 4X 30+x x 30-fx 
•= .9 X 30— X X 30—^ > but the produft of 30— Jr x 
30—^ differs nothing from the produft of .^— 30X 
j;— 30^ as will appear upon tryal, and will be fur* 

ther evident from hence, that 30— a?, and Af—30 differ 
no more from one another than an 'affirmative 
quantity does from an equal negative one, and there- 
fore each multiplied into itfelf muft give the fame 
produft , therefore the equation as it now ftands is, 

4x^+30 XPf+30 = 9X*— 30X ^—30 V but this 
equation is the fame with the equation deduced from 
the laft problem, which juftifies what I obfcrved be- 
fore, art. 121, that different problems may produce 
the fame equation •, therefore the two roots of this equa- 
tion will be 6 and 1 50,as in the laft article ; therefore the 
diftance between the two places C and D muft either 
be 6 miles, or 150 miles; but 150 miles it cannot be, 
bccaufe, after A had palled from C beyond 2), and at 
Jaft had overtaken 5, they had both travelled but 30 

miles ; 



Art. 1 2 J, 1 24- producing ^adratic Equations, zi^ 
miles ; therefore the diftancc from CtoDmuft be 6miles; 
and this number will anfwer the conditions of the pro- 
blem ; for then ^, when he had overtaken 5, had 
travelled 15 + 3 or i8 miles, and B 15 — j or 12 
miles 5 therefore j4 had got 12 miles beyond D in 4 
days time, and B was 18 miles diftant from C, which 
he could travel in 9 days ; but at the rate of 12 miles 
in 4 days, ji muft have performed his 1 8 miles jour- 
ney in 6 days ; and at the rate of 1 S miles in 9 days, 
B muft have performed his 1 i miles journey alfo in 
6 days ^ therefore from the tirr^e of their firft fetcing 
out to the time of yfs overtaking 5, they had both 
travelled the fame number of days, as the problem 
requires ; therefore the fuppoficion whereupon this cal- 
culation was founded, to wit, that the diftance of C 
from D was 6 mites, is juft. 

N. B. The folutions here given of the two laft 
problems, are, in my opinion, the moft natural, 
though fomewhat different from the reft. 

A L E^M M A. 

124. ^he fum of a feries of quantities in arithmetieal 
progrijjion may be had by adding the greateft and leaft 
terms together^ and then multiplying either half that 
fum by the whole number of terms y or the whole fum by 
half the number of terms^ cr lajily^ by multiplying the 
whole fum into the whole number of terms and then 
taking half the product : thus in the feries 2, 4, 6, 
8, 10, 12, where the leaft term is 2, the greateft 12, 
their fum 14, and the number of terms 6 ; the fum 
of all the terms taken together will be 7x6, or 14X3, 

or ——=42. This will beft appear by writing 

down the feries 2, 4, 6, 8, 10, 12, and then by 
writing down over it the fame feries inverted, I2, 10, 
8, 6, 4, 2 : for if this be done, 2, the firft term of 
the lower feries added to 12, the fiift term of the up- 

O 3 per 
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per ferics, (which is the (amc as the greatefl: ^nd leaft 
terms of the fame feries added together) will rnalc^ 
14; in like manner every tcfm of the lower' feries 
added to the next above it will make 14 ; therefore 
both the feriefes together will be equal to 14 as often 
ftdcen as there are terms in either feries, that is, ^ 
times 14, or 84 j therefore either feries taken alonq 
will be equal to 42. 

12 10 8 6 4 2 
2. 4; 6. 8. 10. 12. 

14. 14. 14. 14. 14. 14. 

The defign of this lemma is, to add the terms of 
a feries together, where only the greateft and leaft 
Iperms and the number of terms are known, or fup- 
pofed to be known ; the intermediate terms being 
either not affigned, or too many to be fummed up; 
by a continual addition. \ ' "^ ^ ^^ 

Problem 82. 

125. A traveller^ as A, fets out from a certain place, 
' and travels one mile tbefirft day, two miles tie fecond 
day, three the third, four the fourth, &Ci and five 
days after, another, as B, fets out from the fame 
place, and travels the fame road at the rate of twehi 
miles every day : I demand how long and how far A 
mufti travel before he is overtaken by B. 

Solution. 

Put X for the number of days A travelled before he 
was overtaken by B \ then to find an exprefljon for 
the number of miles travelled by him in that time, 
1 obfcrve that in three days A travelled over 1+2+3 
miles, that is, he travels over a feries of miles iii 
arithmetical progreffion, whereof the number of terms 
15 3) the greateft term 2, and the leaft term i \ in 

four 
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four days he travels over a feries whereof the number 

—Qt Derms is 4, the greatelt term 4^ and the leaft i ; 

I^Mierefore univerfally, in any numbet xoFdays, he 

muil [ravel over a feries of miles in arithmetical pro- 

greflion, whereof che number o^ terms is if, the 

greaccft term x, and the leaft term i *, but the Turn of 

the extremes of this feries is a'+i» which multiplied 

^by X the number ol terms, gives xaf+x, the haif 

■irhereof is -^ \ therefore by the lemma foregoing, 



will be the fura of this feries, andconfequently 



the miles travelled by ^ before he was overtaken : 
again, if A travels k days, B muft have travelled 
X— 5 days^ which at the rate of iz miles a day^ gives 
I25r— 60 for the miles travelled by B when he over- 
look vf; but as they both fet out from the fame 
place, and are now got together, they muft have 
travelled the fame number of miles \ whence we have 

is equation, rzitx — 60 1 therefore xx+xz^ 

24JC — 120^ therefore wzr^jx — 1^0 j compare this 
equation with the general one in art. 103, and yqu 
will have j^— I J ^=123, C^ — i20, BBz-^z^^^JC 

B+s B—s ^ , 
— 480, jjr-49, 5 = 7, r— '5> =8;therc- 



2/1 "' 2Ji 

fore x=8, or 15 : now for the better application of 

thefe roots to the folution of this problem, it mull be 
obferved, that the problem is m«re limited than the 
equation deduced from it j juft as if, in tranflating 
out of one language into another, the terms of the 
latter, inftead of being adequate to thole of the for- 
mer, fliould be found 10 be of a moreexcenftve figni- 
ficatioA : in the problem it is only fuppofed that 3 
qvcrtakes J^ whereas in the equation it is fuppofed 
that J and B are got both together by having travelled 
^Che fame nuipber of miles from their firft fetting out, 
B O 4 without 

■i 
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without fpecifjring whether this arifes from B\ over- 
taking A^ ur from yf s overtaking B ; both which 
in this cafe muft neceflkrily happen in the courfe oF 
their travels, provided they be but continued lung 
enough for that purpofe : for fmcc at firft, B is the 
fwifter traveller, whenever they come together, it 
muft arife from 5's overtaking A^ which happens 
after ^has travelled 8 days j then if we fuppofe them 
ftill to continue their travels, B pafles by Ay and con- 
tinues before him for fome time 5 but after 12 days, 
A becomes the fwifter traveller, and muft neceflarily 
come up to E again after he has travelled 1 5 days : 
therefore though the two roots, 8 and 15, will both 
anfwer the condition of the equation, yet but one uf 
them, to wit, 8, will anfwer the condition of the pro 
blem ; and that both of them will anfwer the condl 
tion of the equation, will be evident as follows* 

In 8 days A travels over a feriea of miles whereo; 
the number of terms is 8, the greateft 8, and the 
leaft I ; the fum of which ieries is 36 miles j but 
when A has travelled 8 days, 5 niuft have travelled 
3 days^ during which time^ at the rate of I2 miles a 
day, he aUb muft have travelled 36 miles ; therefore 
after A had travelled 8 days^ A and B muft neceffaril 
find themfelves together : again, in 15 days, ^f mu 
have travelled over a feries of miles, whereof the 
number of terms is 15, the greateft 1 5, the leaft i, and 
the fum 120 miles s but when y/had travelled 15 
days, B muft have travelled 10 days, which at 12 
miles a day gives alfo 120 miles % therefore now again 
A and B muft find themfelves together \ and confe- 
quently 8 and 15 equally anfwer the fuppofition con- 
tained in the equation. 

JV, jB, If we fuppofe B after 5 days to have begun 
to follow A^ and to have travelled only 10 miles a 
day, he could never have overtaken A^ nor A him, 
fo that in this cafe, both the roots would have be- 
come impoffible, as will be found by the rclblution 
of an equation founded upon this fuppofition. 

Problem 



: 
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Problem 83. 

126. // /> required to divide the number ten into tvoff 
fuch farts^ that the pfoduSi of their multiplication 
being added to the Jum of their fauares^ fffaj mfih 
feventyjix. 

Solution. 

The two parts fought, x and 10 — ^. 
The produft of their multiplication, lOX'-r^^x* 
The funi of their fquares, 2xx — 20X+100. 
The produdt of their multipli-'l 

cation added to the fum of p*— io;f+iOQz:7!5, 
their fquares, J 

Whence ^=^4, or 6 ; but this equation will be the 
fame, which part foever x is put for ; therefore th^ 
two parts fought are 4 and 6. 

Problem 84. 

127. // is required to find two numbers with the follow- 
ing properties^ to wit^ that twice the firft with three 
times the fcond may make fixty^ aud moreover^ that 
twice the fquare of the firji with three times thefquare 
of the fecond may make eight hundred and forty. 

Solution, 

For the two numbers fought put x and y^ and wc 

{hall have 

Equ. ift, 2x+3jr:6o, and 
Equ. 2d, 2x*+3/zi840. 

From the firft equation, 2x+^=6o^ we have 

60— 2y 
Equ. 3d, xzz —I and by fquaring 

ix>th fides we have 

Equ. 4th. xx=3foo~3^Qy+9jy, 

4 
J*roro thf fecond equation, ixx+^yj—H^t we have 
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Compare the two values oi xx in the fourth and 
§fth eqi^ti^ns, which mud neceflarily be equal one 

to the oJChcr, apd yoy will have 3 QO— 3 Qy+9:y> _ 
-^ — -4^ 5 multiply jboth fides into 2, by halving the 

denominators, and you will have - — — ^ 

zzZ^o-r-^yy » therefore 3600 — ^6oy -f gjy = 1 68.0 — 
6j^i therefore ^6oo^^6oy+i^yyzzi,6iO'^ there- 
fore i5;fj^-^36qy=:— 1920; therefore 15^^^=360^ — 
1920*, divide by 15 for a more fimple equation, and 
you will have ^>=:24j^— 128 •, whence j'zrS* or 16: 
fuppofe jF ;:;; 8, then fince,by the third equation xzz 

^, we fhall have;^zii8i fuppofe jy=: 16, then 

60— 2 y 

we (h^U have X or ^:=:6; therefore there are two 

2 

pair of numbers that will equally anfwer the; condi- 
tions of this problem, to wit, 18 and 8, and alfo 6 
«nd 16 : for a proof, let us firft fuppofe the numbers 
to be 18 and 8 ; and we fhall have twice the firft 
number with three times the fecond =36+24=60; 
and twice the fquare of the firft together with three 
times the fquare of the fecond equal to 648 + 192 = 
^40 : fecondly, let us fuppofe the numbers to be 6 
and 1 6 •, and we fhall have twice the firft with three 
times the fecond equal to 12+48=60*, and twice 
the fquare of the firfl with three times the fquare of 
the fecond equal to 72 + 768=840. 

Problem 85. 
128. To find four numbers in continual proportion^ imd 
fucb^ that she fum of the tzvo middle terms may he 
eighteen^ an4 that of the extremes twentyfeven. 

N§tej 
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NotCy Four numbers are faid to be in continual 
proportion, when the firft is to the fecond as the fe- 
jcond is to the third, and thp fecpnd If tp tlje fbird a$ 
ibe third is to the fourth. 

S O L U T J ON. 

For the two piiddle terms put y and jr, without 
Intending which is to be the greater ; then the cx- 
tren[>e next to y may be found oy faying, as ;^ is to ;f 

XX 

fo is X to tr-> and the extreme next to y may be 

^ound by faying^ a$ jf is to j' fo is j? to -^^ therefor^s 

, kx ^ yy J , . r ^'+y' 

the extremes are - — and ^^-^^ and their fum ; 

• , '■ y X xy 

^erefprjc the fundamental equations are ift, x+y:z: 

18, orxzziS'^y', and adiy, — ^-^—27, or 

x^+y^zz2yxyi inftead of x in this equation put 18—^, 
it's value in the laft, and you will have x^zzsS^i — 
97^J+543f*"^' » therefore ^^+^=15832 — 972^^+ 
S4yy 9 you will alfo have 27^9^ or 27jy x iS-^y =:486y 
—27^; thfcrefore 5832— 972;>+54xyzz486y — 2*jyyi 
tranfpofe 4865^ 7— 27jyj^, and you will have 8ijy — 
I458;f +5832=0 •, divide all by 8x, which may be 
. done without a fraftion, and you will havejy^— 18^+72 
zzo \ which equation being refolved, either by the 
general theorem or any other way, givesj^=z6, or 12; 
and fince the equation will be the faftie, whichfoever 
of the two middle terms y (lands for, it follows, that 
the two middle terms are 6 and 12 •, whence the ex- 
treme next to 6 is 3, and that next to 12 is 24 ; and 
^he numbers are either 3, 6, 12 and 24, or 24, 12, 
6 and 3, for either way they will anfwer the condi- 
^003 of the probkin. 
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P R O B L E M 86. 

129* There are three numbers in continual froporiimt^ 
whofe fum is nineteen^ and the fum of their fquares 
one hundred thirty three : What are the numbers ? . 

Solution. 

For the three numbers fought put x, y and z ; then 
fince by the firft condition, x is tojp as jr is to x^ hf 
multiplying extremes and means we have yyzzi:^z\ 
again, by the fecond condition of the problem we 
have A?+>+2z:;i9, and 19— ^z=x+2J, and (fquaring 
both fides) 361 — iiy^yyzzxx'\'2xz+zz\ (ubtraft 
yy from one fide ot the equation, and it's equal xz 
from the other, ard you will have ^61 — gSjzzx*-^ 
*z+2;*=:**+j*+2*=i33 by the third condition of 
the problem : having thus expunged both x and z at 
once, refolve the equation 361 — 38)^=133, and you 
will have y the middle term equal to 6, and i^—y^ 
or the fum of the extremes =135 therefore the pro« 
blem propoied is now reduced to this, t;/2:. Of three 
numbers in continual proportion^ whereof fix the middle 
term^ and thirteen the fum of the extremes are given^ 
to find the extremes : this problem is of the fame na- 
ture with that in art. 112, and being refolved, gives 
4 and 9 for the extremes ; therefore the three num- 
bers fought are 4, 6 and 9, or 9, 6 and 4. 

P R O B L E M 87. 

130. To find two numbers fuch^ that their difference 

multiplied into the difference of their fquares fkall make 
thirty two^ but their fum multiplied into the fum (f 
their fquares Jhallmake two hundred f evenly two. 

Solution. 
For the two numbers fought put x and y ; and the 
firft funda mental equation will be y— .j^xjc*— A or 
a?— ;^XA?-;»X^+;^, or ;tf*~-2;^j+/x^H^=32i therefore 

Equ. 
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Equ- I ft, x^—ixy+f 






e fecond fundamental equation 
272 i therefore 



K x+yxx^+y^— 



Equ, 2d, ^+j?* = 

From twice the fecond equation 
Jubtradl the firft, thac is, from 

fubtraft 



172 




32 



and you will have ^' + 2xy+j*::z-2 — ^ 



that is, x+y :zi 



512 



A?+Jf 



therefore jf + jf — 5 r 2 , and 



5f4-j:=i/5i2, or the cube root of 512 — 8 : thus we 
have got the fum of the two numbers fought, to wit, 
8 ; whence their difference may be found by the fir ft 

9 2 * 

equation, thus i ;?* — 2^9^ + yy:^ » , that is, x — y 

x^y 



therefore Jf— ;?, or the difference of the 



two numbers fought, equals 2 ; therefore the problem 
propofcd is now reduced to this ; Having givm eight 
the fum, and two the difference of the two numbers % and 
y, to find tbofe numbers \ and by art. 26 we fhail have 
Pf=5, and j^irj ; which numbers will anfwer the 
condicions of the queftion. 

JV, if. After wc had found x -f*j^, the fum of the 
numbers equal to 8, we might have found the fum of 
their fquares by the fecond equation, which gave ^*+ 






and then the problem would 



£:en reduced to this ; What two numbers are ihofe^ 
tm is eight f nnd the fum ef their fqtmns thirty- 
four f 
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four? which would have produced a quadratic equa- 
tion, as in art. 1 13, whofe tWo roocs would have been 
5 and 3i asrbefdre- 

P ROB L E M 88; 

131. To find izao numhifs fuch^ that their difference 
added io the difference of their fquares may fnakefrnv' 
teen^ and their fum ddded to ihe fum of their fquar^ 
may make twenty fixi 

Solution, 

For the two numbers fought put x and j, and you 
UriU have the two following equations j 

Equ. iftj ^— :)'+x*— ^=14. _ 
Equ. 2d, A: + r+J^*4:y^z::26, 
Add thtfc two equations together, and you will haw 
t^A'+aA^zz^VO, xx^t^-zzo^ and Af=+4, or— 51 
again, fubtraft the firfl; equation from the fecondi 
and you will have 2^^+2j-;i2, yy-^yzzS^ and y-^ 
i-f-a, or — ^3 \ and as thele two values of y were ob- 
tained wiehouc any manner of dependence upon thofe 
of x^ it is plain that either of the values of x may 
be joined with either of the values of j; and fo we 
have no fewer than four pairs o\ numbers which will 
equally latisfy the conditions of the equations, to wit, 
+4 and +2, +4 and — l^S and +2, --5 and— jt 
but it is the iirft pair only, which, confifting of tf* 
firmative numbers, is proper for the lojution of thf 
problem, thus;* the differ ertce of 4 and i \% a, the 
difference of their fquarcs 12, and 2+12^141 again^ 
the fum of 4 and 2 is 6, the fum of their fquares^ 20, 
and 5+20 — 26 : let us fte however how the other 
pairs will fatisfy the conditions of the equations; make 
then X equal to 4, j, that Is, +j^— 3, and you will 
have— ;?— + 3; whence ;f— J=r4-f 3=7> #*— j»= 
16— Q^7, and 7+7 = H> again/jf+yzr4 — ji::!* 
and x*+7*= 1 6+91=25, and 1+25 = 26; in the 
next place, make ^^—5, andj^:^+2j thenwefhall 

have 
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have K — -y — — 5 — 2 r: — 7, ^* — ^* =: 2 5—^4 —21, and 
— 7 + 2ir=i4i again* x^y~ — 5 + 2=1—3, and 
\ ff*-l-y=25+4 — 29, and — 3 + 29^26: laftly, make 
xzi — 5, and yzz — j, and you wilt have ^— j/— — 5 
+3=: — 2, and x^— jy*iz25 — 9=16, and — 2+16 
:=I4; again, x+j:^— 5— 3=— 8, and;v^+/=:25 
+ 9 = 34, and— 8+34:^26. 

Problem 89. 

132, What two numhers are iBofe, whofe fum^ when 
added togeiher^ is equal io their froduil when muUi^ 
plied together ; and this fum or frodu£i^ when added 
ia the fum of their fquares^ makes twelve ? 

Solution* 

For the two numbers fought put x and j, and the 
fundamental equations will be ift, x-^y^^xy i and 
fecondly, ;f+j+x*+j'=i2 : in the firft of thefe fun- 
damcnial equations, where x^^yziyx^ we have yx^^ 
x=j J but yx — X is the produft of _y — i xx^ or of 

bt:iC 



.^y. 



JfXJ'^-* J therefore xxy — 1=^4 ^nd x:^ -^ 

y — 1 

if ihftead ofx, this v^lue be fubftitutcd into the fecond 

fundamental equation, the equation will rile to a bi* 

quadratic^ for the refolution whereof, no rules have 

hitherto been given ; therefore to extricate OLirfelves 

out of this diiBcuIty, it will be proper to have re- 

courfeto feme other artifice^ by trying other pofinonSi 

as thus 5 for the fum of the two numbers fought put 

2;; then will z be alfo the produft of their multipli* 

cariofi, by the fuppofirion \ and fince this produib z 

added to the fun^ of their fquares gives 12, the fum of 

their fquares will be il — z\ but every one knows* 

that if to the fum o\^ the fquares of any two numbers 

be added their double produft, there will arife the 

fqbarc of their fum^ therefore iz^^z+tZy or 12 + z 

-:::%* I which equation being refolved, gives srz+4^ 
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€5?^ 5 and therefore the qucftion is now reduced to 
this ; H^hat two numbers are tbofe^ wbofe fum is fouvi 
and the product of wbofe multiplication is four ? for the 
numbers fought^ put x and 4 — x, and you will have 
4X— TXAfrz4 •, and changing the figns, Hx — ^:=:;, — ^4 ^ 
and conapleating the fquare, xx^-^^-^-z^o ; and 
cxtrafting the fquare root, x— 2 zz±o -, whence xzzi^ 
or 2, for the roots of this equation are equal 5 there- 
fore 2 and 2 are the numbers defircd in the queftion ; 
and they will anfwer the conditions ; for. in the firft 
place, 2+2±4— 2X2; and in the next place, 4 the 
fum of 2 and 2^ being added to 8, the fum of their 
fl}uares, gives 12. 

Corollary. 

From our firft attempt to folve this probleih we' 

thay learn thus much howevtr, that if any number 

whatever be made equal to y^ then jhc^fe two num- 

y 
bcrs J and -^^*- will always have this prdperty, that 

their fum when added together will be equal to their 
product when multiplied together \ thus if 3=j^, and 

confequently — = — ='^— , we fliall have 3+41= 44, 

^ J "~ ^ 
and 3 X T or |^r:4T ; whence it follows, that this 
problem cannot be folved in whole numbers in any 
other cafe than that we have here put. 

P R o B L E M 90. 

132* What two numbers are tbofe^ wb/fe fum added 
to tbe produSt of tbeir multiplication -makes thirty- 
four^ and tbe fame fum fubtraSied from tbe fum of 
tbeir fquares leaves fortytwo. • . ■ r - 

Solution,' 

Here to avoid all difficulties that would otherwife 
arife, put z for the fum of the two numbers fought} 
then fince this fum added to the product of their 

multipIicatiQa 
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knultiplication makes 34, the produft of their niulti- 
plicacibn will be 34 — 2 ; but this fum z fubtrafted 
tioai the ftto-trfthcir fqu^uxrs^.Jcm^ 412 ; therefei^ 
the fum of their fquares is 424-i^> to this add theif 
double produft 68— i.23, and you will have iio-i^at 
czrz* ; whence 2=-)-io> Off. ^nd 34—2=24 ; there* 
fore how the queftion is, fPHai tm numbers are tbofe^ 
nvhofi fum is tefiy and the produSl of their maltiplicatioH 
twefityrfwr^ acfdi^y.art. iii the4)^Jiumbei:s fou^c 
are4*and(5. ^ 

Whoever would fee more queftions of this nature, 
may confult Sachet^s comment upon the c^^d queftiort 
of the fifft book of i)/^i&«/«i7" Antfimetlci. 

N. S. Having now clpne /with, quadratic equations^ 
at leaft for a time,' it may pcrhapis be expedied^ that 
according to Atderof method l4)Duld proceed on td 
MUfttkms of i^gher forms i buc I (hall takts the liberty 
tor Q<ice to difpenfe ^^^^ that oietbpd^ not but^h^t I 
intend (6od wilting) to treat fully and diftinAly of 
Itheie e qu atio n s iiereafterv but in the mean time I 
think it more advifeabic to employ the reader's 
thoughts in *Jame other things, whfch. I take to lie JDf 
much greater importance^ and more proper for his 
ioforinatiQa^ ... - • ^ - * *^ 
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THE 



ELEMENTS of ALGEBRA. 



BOOK IV. 

Of general problems^ and general theoremt deduced 
from them; togetber with the manner (f ^lyingi 
md demmftrating tbefe theorems fyntSetically, 



The dejign of this fourth hook morefulfy es^lained. 



H 



i^/. 134,^ ^ITHERTO my yoong Analyft 
has been indulged for the moft 
part in a forr of mixt Algebra, 
where letters were put only for 
tinkaown quantities : but if he would reafon abftradt- 
cdiy upon his problems > and draw general concluQons 
from them, he muft put letters not only for his un- 
known quantities^ but alfo for fuch as arc known j 
and fo propofe and folvc his problems indefinitely. By 
this means, in the firft place he will obtain indefinite 
anfwcrs» which in many cafes arc much preferable to 
more particular ones, as they fuit and folve all parti- 
cular cafes to which they arc applicable! and in the 
next place he will be able to prove his work fynthcti- 
cally ^ which will not only confirm his former anaykf 
4 buc 



*■ 



d 




[34* ^35* ^^^ Theorems deduced frcm them, iiy 
bat Will alfo further inure and reconcile him to the 
operations of fymbolical or fpccious Arithmetic -, and 
fo render him entire mafter of this fort of computa- 
tion- A fufRcient fpecimen of this fort of reafoning, 
both in the analytical and fyntherical way, has al- 
ready been given in ot3r general theorem for the refo- 
lution of a quadratic equation, fo that no more needs 
be faid by way of preparation ; k remains therefore 
now, that we look back upon fome of the problems 
already folved, and fhew how to folye thenl over 
again in general terms^ as follows : 

K pROBLBM I. (See art, 26.) 

Hk35. What tWQ numbers are thofe^ wbofe fum is a, and 

V difference h? 

H^ S o L u T r O N» 

j?ot 9c for the lefs number; (ben will the greater be 
|f-^ii and their lum zx-^-k^^a^ whence ax^^a^^k^ 

ind X (the lefs number) will be — 



(the greater number) wi 



— ^ whence PC-^-i^ 

be^ JU-=^=^i^ 
2^1 2 



and the lefs 



{q the greater number is found to be 



where ii and ^ are left undeter- 



mined till fomc particular cafe of this problem is pro- 
pofed to be compared with the general onej and 
then the quantides a and ^ will not only be determined 
in that cafe, but the problem may be folvcd by the 
general theorem without any further anahi/fs\ As for 
example, let it be propofed, as in art, 26, to find 
two numbers whofe fum is 48^ and difference 14: 
here it is plain that a in the general problem anfwers 
to 48 in the particular cafe, and h to 14; whence 

aJrb , , , ^ 48^-14 62 

•*— (or the greater number) =: ' — =—=31, 



P 2 



9.^4 



or 



Ihi 



Of generd Prohtems 
fs number"! ^^^- 






ind — 

2 2 2 

jji fo that the numbers fought arc 31 and 171 
which will anfwer the conditions of the qucftion, 
j\gain, fuppofe we were 10 find two raMBbers whofc 
fom is 35^ ftnd whofc difFefence is 9 : in this cafe it i$ 
plain that a and h have other Cgnification&j for here 

*rr35, and i=9» Md therefore -^ (or the greater 

a—b 
number) witi be 22, and — (or the left number) 

TWillbe 13- 

Tliefe theorems are capable of being tranflatcd out 
of Algebraic language into any otlier; though to no 
gr^at porpofe that 1 know of, to fuch as under ftand 
any thif»g of fymboHcal Aridametic j for in my opi- 
nion, they appear much more diftinft as they are, 
and !efs iiabJe to ambiguity. The foregoing problem^ 
together with the anfwer belonging to ir, being trati- 
flaced into conimon Englifh, will ftand thus : 



pROBLEltf* 



// h required^ having given ibe fitm and differhtu 
any iwo numbers^ is find the numbers tbcmfehes. 

Anf. ift» Add the difference t6 the funty and ba^ 
the aggregate will be ibe greater number, 2dly^ Std^ 
trnB the difference fr&m thifum^ and half the remdndw 
will be the kjs number. 

That this is a true tranflaclon k plain : for what is 

-*- — but half the aggregate of the fum and difference 

added together ? and what is -^ but half the re- 

2 

. inainder^ after the difference is fubtraftcd from tke 

fum J 

• ? Wccome now^ in the laft place, to eximinc this 

» theorem 03 it ftands in general terms^ and to try whe* 



^ 



^ 



35. and Tbm'cms deduced frm them. 2^9 

ther it will anfwcr the cooditions of the problem in the 
letters thcmfclves. It was propofccl to find two num- 
rs, whofe fiam ia^^ahd whofe difference i^ i 1 and 



the anfwec was, tliat th« greater number was 



a+* 



i 



,nd the lefs 



a — b 



now that tbis is a true anfwcr^ 



ill be evident from a bare addition and fubttaiftion 
of the timnbers themfelves, without any^ther pria- 

iplcs i for if — be added to ^ their fum will 

— or ^^ which anfwers the fir ft co;iditioii of the 

from — !— » 
a 



>robJem \ and if 



a — b 



be fubtraded 



b 



lie rcmaindo: will be — or h^ which anfwers the fc- 

* 

Dond condition. 

This is that which is called a fynthetkal demoa- 
tratiop, and doubtlefs fhews the truth of the thco- 
;m to which it belongs » as well as the malyfis whereby 
kat theorem was inveftigated ; but not fo much to the 
fatisfadion of the mind : for a fynthetical demonftr^- 
don only fhews that a propofition is true ; whereas an 
ar^alytical one Ihews not only that a propofition is true, 
but why it is fo ; places you in the condition of the 
im^enter himfelf, and unveils the whole myftery. Syn- 
thetical demonftrations ufually require fewer principles 
than analytical ones, a$ will evidently appear, by com* 
■ paring bot^h, in this very example \ and ihis 1 take to 
>e the reafon why the ancients, generally fpcaking^ 
chofe to demonftratc their propofitions this way ; noc 
with a deOgn to coDceal their anai^ts^ as fome have, 
jnjuftly enough, imagined ; but becaufe this fort of 
lemonlt ration required fewer principles to proceed 
wpw* 4n^i lilQfe ,t09| fuch as were commonly known. 
^^ P 3 PaoBiBfii 



1 cli 

,1 WJ 
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Problem 2. 

%^6. What three numbers are tbofe^ whereof the Jim ef 
the firjiand fecond is a, that rfihefirft and third b, 
iindthat of the fecond and third c i 

Solution. 

Put X for the firft number fought ; then will the 
fecond number be 4u-^, becaufe the firft and fecond 
numbers together make a -^ for a like reafon the third 
number will be ^ — ^, becaufe the firft and third to- 
gether make i : add now the fecond and third nutn- 
bers together, and you will have a'\'h''^2Xs=sc ; there- 
fore 2X'\-c;^a'\-i ; therefore 2X=^-j-^— r ; and x (or 

the firft number) = -^ j fubtraft now the firft 

number ■ from a, or which is all one, add 

••> ^ "^ — to <j, and you will have the fecond aum- 

2 ^ 

ber equal to -. ] — =? — 2.-^-^=: 

2 4 ■ ?* ' - . 

■ ; again, fubtrai^ the firft number ^ ' 

2 2 

from ^, and you will have the third number equal to 

^a f-C j — —Ilfjinif ^„jj ^^s we h^yc 4II 

2 • I 2 

the three numbers fought, to wit, , 

l^he firft, di=:f , 

The fecond, fZI^, 

The third, 3d±!:£; ,;;•::::.■. 

To apply this general' folution to foflfie pkf ticulif 
eafc, I IBall make ufe of that in art. 42, where it wa| 



i 

fher 

E 



ft. 1 3 is. md Theorems deduced from them. 231 ^^^ 

quired to find three fuch numbers, that the fum of 
e firft and fecond may make 60, that of the firft and 
ird 8Dj and that of the fecond gnd third 92 : in 
is cafe ic is plain that ^=.60, ^=80, aad €=:qz i 

erefore ^ ■ or the firft number will ht ^4; 

2, 

-^ or the fecond number will be 36 j and 



^ — or the third numt)er will be 56 i which 

Hpumbers upon tryal will be found to be fuch as the 
^problem requires. But that the theorems here given 
^be not only true in this particular cafe, but ^re uni- 
^fcerfally fo, will befl: appear from the fynthetical de- 
^■ponftrattoa foUowinp^. 



iftr The firft number 



%-\'b^i 



, and the fecond numi- 



2 a 



being added together make — or a^ ac- 

^cording to the firft condition, the other quantities de? 
■ftroying one another, 

B sdjy. The firft number ^^^~^ > 



and the thirij 



K 
¥ 



^' I being added together mal^e — or 



i 



^y according to the fecond condition. 
Laftly^ The fecond number - ~ and the third 

number ^ — - '^ being added together make — or 

€f according to the third condition* 

This problem may aifo be folved fomewhat more 
elegantly thus: put s for the unknown fum of all 
the three numbers fought j then iff, |he funi of the 
fecond and third numbers be fubtrafted from s^ the 
ftim of all threc^ there will remain the firft number 

P 4 ts^ 



?3a ,Of-s^neral Proikmi .^ Boojc IV, 

tiqual to ^— ir ; in like manner 3> the fun^ pf ttio.firft 
and tljird numbers, fubtradted from\fV the Jtim of all 
jiree, ,I^eave&. tfce ftcpnd.aumber cquil to j— f.^; ^nil 
i^» die (uiri of tHc firft and'fecond numbcrs^^lufetrac^d 
frbfn J, the'fum of afl three, leaves the third number 
equal td sj^(i*y add now all the& three nutpbm.uh 
gether, to wic, j*— r> ^— ^ and s-^a; and thje .fuin 
wiy he 3J~^-*^— ^ J bwc the fum i& ^ by tlip ftrpv 

pofition i therefore gj— ^— ^— <=:^i and ^:^' ^ ' ^ V' "> 

whence we have the ToHowing theorem ; 

iV^^ T\rT^ • thm if (be nnmierf 2^ b Md c 

fe taken Uch^ar ds^ ah d fv^tra Seii /epirJil ^frims^th( 
three remainders s — ci' s— tr i?»ijf ? — a wilt iethf 
three mnihers fought^ in tnrder as ih^^ arefuppojed in 
^ ^nt^^ . Tteis if i9=^6a, izsi%Of.iSiA c^sgi^ as 

before, we ftiall have r^ or 5=; 1 1 $ ; ^i^nce the 

• ■ . • ". ' %. 

firft number will be 116—92 or 24, the fecond 116 
"•^'ffo or j6, a:nd riic rWrd rr6— .6a or* ^6. 

]^^/ /ir^^ numbers are thofe^ whereof the produS of 
ihe firft and fecond is z^ that of tJkfitJh and third b, 
'* ' iand^tBdt of ^e fecond and third c ? "' 

: ;P.ut p for.the produdt.of all the: thWfe .ntrilibtrs j 

then fince c is the produft of the t;wo. laff, we fhall 

liaTe the firft numbcTcqu^l to ^; for alilR fefafcw the 
rjfccpn^ tquals j, and the third, equate *i. and • the 
jfrodua? of all three iquah-^is/s'.ft'ircfort^^^ 



Demdnstratiok. 
-^XTy Of the proddft of the firft and fe:Ond num* 

befs, b, f- ::= v'^^; ^d fo of the reft, ' 

be H 

Problem 3, 

[37, it is required io find iw& nimhers wbofe difference 
is by and the Sffenme of wbofe fquares is a. 

SdLUTlOK* 

Put X for the left nomber* and confequently x-^-h 
fm che greater I then will the fquare of the Icfs num- 
ber be srxj chat of the grca^r TX-fs^x-f*^^, and the 
difference of their fquares zbx-\-bb=^a\ therefore 

2h^a—bby and x (the lefs number) =- — ^; whence 
H* (<he greater) = -^-f ^ = ^ ^ 

To- apply this general folution, kt It be required to 
find twd numbers whefe difference is 4, and the dif- 
ference of whofe fquares is 1 1 2 : here «r=i 1 2, b:=^^ 

hb—:\6^, • — P7^ = i2, ^ , ' = 16 ; therefore the 
2 ^ 2 If 

num_ber$ are ft and 16, The general demon Ibratiort 
iM follows ; if ihe kfs number -■—— be fubrradled 

from the greater ^ ' » their difference. wilJ bc-*j- 

or iy according to thc,f|rft ^ondifion of the pro- 

n — bi 
j^km^i again, the fquare of the lefs number -^%- is 
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^^~^lbb , and the - fquafc - of the greater 
^ is f^-H^+^V , fabt«a' the fquare .of the 

lefs from that pf the greater^ and you will have th« 

^jobh 
diflFerpnce of their fquares = -—rr = tf, as the fecond 

condition requires. 

Problem 4. 

138. Lett ands be two given muUipUcatorSy whereof 
X is the greater ; it is rehired to divide a given nunh 

^ 'h^ds d^into tm fttch partSy that the greater fart 
when^ tmUiplied into . tbeUfi tftulfipUcatinr. maif be equal 

^ to the t^s part v^ben ^tiplied^by the greater, tmti- 

^ pUcator'.] 

Solution, 

Put y.for the greater part, and a-^x for the lefs ; 
then will the greater part multiplied into, the left 
muitiplicator be jx, and the lefs part multiplied into 
the greater muitiplicator will be ar — rx\ but accord- 
ing \Q the problem, thcfe produfts are to be equal ; 
therefore sx^=:ar — rx, and rx^-sxz=:ar% butr^^+^A? is 
9€K r -^ J ; therefore xy,r.^$z=z ar\ and x (the 

greater of the two parts fought) = — — ; whence 

a ar ar^^^ as^-^ar 
a-^x, (the Ipfs p4rt) equal -—^q-js ^.jj^ " 

t=z -j^-; fo the greater part fought iS"vr» and 

the lefs —7-. . 

'• * * The AppLici'A'^'iaN. '^''•''^ ^'* '^ 
: Te-apply this, canon,. let it be required to divide 
34 iiito two f^ch parts, that five times one part may 



in. 138- and Tbesrcms deduced fnm them. 235 

be equal to feven times the oiher; here 4=184^ r tlve 

1 - T* ^^ 7X84 

greater multiphcatDr ^7, -1^5^ —r— =r ^-^ s=49» 
PBf^^= ^-^^ =35 V therefore the greater part i% 



■c 



49, and the lefs 35 ; and they will anfwcr the con- 
ditions j for firft, 49^-35:=84; and fecondly, 49X 
5=: 2 45=: 3 5x7. Again, let it be required to divide 
99 into two fuch parts, chat f of one part may be equal 
IQ ^ of the other ; here ^==99, r^, s^\, r-f-J= f t> 
r ^ _ ^ ^ _ ^ _ r ^^ * 



fij 






H 



— 54> ~r =99 X tV = 45 * fo the two parts ar? 54 

and 45 *, which is true; for firft, 54-1-45=99 j and 
^econdly^ ^ of 54=36=^ of 45, 

As to the demonftration of this general folution, 
it muft be obferved that in this problem there are two 
^conditions -, firft, that the two parts, when added 
gether, muft make a \ and fecondJy, that the 
greater part multiplied into the lefs mukiplicator muft 
be equal to the Jefs part multiplied into the greater 
mukiplicator: as to the firft of the conditions, ir is 

certain that the parts — ;— and — r~ when added to^ 



;eiher will make 



but ar-^as = a Xr+Jj 



therefore 



dr-\-ns 



=:tfK— n^=^Xi^=^tf • as to the fe- 



ar 



^Tond condition, if the greater part -^ be mulfi* 
plied into J, the lefe multiplicator, the produ£b will 
be ^r- — I and asainj if the lefs part — r— be mul- 
into r, the greater multiplicator, the produft 

' ^ Will 




^iir alfo be 



ars 
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therefore the two produAsare 



equ^F, as the problem requires ; and ib the condhions 
are both farisfied, ^ £- /)• 

M B. If any one has a mtnd to dirow the forego- 
ing theorem into words, it txiay eafijy be done, and 
jft fuch a manner as almoft to carry its own evidence 
along with itv for by the rule of proportion^ r-f-j is 



rfr 



4XS 



Ifo r as ^9. to ""[ * s and rA-s is to ^ as ^ to-7^*> there 

forc> Js the fum of the two muUiplkaion is to . tbt 
preata- or lefs muUipUcator^ fo is the fum of tie tws 
parts fought to the greater or lefs part : and this, I lay, 
is pretty evident i for had r + J been the number (o 
be divided, the parts would certainly have been 
rand s ; theiefore if a greater or lefs nomber ibaa 

r-^s is to be divided* the parts ought to be greater 
^or kfs than r and j in the fame proportion. 

arti FHOBLEM 5, jH 

"139. £tf/ r and s ie two gruen muUipUcators whereof^y 
is the greater ; it is required to divide a given nunip' 
as a into iwo fuch partSy that r times one part keing 
ddded to s times the other m^ make fonts other givm 
mimkeTf as b. 

SOLUTiaN* 

Put X for the part that is to be multiplied by r, 
and confequcntly ^— at for the other part that is to be 
tnultiplied by j, and the produds will be rx and 
as^sx^ and their fom will be rx^as — s^:=^hi there* 
Ibrtrx^sx^zii^mf that is, xxr^i^s = ^^iis 1 therc- 

iJbre X (the part to be muklpfied by r) ^^-^I^s 

Uicref6rc 

The 



(the part to be myltipllgd by s) ^ 

df-^^ds — k^as ar^-;h 



r— J 



fzr$ 



* 



& 



Aw. 139. and SPbe^rmsdeSuni^frm theml %^^ 

The Application. • 

Let it be required to divide 20 into two fucb parts, 

that thre>: times one part being added to -five times 

the other may make 8Tf:.here tfcrzo, ^=84, rzs^s^ 

b — as 
s=:iy as=60f b — tfj==24, — r— (or the part to 

be miikiplied"by 5) =;;: ^^'tz:i i2,.^=:ioo, ar — i:=zxSj 

■■■ r (orithe part to be multiplied by 3) = V =*i 

therefore the pares fopght are 8 and 12 ; for {iv% 
154^1 2sts:20 ; and fecontlly, three times 8-^ five-timqd 
12=84. 

Again, let it be required to divide looilnto itwa 
fuch parts, that 4 of one part being fubtraScd from 
rj of the other, may leave 39 : here it mnft'be obfer-^ 
*yed,/that to fubtra£t 7 ot any one quantity from 

——2 ■ ' 

toother, 4s vthe ikme-as-io-add — ^of it; tJicrtfaie 

4 
this problem when reduced to die form of the general 
lone, ivili ftand thus : '^0 divide a hundred into, two 

yfoehparts^ that — of one fart j^eifig added to ^^ 

\6f l^e other may make'tbtriy-mne. Here '0t=2ioo> . 
. 5 — 3 5 • ^ 19 

.r-300 . , , h—as lu 

• ■ la 

=572, flrs= -g---— J-, <jr— ^ass -| j- =s 

• «^*~,- s5-~5;= 28 5 fo the two parts arc at 

i!ii " 
and 72 ; for 28 +7 2=100 ; and moitoVer I of 28^ 
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that IS, 21, fubtradted from ^ of 72, that is, frotn 
Hfo, leaves 39. 



The GENERALCEMONSf kATIOfr^ 

arts and — ■ — .'whetl added 

r— J r~s 



The two parts aind -- — >hetl added ' to*" 

^ r — $ r~s 



gether, make ^ — = =i=«x - — = a i 

again, the part ■ being tniiltiplicd into r, its 

prpper niiuitiplicator, gives -,. and ^e otbcf 

*part> '~" , multiplied into the other multiplicator 

5,,gives, — T~"i ^^ ^^^fe ^wo produSs together,, 

-., , .,, , br — ars-irars — bs br^^s . 

and they will -make ■ ' " sa — : — as*. 

If any one hereafter (hall think me too concife in 
the folutions of tliefe general problems, he muft have 
recoiiffe to the partictilar ones in the articles I flidl 
refer him to, which he will find explained more at 
large: and as to the application of thefe general 
folutions to thofe particular cafes, it is to be prefumed 
that by this time 'the learner will be able in fomc 
meafure to perform that part himfelf ^ and therefote 
I (hall for the future leave it to him, e)ccept where I 
fhalfthink my affiftancc may be of any ufe. 

Problem 6. (See art^ 35.) 

140. One meeting a company ofb^ars^ gives to each p 
fence ^ and has a fence over-, out if be would have 
given tbeM q pence apiece^ he v{ould have found h0 
had wanted h pence for that purpofe : What wai the 
mmber ofperfons ? . 

Solution^ 



A^t. 1401141. and S'becfrems, deduced from them. ^^3.9 

.So MX T ION. 

The number of perfdns, it. 

Pence given, p oc. 

Pence in. all, ^^+tf. - 

The pence that would have been given upon the 
other fdppofition,. J ^. 

Another cxpreflion for the number of pence in all, 
f ^— *. ^ 

Equi qx — bzrzpx-^-a^n therefore qx — pX'-^b:=ai 
thereforef^ — /»x=z^4"^ ^ therefore;; (the number of 

perfons) =. — - — . 

Demonstration^ 

/rm\ h 

If the number of pcrfons^fae ^- , then the pence 

given will be ^itx^ and the pence in all wiUbe 
q—p . 

apJtrh » a _ ap^bp^aq—ap _ aq'\'hp_ ^ 

q-p'^l q-p q-p * ^ ' 

the number of pence that would have been given 

upon the fecond fuppofuion is ^ ■ ; and therefore 

the other exprcffion for the number of pence in all 

.-will be SJIX rr^^ZLC . and the perfeft agrec- 

' , . ^ i~P I q^p ' ^ \ 

ment between this account and the former, is an in- 
fallible. argument that the number of perfons was 
rightly affigned. 

Problem 7/ (See art. 64.) 

.141. // is required to divide a given number as a into 
two fucb parts^ thai one part my he to the other as 
rtos. 

SOLtJTiOJf. 



A46 tf'genend Ptbhtem iBooictf*; 

Sol ITT tow. 

The two parts fought, m ^ a^w^.i 

proportion, x is to a--^ as t to/* . . 

Equation, sx^at-^rx^ therefore rflr+^xtorA'J 

therefore x (or the firft number) =:-*^-r-^ 5 thcjefori^ 

4—^ (or the fecond number) = !rT~~-2nrT ^ 

titerefbrethe two numbers arc rr-^'-aiKj rT^*' " *' 

t)EMONSTRATlO|^. 

tfti Tke two rtumbcrs — i— and — r* when added 
together raakc -rr^^^tf. 
5idJy, The firft number -i— is to tbe febaiJsl 

pumber — -j-^ as ^f* is to cj •, becaulc throwipg aWspf 

the common denominator is no more in reaiity tbail 
multiplying bo^h ^ fraft.ions by ic ; and ev^ry on(i 
knows, that the multiplication of two quantities* bf 
Ithe feme nuinber, makes no alteration in the progprt^ 
tion they bore one to the oiher : again, ar is to ui 
(dividing both by tf) as r to 5 ^ for it is «s well' known 
that a common divifion affedts proportion no thore 
than a common multiplication: fincethen the "ftril 
mumber is to the fecond as at War^ and Or i$ to i^ 
as r to J, it follows, that the firft mimber is to ctA^ 
fecond as r to ^. ^. £. Z). 

Problem S. (Seeatt. 660 
142. What numher is that^wUch hHvg f^ifitya^ 
to two pvenmmbersi a a greater numver^ and,bd 
lefs^ wiU make the former fum to the latter as vto s t 
therefore r muji be greater than Si 

^vtt6tf« 



Art. 142. and Tbi»ims deduaijrm tbm. fe4f 

Solution. 

Tbe number fQUghc, h. 

PrQpcrck>ii» a-^-K 19 xx> ^4'^ as f to i. 

Equation, Ifr-if-rxzauis^sx ; ^Ijercfore br-^-rx-^s^^ts. 

a5\ therefore rx—jx=:«j — br\ therefore .v=: :• 

Demonstration. 
The number ■^ ^r", .,, b^ing added to j, gives ■ > '■ m> - 

and the fame number being added to bj gives / ■■*; 

. . .» or — br :■ as^^s . , . - •• , 

WW IS to as ar-r-br is to af^^s^ . th^ 



is, as rx^ — ^ is to sxa- — ^, that is, as r to s. 
SUE.D. 

Scholium.' 

This problem was to find a number, which, b?ing 
icyeraliy added to a and ^, will make the fprmer fum 
to the latter as r to j j let u,s now change the .num- 
bers a and b one for another, as alfo the numbers r 
and s one for another, and then the problem will 
ftand thus: To find a number which being feveralfy 
laddidio b and a, will make the- former fum t$ the latter 
41/ s it* r : but the condition of this problem is exaftly 
/be faiipie with that pf the former, and therefore the 
^fwer ought ftill to be the fame; that is, as qhaag- 
sng a and b pne for another, and r and jr one fqr aup- 
t;her» had no effed upon the p. oblem, but left it en- 
tirely tbe fame as at firft \ fo if the expreflfion of the 
.nynEiber fought bejuft, the changing of nap^^oqe 
for another, and of r and s one for another, ought 
-to make no alteration in that expreflfion, and the num* 
Iw fought ought ftill to be the fame j fpr truth will 
lilways be coofiftent with herfelf. J^et us ^y this 
however, and fee what will be the efFeft of fuch a 
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change: now the number fought was — ^^i but 

upon this change, as becomes ^, and 3r becomes 
asy and r — s becomes j*»r, and the whole expreffion 

will be turned into thb, ; but is the 

s — r J— r 

lame as '■ j for chan^ng the fign of both the 

numerator and denominator of any fradion, no more 
aSeds the value of that fra6fcion9 than in divilion the 
changing of the fign both of the divifor and dividend 
zSc&s the value of the quotient : thus then we find, 
that the changing of a and b one for another and of 
r and s one for another, no more affefts the theorem 
for determining the number fought, than it did the 
problem from whence it was derived. 

Problem 9. 

143. // is required to divide a given number as zinte 
two fucb parts^ that the excefs of one part above 
another given number as b, may be to what the other 
wants of h^ as r to s ; fuppofing r greater than s. 

Solution. 

Put X for the greater part, and a—x for the lels ; 

then the excefs of x ab ove b will be x—b ; and the 

excefs of b ab ove a -^x will be x — ^-f"*, as appeal^ 

by fubtrafting a-^x from b ; but by the problem, the 

former excefs is to the latter as r to i ; therefore x—b 

• is to X— tf-j-^ as r to J ; multiply extremes and means, 

'arid you will have sx—bs=:rx — ^r-f-^ ; therefore* 

rx-^sx^=:ar — br^bsy and x (the greater part) =. 

ar—br- bs . ' , • a 

_ ; therefore a--^x (the lefs part) =- 

— ar-^-br-inls brA-bs — as ' \ ' 
'^rzjT — ^ f—s — ' greater part is- 



Art. i7f2* end Thebremi deduced from them. 24^ 

MT^br — bs J i , r hrA-bs — as 
, and the icfe part — -^ . 

Example. 
Let It be required (as in art. 41,) to divide the 
number 48 into two fuch parts, that one part may 
be three times as much above 20 as the other wants 
of 20: here «=:48, ^=20, ri=3, s^i i for to lay 
that the excefs muft be three times the defeft, is no 
other than to fay, that the cxdefs muft be to the de- 
feft as 3 to I ; the reft is eafy. 

The GENJERAL DEMONSTRATION. 

n. rr^, ar-^hr — bs . , , . ^ 
I ft. The greater part , and the lefs 

br-X-bs-^as . . j j j ^ ^.u i ar—as 

part — ' being added together make -: . 

r^'^s T'^^s 

z=ia : again, the excefs of the greater part above b^ is 

oT^^br—bs b ar-^br^^bs'^'^-bs ar^^ibr 

r — s I, r — s ^***' r — s * 

and the excefs of b above the lefs part, which is 

1 I r r L • b ---br—bS'\-as 

what the lefs part wants of ^, is -- — - — { — =: . 

br^J^s^^br—bsA-as >as — 2bs . r ,, re 

— -i — = 1 therefore the excefs of 

one 'part above b is to what the other wants of ^, as 

or — ibr . as--2bs , . , . . , 

IS to , that IS, as ar — 2br is to ^ j — ibs^ 



r — s r—5 



that is, as rxa^^ib is to jx^— 2^, or as r to j. 

Problem 10. (See art. 55.) 
144. There are two places whofe diftance from each 
other is a, and from whence two perfons fet put at 
the fame time with a defign to meety one travelling at the 
the rate of p miles in q hours^ and the other at the 
rati of X miles in s hours : I demand bow lor^ and how 
. farjacb travelled before they met, 

0^2 SOiWtVS^t. 
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Solution. 
The number of hours travelled by each, x. 

Miles travelled by the foft, ^. 

T X 

. By the fccond, — . 

By them both, V— ^ . 

Equation,-^ — | =^j therefore ^A?+—=sijj; 

therefore psx'^rx:=zaqs 5 therefore x (or the number 

of hours travelled by each) = — r — • now to find 

how ijnany miles the firft travelled, fay, if in j houn 
be travelled p miles, how many will he travel in a 

number of hours equal to -^ ? for a fbuith num- 
ber, I multiply the third number - f * by the fi^ 
cond/, and the prod uft is —~--, this again t di- 

yide by the firft number y, and the quotient is- f ■ ; 

for dividing the numerator divides the whole fraftion: 
l^ the fame way of reafoning, the number of miles 

travelled by the other will be found to be— f—: 

therefore the whole number of miles travelled by Wiem 

both is -^ — ; — ^=tf, which demonftnites the bin- 

tioii. 

' Example., 

' Xet the diftance of the two places be 154 miles ; 

let the firft travel at the rate of 3 miles in 2 hcmrs, 

^ and 
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and the lecond after the rate of 5 miles Ui 4 hours ^ 

then wc O^ll have ^=1541 p=3, ?=2, r=5, 5=4, 

I .^9s 154x2x4 

';>J+?r 22 ~°^* ps-^jr^ tT 

—170: therefore each travelled 56 hours; the firft 
travelled 84 miles> and the other 70. 

Scholium. 
If in the foregoing probtem we change p into r and 
f into J, and vice versa^ the confequence will be, that 
the firft traveller will now travel at the fame rate as 
the fecond did before, and the fecond at the fame race 
as the fif ft did before 5 but the motion whereby thefe 
CViro irtveUers approach towards each other will ftill be 
the fame, and therefore the time this motion is per- 
formed in, that is, the time that each travelled, muft 
Rill be the fame : let us then make the changes above- 
mentioned, firft in the expreflion of the time, and fee 
whether that expreOion will ftill continue the fame ; 
then let us make the fame changes in the two cxpref- 
fions of the mile^^ and fee whether by this means, 
thefe expreffions will not be converted each into the 
other : firft then, the expreflion of the time, which is 

■: J. ^ by changing p into r, and q into j, and vice 

ver/a^ becomes ■ , » which is tlie fame ^ ' ; ■ ■ 5 

i^ierefore the exprefiion of the time fuffers no altera- 
tion by thef<^ changes : fecondly, the number of miles 

travelled by the firft was — r-— , which after the 
changes abovementioned, becomtes — —-^ which k 
the fame as ^^.^ ■, the miles travelled by the fefiond; 
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and therefore i cor^erfo, the exprcffion ^ wilj 

be changed into the expreflion — ^— ; and thus will 

the cafe pf the firfl: traveller be changed into that of 
the/fcond, and w^ -yrr/i. 

Problem 15. (See a^t. 38.) 
149. What two numbers are thofe^ whereof the greater, 
is to the lefs as^>toc[^ and the produSl of their mul- 
tiplication is to their fufn as t to sf 

• Solution. 
- Put X for the lefs number, and the greater will bq 
found by faying, as j^ is to/, fb is x t{ie lefs number tq 

f^X I^X X 

— the greater 5 whence their fum will be —A — 
== . : on the other hand, if the greater numbei; 
.-— be multiplied into x^ the produdt will be 

1)XX 

— - 5 therefore the produft of thefe two numbers will 

f)XX 1)X'\^QX 

be to their fum as ^— is to '^ , that is, as px to 

p'\'q\ but according to the problem, the produft 

is to the fum as r to J ; therefore px is to p-)-? ^ ^ 

tos'y whence we have this equation, psx=:pr'\-qr\ 

'DrA^or 
and X (the lefs number fought) = ^ — ^', therefore 

' ■ , -■ $} ■••.•. 

pxz=i : 5 for dividing the denpminator multiplier 

Px 
the whole fraftion ; therefore — (or the greater nunji- 

ber)=^:±fl. 

Pbmok- 
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Demonstration. 
I ft. The greater .number is to the lefs as 

is to - ; divide ^-l"?^ ^Y ^^^^'f> *"^ ^^^ quotient 

will be I ; fo that we may now fay, that the greater 

number is to the lefs as — is to — , that is, as — 

qs ps' q 

is to — , that is as ^ is to i, that is, as^ is to a. 
■ ^ ^ . ^ r % 

2dly, The greater numbec ■ and the lefs ^-^ 

^ ^ V ps 

being added together make PP'^'^P^'^^P^^'Vws 

pqss 

_jprsjr^±Wi. but pp-\rm-\-n=^Mi 

therefore the fum of the two numbers fought is 

yJXj' + g' 
Piss ' 

jdly. The greater number;^--^-^ multiplied into 

d,e lefs ^^^ produces !!2<£5' 
ps, pqss 

' 4thly, Therefore the produft of the two numbers 

fought is to their fum as n2Si+l is m ^'^P+J ^^ 

pqss pqss . 

that is, as rr is to rj, or as r to s. ^ E. D. 

Problem. 17. 

151. ff^at two numbers are tbofe^ theproduS cfwbt^fif, 
multiplication is p, and the quotient of the greater 
divided by the lefs is q ? 

0^4 ^OLUTIOK 
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Solution. 

Put X for the greater number, and confcquently 
— for the Icfs \ then will the quotient of the greater 

xx 
divided by the lefs be — •, but according to theprob- 

XX 

lenO) this quotient eught to be f ( therefoift^-M 
ssj'; and xxs^pq^ and x (the greater number fought) 
^^M : again, fince xx=pq, we have ^:=:^=z^ ; 

and — (or the lefs number fought) =V^; fothat 
the greater of the two numbers fought is \/pj^ and 

the lefs V-. 
5 

Ex A MPL E. 

Let the produft of the two numbers fought be 
144, and the quotient of the greater divided by the 
lefs 16 ; then we fhall have />s=i44, qz=:i6y pqzzzi^ 

f) IA.A, i> 11 
X16, V^?=;i2X4~48; ^=-9-,n/^= =3$ 

y ID 2 4 ^ 

therefore thi numbers are 48 and 3. 

D£M0NSTRATI6K. 

l&^pq multiplied into ~ gives —s=:^j>i therc^ 

fore \/pq multiplied into V~ gives ^* 

?dly, |»y being divided by Z. gives ^ ^ ii^ 

therefore s/pj being divided hy yJ^ givcs^ j. 
^ £. A 

P«.OBI.«J« 
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P ROIL EM 21. (Sficart. 130.) 

155. ff^al two numbers are tkcfe, wbofe difference^ 
being muUipUed im^ the difference of their fquMrts 
will make a, and wbofe fum being multiplied into the 
fnm of their fgnares will make bf 

Solution; 
For the two numbers fought p ut x^Ay^ then 
according: to the firft fuppofition, x^yx^^^^y^ or 

y— jyXiv— jXAf+> or ^^— 2xy-|;y* x x -{-y = a j 
therefore 

Equ. ift, x»_2Xjf-|^*=^. 

Again , acc ording to the fccond fuppofition, 
^-|^X^*4->*==*; therefore 

Equ. 2d,x»+j^=j— . 

Fronni twice the fecond equation fubtraft the firft, 

2,'h 
thit is, from 2X* #4-2y^=r , 

find there will remain y^2xy-fy*=£:' ,j > , 

that IS, :v-^j ==— j— ; therefore ^-f-y = 2^— ^i; 

make 2^— ^=r% that is, put r for the cube root of 

%b-^a^ and you will have 

Equ. 3d,*'4^irr. 

Again, in the firft equation we had if^^^zxy-^-y^zs. 

a a . . » a .a , 

•=— , that IS, ;f — y =— ; make — = J J, that 



^^^— ^>— > ^/ -^» — ^ 



tSO Cf gaiaral Problem Book IV. 

is, put s for the fquare root of — , and you will 

have 

Equ. 4th, x—y^zs. 
Add the third and fourth equations together^ and 

you will have 2x=:r-{-j, andx=;— ^ — ; fubtra^the 

fourth equation from the tlurd, and you will have 

2y=r — J, and j=— 5 whence w? have the fol- 

lowing canon : 

Make 2b — a=r% and — = ss and the numbers 
' r 

fought will be -?^, and -^. 



Demonstration. 
The difference of the numbers — =— and is j, 

2 2 

and the difference of their fquares is rj, as is eafily 
tried •, therefore the difference of the numbers mul- 
tiplied into the difference of their fquares is r jj=s 

— =^ : again, the fum of the numbers — 21. and 
is r, and the fum of their fquares is ; 

2 ^ 2 

therefore the fum of the numbers muldplied into 

the fum of their fquares is j but r'=:2^— ii 

by the canon, and rjj=j by the fame ; therefore the 

fum of the numbers multiplied into the fum of the 

zb^-^a^a 
fquare is -!— =^. ^ E. D. 



?^0B1,l^ 
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Problem 22. 

156. Out of a comtmmpack of fifty-two cards^ kt part 
be diftributed into fev^ral diftinSi parcels or heaps in 
the manner following : upon the lowefi card of every 
heap let as many others ie laid as are fufficient to make 
up ifs number twelve ; as if four be the number of 
the loweft card^ let eight others be laid upn it ; if 
five^ kt feven j if a, let twelve — !»a, &c ; // is re^ 
quired^ having given the number of heaps^ which we 
fhdll call n, as alfo the number of cards Jiill remain- 
ing in the dealer* s band^ which we Jhall call r, to find 
the fum of the numbers of all the bottom cards put 
together. 

Solution. 

Let ay b; c, &c. exprefs the number of the bottom 
jcard in the feveral/ heaps: then will iz^-a exprefs 
the number of all the cards lying upon the bottom 
card of the firft heap, that is, the number of all the 
cards of the firft heap except the loweft, will be 12 — a ; 
tfierefore 13 — ^ will be the number of all the cards 
in the firft heap; for the fame feafon, 13 — 3 will be 
the number of all the cards in the fecond heap ; and 
13 — c the number of all thofe in the third, and fo on 5 
therefore the number of all the cards in all the heaps 
will ^be i3X«— ^— ^ — c&cc: make ^^-j-^'j-r &c. (or 
the fum of the numbers of all the bottom cards) =j^, 
?ind then we fhall have the nuipber of all the cards 
idravvn out into heaps zzzi^n—x-, but thefe, together 
with r, the number of cards undrawn out, makeup 
the whole pack 52 *, therefore we have this equation, 
J3»— .;c^-r=52 5 therefore x+52=:i3»-f-r-, there- 
•fore x^i^n — 52+r 5 but 52==: 1 3x 4 ^ th erefore 

I3»— 52=13x^—4; therefore ;^=i jx«— 4+^"' ^^ 
words thus : From the number of heaps fubtra£l four \ 
multiply the reft by thirteen \ and this product ^ added to 
ihe number of cards ftill remaining in the dealer's hand^ 
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will give the fum of the numbers of aU the bottom cards 
put together : as for exatnpley let there be three heaps, 
and thirty cards remaining ; now 4 fubcra&dd from j 
leaves — i ; this multiplied by ij elves -^13, and 
this produd added to 30, the nunnber of carcb re* 
mainiDg, gives 17 for the fum of the numbers <^ all 
the bottom cards. 

A more univerfal theorem is as follows : 
Ut n be the mmberofbe^ as before^ p the number of 
cards in a pack ; Ut as many cards be laidupon the kweft 
ef every heap as are fufficient to make up its number q ; 
4t9id la/ilyj let r be thenumberof remaining cards as before ^ 
and the fu m of th e nu mbers of all the bottom cards will be 
found to be (\'\'i% n-J-r — p. 

Problem 14. (See art. 1,11.) 

I5«. What two numbers are thofe^ whofe fum is a, and 
the produEl of whofe multiplication « b ? 

Solution. 

The two numbers fought, x and «— ^. 

The produd of their multiplication, au-^^^unsib 5 

whence changing the figns, xx-^^axzii — by and com* 

aa aa aa^^^^ 

pleting the fquare, xx^^^^x^ — — =-~— ^ = ■ 

zr— ; extrad the fquare root of both fides, that is^ 

4 

of x'-'^axA — -on one fide, and of — on the other, 
^4 4 

and you will have ;f — •— =+ — , and x= ■■■ j ■ \ 

whence the followmg canon : 

Make a a— 4 b=:8 s, and the greater number will bt 



Th« 
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The SYNTfltTICAL DSMONSTHATION. 

■ ift, —A— added to giva — — or ij. 

2dly, -•-— multiplied into "^ gives 



2 * ^ _4. ^ 

(by fubftituting— .jj-|-4^ inftead of — jj) ~ "* — 

4 

-^f;^ example t$ the foregoing canon. 

' What two numbers are thofe, whofe fum is twenty- 
five, and the product of whofe mukiplication is 144 ? 

Here ^=25, ^=144, aa--^^ or ^5=49, •J=7> — '— 
=16, — -"=9; fo the numbers are 9 and 16. 

Problem 25. (Seeart. 113.) 

159. What two numbers are tbofe^ whofe fum is a, and 
the fum of their fquares b ? 

Solution. 

. The two numbers fought, x and a-^x. 

The fquare of the former, x x. 

The fquare of the latter, aa-^iax-^-xx. 

The fum of their fquares aa — 2aX'\^2xx=ii 5 there- 

h —— ^7 a 

fore 2xx—2ax=:b—aa^ and xx-^axzzi , and 

2 

^ a a a a . h'^-^a 2h''-'*aa s s 

xx^-^axA = = =— ; extrafl: 

^4 4 ~ ^ 4 4 

a a 
the fquare roots, that is, the root of xx^^aX'\ 

on 
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on one fide, and of — on the other, and you wift 

4 

have X— -i=2-^ — i and ^=-=-5 whence the follow* 
2 —2 2 

ing canon: 

a4-s .' 
Make 2b-i-aa=ss, and you will have for the 

great & number y and for the lefs. 

2 

Demonstratioi^. 

a'\'S a'^^s 

i&i — r^ added to—— gives li. 
2 2 

2dly, The fquire of -4- ts — ! !— 5 th« 

^ 4 



fquare of — — is ^^ 5 and therefore the liino 

^ 2 4 

of their fquares is ' =: — ^-^= (by the 



canon) ^^i ^:s=b. ^E.D. 

i 

jin example to the foregoing canon. 

What two numbers are thofe, whofe fum is 28^ 

and the fum of their fquares 400? Here ^=28, 

, , ^ a-}r$ ^ as 
^=400, ib^^aa or 5j=i6, ^=4. =16, 

2 2 

s=:i2 ; therefore the numbers are 12 and 16. 

Problem 26. (See art. 1 14.) 

1 60. ^i&tf/ /w^ numbers are thofe^ whofe fum is a, and 

the fum of their cubes b ? 

Solution. 
The two numbers fought, x and a — x. 
The cube of the former, x\ 

the 
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The cube of the latter, «' — 3i^*^+3^* — x\ 
The fum of their cubes, a^^^^a^x^^^ax^^ib ; there- 
fore 3tfy-.— 3<i*Ar=^ — a^ ; divide by 3^, and you will 

^— ^' • ^ d a a a . 

have xx—ax=L -, and xx — ax-i = H 

3« ^44^ 

h — tf^ 4^— -tf* I Ai—a^ ss ^ , . 

■ = = — X = — ; extract the 

3a 12a 4 3« 4 

fquare root of both fides, that is, of xx-^^x-] 



ss 
on one fide, and of — on the other, and you will 

have X = + — and x=i -^=^ j whence the fol- 

lowing canon: 

4b — a' a-|-s 

Make =ss, and you will have ~ — for the 

3a ' -^ 2 -^ 

a ■ s 
ir eater number^ and for the lefs. 

2 

Demonstration. 
J ft, — i— added to gives a. 

2dly, The cube of — ^ is —^^ — ^ 1— , and 

'I.' u • r ^— ^ • a^—^a^s^^as^'^s^ , ^ 

the cube of is ^ ^ ; therefore 

2 8 

the fum of their cubes is ^ = ' ^ ■■ 

4 

d'-f-4^— ^' 

=r^ — * by the canon, =b. ^ E. JD. 

4 

y& example to the foregoing canon. 

What two numbers are thofe, whofe fum is 7, and 
the fum of their cubes 133? Here ^=7, ^=133, 



—J- or /J5;9, ^ss3, '~-f=55» 'Y"==^**^*** 
numbers are 5 and 2. 

Problem 27, 

161. It is required tofihi two numbers wh^fe, dijfwenet 
is d) and which dividing a given number as a» will 
have two quotients whofe difference is b. 

Solution, 

TIk two numbers fought, x and x4-^* 

a a 

The two quotients, — and — r-> 

Their difference, — . — r— 1= — fr^^h ^^ 
* X x-^d xX'^ax ■ ' 

■ /id , r 

fore hxx-\-bdx=iady and ;f«-|-<iif==: -«- j Chereforc 
. d'^d ad . id I W, ., " 

extraft the fquare root of xx-^-dx^ on one fide, 

and of — on the other, and you will have x-^- — =+ 
4 ^ 

—^ whence xz=l or "^ ; fet afide the nega- 

2 22 ^ 

live root, and you will have x (the lefs divifor) = 

J— ^ J — d d s^d 

-^, and x\d (the greater) =r-^ — 1^-=— ^5 

. and we (hall have the following canon : 

4ad s-4-d 

Make — r~-}-dd=ss, and jou will han)e — — 

s-^d 
for she great divifor^ and for the lefs. 

N.B. 



if. B. That --f?*f^ is an affirmative quantitf, is 

evident from hence, that 5 5=i ^^dd ; therefore 
J J is greater than ^^, and i greater th^.i; therefore 
-^^ is affirmative. 

2 

^e demonjlration of the cariM, 
* I ft. If the lc(s divifor be fubtrafted from the 

2 

sJl^d 

greater , the remainder will be d\ therefore the 

%■ . 

diflference of the divifors is d. 

• adly^ If the dividend a be fcverally divided by the 

two divifors • and -^1^, the two quotients will be 

— — ^and-^-^refpeftively, whereof the former will 
be the greater, as having a lefs denominator ; there- 
fore the difference of the quotients is — ^ jT^^^ 

xasAriad — 2asA^2ad And ±ad, , 

• j-j — • = , , = — 7 by the canon, 

= *• ^ E. D. 

An example to the foregoing canon^ 

Let it be required to find two divifors whofe 
difference is i, and which dividing a given number 
as 144, will have two quotients whofe difTerence is 2. 

Here ij =2:144, ^=2, J=i, --7— -^J^or ^^=289, 
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'j=i7,— -?=9, -^^^ = 8; therefore the divifors 
are 8 and 9, and the quotients 18 and 1 6. 

Scholium. 

If in this laft problem, we had put x for the greater 
quantity, and x^^ for the lefs, the equation would 

have been — j.-.— = bj or 7- = ^, which is 

X— a ^ XX — dx 

different from the former ; and therefore it could not 

b|5 expfled, that in that equation, the two roots 

fhould be the numbers fought, but rather the two 

different values of x, the lefTer of them. 

Problem 28, (Seeart. 118.) 

162. What number is tbatj which being added to its 
fquare rooty will make a ? 

Solution. , 

Put XX for the number fought, and you will have 
this equation, xx'\'ix:=za\ therefore yx-j-ix-|- 

— =: ^-t =^ ' " therefore xA = ±--; 

4*444 » 2 a 

therefore x = -^^^ or " ^ : If x be made =— ^t 

22 2 

70U will have x^= — ^ 5 ifxbe made equal to 

— S — ^I .,, , SS'\'2S'\'l , 

, you will have xxt= — ■ ; whence 

2 4 

the following canon : 

Make 4a-{-i=ss, and the number fought will he 

ss_2s-Ui ss+as+i V 7 /• 

— — ■ or — ' -, according as the fquare root 

to he added is taken affirmatively or negatively. 
/<•-'', -^'::<.v,\ Demon- 



./^^ 
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Demokstratio!*. ' "'^^ 

Cafe illy If to the number ~^^ be added its 

4 

affirmative fquafe root 1 or ^ the fum will 

2 4 

be —^^^ = ^, by the canon* ' 

4 ^ 

G^ 2'i, If to the number —^ — -!_ b^ added its 

4 

. - ^— I — 2J— 2 , ^ 

negative fquare root or- — , the fum 

2*4 

will again be - -^ -^^ ^ = a^ as before. \^ £. D* 
4 

PROBLEM31. 

65. /^/?/ two numbers are thofe^ whofe fum added to 
the fum of their fquares is a, and whofe difference added 
to the difference ^ their fquares is hi 

SOLt^l'lON. 

Put X zndy for the two numbers fought, and the 
fundamental equations will be ift, :v-|-j^-|-y*-|-jf*-s=:/7j 
2dly, X — y'\'X'- — f-^^b^ which equations when re- 
duced to order will (land thus 5 

Equ. \^yXX'\'x\-yy\y'±zd. 

Equ. 2d, Kx-^-x — yy--y:i=.h% 
Add thcfe two laft equations tog^thel"^ atid you 
will have 2Arx-^2xtiir<j-f-^ > whtnce xx-^-ixzzt 

*'^-^-*, and ^X^ixA — ^ ±= '-^^—A =;£ ^ ^ 

2 * '4 2*4 4 

2= — ; extraft the .root bf x^4-ix4- - — • brt one 
4 > V 4 

fide, and of --^ ori tbfe Other,, and you will hate 

IP-I-— *=i — , and *=-^^^t -agaiHi ftfbiraiSfe jhc 
• a 2 2 * 

R 2 'fe:5^^A 
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fecond equation from the firft, and you will have 

2/4" "^y ^ ^"^ > ^ y^'\'y = — '^> ^^^ j^*-f- y -{- 

I 2^—2^+1 SS . ,1 J 

•7= ; =-;;- ' whence;- +—=-,and 

j^ = -^^ ; whence the following canon : 

A&*^ 2a-)-2b-|-i=rr, and 2a— 2b-4-is=ss, 4md 
ym wiU have the greater number equal to — — » and the 

lefs number = -^ . 

Demonstration. 

The fum of — — and is -J ^ or 

2 2 2 

2r-^2j— 4 
4 
The fquare of —^ is ^-^^+\ 

^, r c •^— ' • ^*— 2j4-I 

The fquare of is - ' -. 

2 4 

Therefore the fum of their fquares i s ' >; 

add to this the fum of the numbers above found, to 

2f«4— 2J-^4. 

wit - — , and you will have the fum of thie 

numbers added to the fum of their fquares equal to 
i but r*4-^*=4^+2 by the canon ; there* 

fore rr-f-jj— 2=4^, and —J- , or the fum of 

4 
the numbers added to the fum of their, fquares, 

muals a : again, the difference of — . and is 

* *^ 2 2- 



'^ist i6$f i66. md Theorems deduced Jhm them, a 6* 

— — or — ~— i and the difFcrence of thcjir. Iqyarct 
24 ' ' ' 

is — ; therefore the difference of the nutix- 

4 ... . ., v.^ * ..fc 

bers added to the difference of their fquares is 

■= — by the canon, = b. ^E. DV " -- . * 
4 4^ 

An example to the foregoing canon. -'-^ "^" 

Let the fumof the numbers added to. the' fijiA^ 
dieir fquares be 26, and theii' difference added to the 
difference of their .fquares 14 1 and we flijJl^jtave 
4=^26, ^=14, la^-ib-^-i or rr=:^8I, r=:*9, 

— =4, 2J— 2*+i orjj==r25, j==5^-r— «=2 •, and 

fo the nuaibers fought will be 4 and 2. . 

_ •• ■ ' "^ • ■ • 

< Problem 3-2^^-. •^■^'jiiii':; *.::-. 

/. 
166. IVhat two numbers are, thpfe^ the Jum of whofe 
fyuares is a, tmdthtfroduS of their miitlpHtMkijt 
b? 

For die twa numbers fought put x ^ ^^^^ ^^ t^ 

' • . •- '3*"' ■ " 

fum of their fquares will be x*+ — =^ ^ » tberefi^B^fe 

+^*=tf;tf* ; therefore :r«^^««iii: -^ A*i and irt— - i»rx-{* 

4 4 . ■• :. 4 . -4 - . -^ :>.J?-,i--:-. 

rd6t of ^ — <j**-f" -~~ °o one fide, and of — -oh the 

. 4 . 4 ._., ,3 

Other, and you will have x*^^ sr:^ , and ^*= 



— ^s ana mice urn < 

2 ■ * . . . 

R3 .. "nJcJlSSCL 



-=^5 and firtcc this cquatiwi w^l be the.ianie,. 
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which foevec of the unknown quantities x is madeta 
ftand for, you will have the following canon : 

^kbifc^ aa--4bb:7ss, and you will have the fquarc of 
■-'.......' a«4*"S 

tif greater mmhr eyial to — ^, and the fquan of tb( 

fefi ejufiltq •^. . 

Demonstration. 
If the fquare of the greater number, which is 

-rd^y : be ' added to the fcjuare of the lels number, 

•j.f^ ,.*'_, ^ • 

Wh-fe'^^, the fum of their fquar?s will be ~ 
tfT fi : again, if the fquare of the greater number 
which is ^-2-^ be multiplied into the fcjuare of the 

Ie(s number which is *-—i^, the produft qf thefe two 

/ ^ '^ Ml u- ^^-^^^ <w— tf/y+4^*, , 

%9ares will be ^-^ — ^=s — ^. ^-^ by the canqn, 

4 " 4 

r= — =^^5 but if the fquare of the greater num- 

Ber inultipHcd; info' Sthe fquare of the lefi gives ib^ 
then the greater nu^iber multiplied into the lefs will 
givrifc :^E.D.z: 

'[-..ir.^ An €9C(mple U the foregoing canon. 

.,}:fi%^ the fun) of the fquarcs of the two numbers 
fought be 400, and the produd of their multiplication 
IQ2 j^then you will have ^=400, ^=192, ^*— iji» 

orj»=:i2544, j=ii2, — =— or the fquare of the 

r <.* *. t . ^ .' ■ 1 1 . . . . * . . * 

greater number =256, or the fquare of the lefs 

» ' ... 

number =1441 therefore the greater number is i^, 
4P(?.£ijciefM2, THIS 
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^Jn what cafes a problem may admit of many anfwers. 



j^L 1 68. 



I 



has already been obfervcd, that if 
^1^ I in any problem the number of inde- 

I^R M^ pendent conditions be equal to the 

^M; nomber of unknown quantities, fuch' 

^a problem will admit but of one folution ; or if it' 
admits of more, they will however be fo determined 
as to leave no room for arbitrary pofitions ; but if 
the conditions be fewer in number than are the un- 
known quantities, thofe that are wanting may then be 
fypplied by the Analyft himfelf atpkafurei and as 
I there is iafinite choice, it is no wonder if in fLich a 
cafe a problem admits of an infinite number of anfwers, 
cfpecially where fraftions are taken into that number ; 
but if the problem relates to whole numbers only, 
then the number of anfwers will fometimes be finite 
' and fometimes infinite, as the nature of the problem 
will bear. This will be fuffiGiently Uluftratcd by the 
l-wo following cxamplefi ; 



z 64 Probkm$ which adntii of muny anfwers. Book V, 

Example i. 

Ia$ ii he required io find two numbers wbofefum is equal ' 
i0 ten times their difference. 
Here putting x and y for the two numbers fought, 
it is plain that in this cafe we have but one condi- 
tion, and coofequently but one equation, to wit, 
3^-^^:=iOJf — loy^ which equation being reduced,! 

1 1 y 
gives ;^=;-—s and this is all the probkra requires* 

Here then it is plain that the Analyft is entirely at] 
liberty to fubftitute whatever whole number, mil 
number, or proper fraiSfckm he pkafeslbr y, provided ' 

he does but make ^=: — =^; and the two quantities 

jf and J? will folve the problem. As for inftance^ let 

— be put for^ j then will at or — ^"T» ^^^ ^^^^ 

two fractions 4f and ^ or /^ will folve the problem; 
for their difference is |» and their fum Y- ^^^ *f ^^fi 
be intended that x and j ihall both be whole numbers, 
then fuch a whole number mud be fubftituted for j^ as 
will admit of 9 for a divifor without a remainder : but 
of fuch whole numbers there is infiaite choice, as^ 
9, r8» 27, 36 i£c-^ therefore this queflion is cif^bk 
of an infinite number of anfwcrs, both in whole num- 
bers and fradtions. 

Example 2* 

l^$ it mm ii required to find ^two numbirs x and y, lAiJ 
product of whofe muUiplicatim is e^ud t& ten times 
their difference. 

Here the equation will bej^^ssio^ — loj^i which 

being reduced, gives ^s=-^^. Here it is pldn 

that;? muft be Icfs than lO \ for if j was equal to to-, 

the 
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the fraction — ^- would be infinite^ as will be (hewn 
10 — y 

in another place ; and if ^ be greater than lOj thea 

10— _y^ and confequently ^-^— will ht a negative 

qmntity* whereas the problem may be fuppofed to 
relate to affirmative quantities i>n'ly : however, as 
there is infinite choice of fraftinns between o and 16^ 
and -as any of thcfe may be fubltitutcd forj, the pro* 
blem will flill be capable of an infinite number of fo- 
luiionst if fraftions may be admitted ; but if it be re* 
quired that ^ and y be both whole numbcr*^» thert 
there cannot be above nine fuch numbers that can be 
put for y; nor perhaps all thefe neither, as remains 
in the next place to be (hewn. Now to find what 
hole number being put for j will bring out a; a whole 

tumber alfo, I reduce the quantity — ^ to a more 

|mplc one, by dividing iqy by 10— >-, or rather by 
-y^io, beginning with— ^^ thus : iqy divided by 
^y quotes ^10, which I put down in the quotient % 
:ien multiplying the divilor ^— j-^-io by —10 the 
juotient, I find the produd to be -|-Joy — ^loo* which 
Dcing fubtrafted from lay the l^videud, leaves 100 
for a remainder J but not inrcndini^ to carry on the 
divifion any farther, I reprefcit the reft of the quo- 
tient by the fraftion - — — ; fo a=: — ^*- — jo ; 

^ 10 — J ID — y 

therefore that x may be a whole number, it is ne- 

ccffary that be a whule number \ but this will 

be impoITible, unlefs io--y be fome one of the divi- 
forsof lOOa I mej\ fuch a number as will divide 100 
without remaiiisjer: I enquire therefore in the next 
placej how many fuch diviibrs 100 T«?ill admit of that 
are under lo; for fo long z%y is any thing, 10— j 
muft be Ids than to \ and I hnd four fuch divifors. 



^66 Problems wbiih admii of maw^ mfwers. Book V, 
CO wit, I J 2, 4 and 5 j therefore if lo—y be put 



equal to any of there, x or 10 muft come 

out a whole number j and it moft alfo come out afRr* 

mative; for fo long as \o~y is greater than nothioj 

loo 
and lefs than id» will always be greater than^ 

— , that is^ than 10, and confequently — k 

10 ^ ' 10—^ 

or ^ will be affirmative. Let us then fuppofe firft^J 

toy 



m— y:=i, and we fliall have y=::Q, and 

x^^o. adly, if 10— jr=2, we Ihall havc^^rS,] 
and 3f:=40- gdly, if 10— yr=4, wc fhall havc_y=6J 
and 5tf:=i5- Laflly^ if 10 — y^S-* ^^ ^^I' havd 
j^g, and x=^ioi therefore this queftion admits of^ 
4 folutions in whole numbers^ to wit, 90 and 9,1! 
40 and 8, 15 and 6, and 10 and 5; all which equally j 
anfwer the condition of the problem, as will appear 1 
upon trial. 
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BOOK VIL 

Of PROPORTION. 




Of the neceffity of refuming the doBrine ofpropor^ 
thn^ and removing fame diffiailties which feem 
to attend it as deiivered in the Elemmts. 

w^r/* 264."W'N the 15th and 16th articles of this 
rrcatifc I have laid down as clearly^ 
^^ m^ and yet as fuccinftly as I was able, 

^V the doflrine of proportion fo far as it 

^^elatcs to numbers and comnienfurable quantities, 
whereof any one may be confidered as fome muhiple, 
part or parts of another of the fame kind ; and it 
ierved well enough all ihe purpofcs ic was defigned 
for. But being in the ncxc book to apply Algebra 
to Geometry^ and fo to confider proportion as it re- 
lates to magnitudes in general whether commenfurablc 
or incommenfurabl^, I (hould come fcort of the 
dKeJlCetx gtometrica^ was I not to refume this fub- 

1"c<5t, and to confider it now in its full txtenc as ic is 
aid down in the fifth book of the elements of Geo- 
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merry* I might indeed have excufcd myfelf from 
this part of my taflc, and ftiould have been very glad 
to have donejtj^ by referring the reader at once to the 
clemenrs themfclves withouc any further afliftancc ; 
tut I could not withftand fome reafons drawn from 
experience, wliich to mc feemcd to plead very power* 
fuJiy to the contrary. 

I frequently obferve that moft of thofe who fee 
themfclves to read Euclid ^ when they come at the 
fifth book which treats of proportion, cither entirely 
pafs It by as containing fomething too fubtil to tJc 
comprehended by young beginners^ or elfe touch fo 
very flightly upon it as to be little the better for It^ 
and thus the doftrine of proportion (which is certainly 
the moft extenfive, and confequently the moft ufeful 
part of the Mathematics) is either taken for granted, 
or at beft but partially underftood by them. The 
ichemes there made ufc of are fcarce bold enough^ I 
had aim oft faid, fcarce complicated enough to affeft 
the imagination fo ftrongly as is neceflary to fix the 
ittentioni 

The firil, fecond, third, fifth and fixth propofidons 
are felf- evident, as well as fome others, and upon 
that very account create an impatient reader niuch 
greater uneafinefs than if they were farther removed 
from common fenfe \ becaufe the truths from whence 
thefe propolitions are deduced are not fo diftin£t from 
the propofitions themfelves as in many other cafes. 
But it ought to be confidered, that the perfeftion of 
all arts and fciences in general, and of Geometry in 
particular, is to fublift upon as few Erft principles or 
axioms as is poffible \ and therefore whenever a pro- 
pofition, how evident foever it may appear in itielf, 
can be deduced from any that is gone before, it 
ought by all means to be fo deduced, and not to be 
made a firft principlcy and fo unneceffarily to increafc 
their number. 

The defjgn of a geometrical demonftration is not 

fa much to illuftratc the propofition to which it is 

X ^sxaexed. 



A 
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annexed^ or to render it more evident than k would 
have been without it (though this ought certainly to 
be done wherever the nature of things will permit) 
as it is to fiiew the necefiary connexion the propofmon 
to be demonft rated has with fomc previous truth 4- 
ready admitted or proved^ fo as to ftand and fall to- 
gether^ whether fuch previous truths be more or left 
evident than the propofition to be demonftrated : I fay 
more or lefs evident 1 for it is not uncommon in the 
courfe of Euclid's geometry to meet with propofltiorfS 
demonftrated from others that are lefs evident than 
themfelves. For an inftancc of this we need go no 
farther than the twentieth propofmon ofthefirft book, 
where it is demonftrated that in every triangk a^ iwa 
fides iaken together are greater than the third : now it 
is certain that this propofition is more evident than 
that the external angle is greater than either of the in- 
ternal and oppofite ones ; and yet the former^ by the 
help of the ! 9th propofition, is demonftrated from the 
latter. 

But there is another reafon to be givto for demoii- 
ftrating fclf- evident proportions in many cafes, and 
particularly in this fifth book of the elements. A 
propofition may fomctimes be taken to be fclf-evident 
according to our narrow and fcanty notions of things, 
which when better underftood* will be found to be 
otherwife, Thefe propofitions^ to wit, that equai 
quantities will have the fame propartim to a thirds 
ihat €f tWQ unequal quantities the greater mil have a 
greater proportion to a third than the kfs^ and fomc 
others of the fame ftamp in the fifth book, are fuch 
as will pafs with moft for fdf-evident propofitions.j 
and fo they are without all doubt according to the 
common conception of proportionality; but whea 
they come to be examined according to the jufter and 
more extenfive idea Euclid has given of it^ 1 fear tUey 
will both, and the latter more efpeci4Jy> be found to 
wane demonftration. 
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In a pcrfeft and regular fyftem of elementary Geo- 
* iBCtry, fuch a one as ihat of Euclid may be fuppofifd 
to be, or at lea ft to have bcen» certain pro perries of 
Jines, angles and figarcs are to be laid down, and 
thofe ot the fimpleft kind, for definirions ; from 
whence, and from one another, all the reft are to be 
derived with the utmoft rigour, without the lead ap- 
peal even ro common fenfe* Common fenfe is by no 
means to be made rhe ftandard of any geomcErical 
' troths whatever, except fii ft principles : it's province 
^muft be only to judge whether a propofirion be duly 
•demonftraced according to the rules already prefcribed, 
that is, whether the necelTary connexion it has wiih 
any previous truth be clearly and diftinftly made out; 
when that is done, nothing remains but to pnfs ftn- 
^tence. Whilft the fcience continues thus circum- 
fcribed, no miftakcs, no diiputes can arife concern- 
ing it's boundaries I but whenever thefe come to be 
tran/grcfled, fuch a loofc will be given to Geometry 
that it would be impoflible to agree upon any othe/s 
whereby to re ft rain it. 

Thus much I thought proper to lay down concern- 
ing the nature of a geometrical dcmonn:ration, that 
young ftudents may not fometimes think themfclvcs 
difappointed, or not proceed with that coolnefs and 
judgment abfolut^^'ly neccffary tocondud them through 
the elements of Geometry, 

But as to the matter in hand, there is anothet dif- 
ficulty ftill behind^ which 1 believe^ is often a greater 
diicooragement to young beginners in their entrant 
into the doftrine ol proportion, than any which have 
hitherto been alledged, and that is the difficulty of 
underftanding and applying EuclicTs definition of pro- 
portionable quantiiJLS. But to take away all excufe 
from this quarte , I havc'hcre annexed a fmal! difler- 
tation conducing (as I take it) to clear up that defi- 
nition. It is an extreft out of Ibmc loolc papers I 
have by me ^ and therefore the reader muft not te 
iiirprifed if he finds fome things repeated here which 

hare 
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have already been mentioned in another parC of this 
book. 



tji vindication of the fifth definition of the fifth book of 
> Euclid's elements. ^. 

\ %6%, N* B. For a more diftinft underftanding of 
lirhac follows, it mutt be obferved, that By a party im 
the fenfe of the fifth hook of EucHd, is meant an aliquot 
i party and not a part as fart related to fome whole. 
Thus 3 is a part of 12 in Euclid* s fcnfe, as being juft 
four times contained in iti and though 9 be a pare 
of 12 in the fame fenfe as the part is dillinguifhed 
j. from the whole^ yet 9 in Euclid s fenfe is not a part, 
but parts of 12, as being three fourth parts of it. 
ift. ^ two quantities A and B be comminfurahte^ 
\ then A muft mcejarilj he either fome multiple^ or fomc 
t party or fome parts ofB. For if J and B be com- 
menfurable, then either B mufl meafure Jy or J mufl: 
jmeafure By or they miift both be meafured by fome 
third quantity : if B meafures v^any number of times^ 
fuppofe 3 times, then J will be 'equal to 3 times 5, 
and confequently will be a multiple of B: if -^mea- 
1 furcs B any number of timesj^ fuppofe 3 times, then 
jrfwillbe z. third part of 5, and confequently will be 
3 part of B: if ji and B do not meafure one the other^ 
let C meafure them both, and let C be contained ex- 
ai^ly in ^3 times and in £ 4 times ; then will a third 

Earc of ji be equal to a fourth part of 5, as being 
oth equal to Ci multiply both fides of the equation 
by 3^ and you will have f of ^ or ^ equal to | of 5 i 
I therefore in this cafe A is faid to be parts of B. 

2dly, ^ tWQ quantities A and B axe incommenfuraMe^ 
[^then A can neither be any multiple of B, n&r any pari 
^^fr parts of it. For if ^ was any multiple of By then 
^^B would meafure both itfelf and J^ which contradifts 
[ the fuppofition of their incommenfurabilicy : in like 
manner, if ^ was any pare of 5, then A would mea- 
fure both itfelf and B : in the lall place I lay that nei- 
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ther can A be any parts of J ; for if // was mj prts 
of 5s fuppofc 4- of A then ^ of 5 would meafurej 
both A and B^ which ftill contradifts the fuppofition : 
A indeed may be greater or lefs than fome part or 
parts of S, hut can never be equal to any j fo fubtil 
is the compofuion of continued quantity. As for in-^ 
ilancc; it IS dcmonftrated in art. zor, that the fide 
and diagonal line of a fquare are incommenfurable to 
each otncr: let then ^ be the diagonal of a fquare 
whofe fide is 5, and the fquare of A will be to the 
Iquare of 5 as 2 to i» as is evident from the 47 th of 
the firlt book uf Eudidy therefore A will be to J? as 
ibe fquare root ol z is to i *, but the fquare root of a 



is I .414 &fr. that 



. 14 
IS — * 
10 



or more 



nearly * or 

' 100* 



1414 



more nearly ftill — : whence it follows, that if the 

' 1000 

iide of a fquare be divided into id equal parts, the 
diagonal wifl contain more than 14 of thcfe parts, 
but not fo much as 15 of them j if the fide be divided 
into 100 equal parts, the diagonal will contain above 
141 of fuch parts, but not 142 ; if , the fide be divided 
into 1000 equal parts, the diagonal will contain above 
141 4 of fuch parts, but not 1415 i and fo on adtf^* 
nitum: therefore the diagonal of a fquare can never 
be exaftly exprefled by parts of the fide any more 
than the fide can by parts of the diagonal. The fide 
may indeed be fct off upon the diagonal, and fo be 
confidered as part of it, fo far as part of the wholes 
but the fide can never be exaftly exprefled by any 
number of aliquo: parts of the diagonal, be ihe& 
pares ever fo fmalL Limits may be found and ex- 
prclfcd by parts of the diagonal as near as pofiiblc to 
each utiicr, between which the fide fhall always con- 
fift, and by which it may be exprefled to any degree 
of exaftnefs except perfect exadtnefs. And thusalfa 
may approximations be made in the cxpreflions of 
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tnany other incgmmcnfyrable quantities one by an- 
other, 

3dly, From the laft fedion it appears* that If mo 
fmnfities A and B be incommmfm-ahk^ m multiple of 
mi can evir h equ^to any mukiple of the €tber. For 
if J for inftancf, 4 A could be equal to 35, then (di* 
viding by 4) A would be found to be juft \ of By con- 
trary to what has been above demonft rated. 

4thly, if four quantum A, B, C md D hi fuch^ 
ibat A is the fmm part Qr pm-ts of & ihat C isofD^ 
ibin are tbofefour quantifies A, Bt C and D faid tQ 
be proportionable^ or A is faid to have the fame propor* 
Hen to B that C hatbjo D. Thus if ^ be a fourth 
part of 5, and C a fourth part of D, then A will be 
the fame part of B that C is of D, and they will be 

q 

proportionable. Thus again, if^— -fi, and C= 

4 



8 
or M A—-B or 25, 

4 



8 
and C="-0 or 2D, or 
4 



H^ss — ^j5, and C:= — 23, la al! thefc indances 
Li 4 4 

[comprehending multiples under the notion of parts) 
n^ay be faid to be the fame parrs of 5 that C is of 
^Ji \ and therefore^ according to this definition, ^hath 
th^fame proportion to B that C hath to D which is 
true, and the mark of proportionality here given is 
infalhble, but not adequate to our idea of it j for 
though this mark be never found without proportion- 
ality, yet proportionality is often found without this 
mark. Proportionality is often found among incom- 
iBenfu rabies ; but it can never be tried or proved by 
jthe marks here given, I belie ve no body ever doubted 
that the fide of oncfquare hath the fame proportion to 
[jt*s diagonal that the fide of any other fquare hath to 
fit's diagonal *, and therefore A may have the fame 
[proportion to B that C hath to D, though A be in- 
commenfurable to B and C to D : yet who can fay in 
this cafe, that A is the fame pan or parts of B that C 

S \% 



tyi ^^VinMcatim of the fifth Befinitim Book Vlt 

is of i), when it has already been (hewn, that ^isnd 
pare or parts of 5, nor C of D ? This way therefore 
of defining proportionable quantities by a rimiUtudc 
of aliquot pans, cannot (in ftriftncfs of Geometry) 
be laid down aS a proper foufidation, fo as from 
thence to derive all the other properties of proportio- 
nality : for fince chefe properties are to be applied to 
incommenrurable as well as commenfurable quantities, 
it is fit they fhould be deduced from a fundamental 
property that relates equally to both. 

5thly, In order then to eftablifli a more general 
charadter of proportionality, I fhall aflTume the follow- 
ing principle which equally rejates to commenfurable 
and incommenfurable quantities \ and which* I be- 
lieve, there is no one who has ajaft idea of propor- 
tionality,, which way foever he may chufe to ex- 
prefs it, or whether he can exprefs it or not, but will 
cafily allow me, which is, that Iffmr quantities A| 
B, C mtd D be propcrtionaMe^ that is^ if A bos the 
fame proportion to B that C iath to D, it tvill then be 
impoJiMe for A to be greater than any part or parts of 
B, but C mttji alfo be greater than a like part or parts 
cfD} or for A to be equal to any fart or parts of% 
hut that C mufl alfo be equal to a like part or parts of 
D-j drfor A to be lefs than any part or parts ofB^ but 
that C mitji alfo be lefs than a like part or parts of D* 
Thus if ^ hath the fame propordon to B that C hath 
to p^k will then be impoffible for /i to be greater 

thani^eqfual to, or lefs than — of S, but C muft alfo 

be greater than, equal to, or lefs than — of D, This 

principle, I fay, is fo very clear that nothing more needs 
to befaidof it, neither by way of explication ordemon- 
flration : and if by the help hereof I can demonftratc 
.the convcrfe, we Ihall then have a general mark of pro- 
portionality asextenfive as proport'ionality itfelf. Now 
jhecoaycric of the foregoing proportion is chisi Ifibcre 
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h four quantitks A, B, C and P, and if the nature of', ^ 
ibefe qtmntities befucb^ thai A cannot poffhly bep^mier'' 
ibaUi equal ts^ or lefs thm^ any fart or parts ofB^ hut 
at the fame time C mufi necejarily be greater tbany equal 
/5, Qr lefs thany a like part or parts of D^ let thi num- 
ber or denomination of thefe parts be what th^ wiU\ I ^ 
fay tbiUr that A mujl itecejfarily have the fame propor* 
iion to B that C hath to D. If this be denied, let 
fome other quantity E have the fame proportion to I) 
that A hath to B^ that is, let A^ By E and I) be pro- 
porcionable quajntictes v then imagining the quantity 
D to be divided into any^ number of equal parts» fup- 
pofe 10, Jet £ be greater than 14 of thefe pares and 

lefs than 1 5, that is, let E be greater than — afid 

10 

lefs than -^ of D i then muft yf necefTarily be greater 

than — and lefs than — o^Bi this is evident from 
10 10 

the concefllon already made, fince A is fuppofed to 
have the fame proportion £o 5 that £ hath to D. But 

if ^ be greater than — and lefs than — ^ of 5* then 

C muft be greater than —and lefs than — of D by, 

the bypothe/fs ; the relation between A^ B, C and D 
being fuppofed to be fuch, that A cannot be greater 
or lefs than any part or parts of 5, buE: C accordingly 
muft be greater or lefs than a like part or parts of D. 
Therefore we are now advanced thus far, that if JS 

lies between — -and — of D, C muft alfo neceffkrilv 
10 10 ' 

lie betwixt the fame limits : now the difference betwixt 

^— and — of D is- — of D ; therefore the difference 
10 10 10 

betwixt C and £, which ]ie both between thefe two 

S 2 UkvIi.^ 
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limits muft be lefs 



than — of D* 

10 



This 15 



upon 



fuppofition that the quantity D was at firft di?idcd intc 
10 equal pans; but if inftead of lo we had fuppofec! 
it to have been divided into loo, or looo, or looooil 
equal parts^ (which fuppo fit ions could not have aK 
fefted the quantities C and £,) the conclufion woulfi 
then have been, that the difference betwixt C and 
would have been left than the hundred tb, or thoufandth, 
or ten thoufandth part of D -, and fo on adinfiniium: 
therefore the difFercnce between C and E (if there be 
any difference) muft be iefs than any part of D what* 
ever % therefore the difference between C and E is only 
imaginary^ and not real j therefore in reality C is equal 
to E. Since then C is equal to £, and that A *is to 
jB as £ is to D, the confequence muft be thilt ^ is to 
B as C is to A ^ E, D. 

Here then we have a proper charafterlftic of pro- 
portionality which always accompanies it, and, on the 
other hand, is never to be found without it, to witj 
that four quantities may be faid to be proportionable, 
the firft to the fecond as the third is to the fourth, 
when the firft cannot be greater than, equal to, or 
lefs than, any part or parts of the fecond, but the third 
muft accordingly be greater than, equal to, or lefs 
than, a like part or parts of the fourth : or thus ; Fmr 
qaaniiiiej 7m^ be faid to be proportionaMe as ab&ve^ when 
the firft cannot be contained between two limits expre£ed 
iy at^ parts of the fecond^ how near foever thefe Umili 
may approach to each other ^ but the third muft necejfaritf 
he contained between the limits exprejfed by like parts of the 
fourth. 

fichly. Had Euclid flopped here, without refining 
any further upon the criterion of proportionality deli- 
vered in the laft fcction, (for I dare venture to affirnit 
he was no ft ranger to it,) I doubt not but it would 
have given much greater fatisfadion to the generality 
of his difciples, efpccialJy thofc of a left delicate tafte, 

than 
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than that which he advances in the fifth book of hi« 
elements, as being more^ clofely conneded with the 
common idea of propordonality : but it was cafy to 
fcc» that in denionftrating feveral other afftdions of 
proportionable quantities upon this fcheme, there 
would then be frequent occafion for taking fuch and 
fuch pans of magnitudes, as there is now for taking 
fuch and fuch muhiples of them, the praxis of which 
partition bad no where as yet been caught by Eudid i 
uajt he rather feenas to have determined, as far as 
^pofllblej to avoid it, and that upon no ill grounds 
ieither> for the ufc of whole numbers is in all cafes 
Itly efteemcd more natural and more elegant than 
[that of fradionsj and the multiplication of quantities 
"las always been looked upon as more fimple in the 
>nception than the refoluaon of them into their ali- 
quot parts. It is for this reafon that Eudid never 
»fliews how to multiply a line or any other quantity 
•whatever J affuming the praxis thereof as a fort of 
ipojiulatum % whereas in the ninth propofition of the 
^fixth book of his elements he (hews how to cut ofF 
►any aliquot part of any given line whatever. Upon 
Jlhefc and fuch like confxderations it was that Eudid 
^refolvcd to advance his charafleriftic property of pro- 
^portionality one ftep higher, by fubfticuting multiples 
^inftead of aliquot parts in luch a manner as we fliall 
now defcribe ; and we Ihall at the fame time demon- 
(trate the juftnefs of his definition from what has been 
already laid down in the lalt fe£tion. The propofition 
10 be demon ftrated fh^ll be this : Jfibcre iefoar quan- 
tiiies A, B, C and D, whereof EA and EC are any 
equimuUipks of the Jirft and tbird^ and FB and FD are 
€1?^ father equimuhifki of the fecond and fourth ; and if 
now tbefe ^umitiiies are of fuch a nature, that EA can- 
not be greater tban^ equal to^ or lefs tban^ FB, but at 
she fame time EC muft ^lecejfarily be greater tban^ equal 
. lo, <?r kjs tbaHy FD, when compared refpeBively-^ he the 
ntdtiplicators E and F what they will : I fay then tbat 
^mujt necejfarily have the fame pr^pQrii&n to B ibat C 

S3 ^<^ 
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ibatb io D- Now that four quanticies may be uodcr 
fuch circum fiances as are here defcribed, can be 

qaeftioned by no one who has with any attention con- 
Iidered the nature of proportionable quamitics : for 
fyppofe A to be the diameter and B the circumference 
of any circle, and C to be the diameter and Z> the 
circumference of any other circle ; who doubts but 
that twenty-two times the diameter of one circle will 
be greater than, equal to, or Icfs than» feven times 
the circumference, according as twenty- two tin- es the 
diameter of the other circle is greater than, equal to, 
or lefs than, feven times the circumference- of that 
circle ? I now proceed to the demonftriicion of the 
piopofition* 

Jf it be denied that // is to fi as C is to Z>, Jet A be 
to B as G is toD ; and then fuppofing JD to be di- 
vided into 10 equal parts, let C be greater than 14. 
of thefe parts and lels than 15 : then (1 nee by the fup- 
pofiiioa Ajsiq B as G is to D^ we fliall have ^greater 

than — and lefs than ^ of ^ ; therefore to A will 
10 10 

be greater than 14 B and lefs than 15 B 1 but by the 

hypQtheJis^ no multiple of A can be greater or lefs than 

any multiple of B^ but the fame multiple of C muft be 

greater or lefs than a like mnhiple oFJD; therefore 

loC is greater than 142) and lefs than isDj there- 



fore C is 



greater than — 
10 



and iefs thaa -^ of Z) i 
10 



therefore if G be a quantity between — and — of U, 

C muft alfo be a quantity between the fame limits ; there* 
fore [he difference betwixt C and G muft be lefs thaa 

— of D, This is upon a fuppofuion that D was divid* 

ed into 10 equal parts ^ but C and G will be the fame, 
into what number of parts foever we fuppofe Z) to be 
divided i therefore if we fuppofe D to be divided into 

]€>Q| 
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;po, 1000, or igooo cquaJ parts, &c, the difference 
twixt C arid G might have been Ihewn to be lefs 
than the * hundredth, or the thoufandth, or the 
thoufandth part of D ; and fo on ad injinitumi 
erefore C and C? are equal, as was fhewn in the 5th 
iftioa. Since then yf cannot be greater than* equal 
:o, or left than, any part or parts of fi, but G muft be 
ireater than> equal to, or Icfs than, a like part or parts 
f A becaufe ^ is to 5 as G is to p ; and fince Q 
:annot be greater than^ equal tO| or lefs than, any 
aart or p^rts of D, but C muft be greater than, equal 
|o, or lefs than, the fame part or pans qf Z?, becaufe 
and C are equal ; it follows sic ^quo^ that A cannot 
greater than, equal to, or lefs than, any part or 
irts of 5, but that C muft accordingly be greater 
lan, equal to> or lefs than, a like part or parts of D ; 
Ind confequently that ^ is to 5 as C is to D, accord- 
ing to the mark of proportionality given in the laft 
fedion. ^ E, Z). 

Four qttanlittes then may he /aid to hi proportionalle^ 
thejirjl to the fecond as the third to the fourth^ when 
na equimultiples whatever can he taken of the Jirji and 
fhird^ hut what muft either be both greater tban^ or 
htb equal 1$^ or both lefs than^ any other equimultiples 
that can pofftbly he taken oj the fecond and fourth^ when 
compared reffeilivily. 

7thly, As number is a difcretc, and not a conri- 
nucd quantity, there js fuch a thing as a minimum in 
^^^he parts of number j whereas in thofe of extenfion 
^^Kh^re is none ; whence it follows, that the parts of 
^BOmber muft neceffarily be more diftin^, and for 
^Bhat reafon more affignable than are the parts of cx- 
BkenGon- Again, as all nuinbers are commenfurable 
by unity, every number may be, conceived either as 
u|bme multiple* or fome part, or fome parts of every 
Bother. Hence ic is that Etulid^ defining propor- 
tionable numbers^ malces life of the definition given 
|d the 4th feftion ^ fo unwilling was he to recede from 
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tbc common notion of proportionable quantities, whcr 
€ver the fubjeft he treated of would bear it- 

iflf ih/eviftth defimtwn $f tbejifth hok g/" Euclid. 1 

* 263. If it be allowed to be a fuffident nnark of thi* 
proportionality of four quantities, when tltcy are fo 
related to one another in their own natorca, that no 
equimultiples can be taken of the firft and third, but 
what mufl either be boch greater than, or both equal 
to, or both Icfs than, any mher equimultiples than caa 
poffibly be taken of the fccond and fourth ; then 
wherever it happens, or may happen otherwile, there 
can he no proportionality* As for inftance^ If in 
comparing equimultiples of the firft and third with ether 
€quimulttples of the fecond and fourth^ thin be ^ny cafes 
wherein the firft muUtple Jhali be greater than thefamd^ 
undyet the third not greater than tbefmrth ; or wheniH 
the firft multiple fiall he left than the fecondy and tl 
third not left than the fourth \ then the firft quanti^ 
will not have the fame proportion to the fecond that the 
third hath to the fmirth^ but either a greater as in the 
former cafe^ or a lefs as in the latter. Nay, and 
may add further, that if of four quantitiesy the firji 
hath a greater proportion fo the fecond than the third 
hath to the fourth^ there muft be cafes extfting^ whether 
ihofe cafes can be affigned or noty wherein of equimuU 
tipks of the ftrft and thirds and of other equimultiples 
the fecond and fourth, the firft multiple ft^all exceed the ' 
fecond^ and yet the third fiall not exceed the fourth : 
for if no fuch cafes were poffible, then the firft quan- 
tity muft either ha^e the fame proportion to the kfj 
cond that the third bath to the fourth^ or a Icfs : bot 
which are contrary to the fuppofition* Thus we have 
found the fifth and feventh definitions of the fifth boolfj 
of the elements both of a piece. 

fl 
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' A quejlkn arifmg out of the foregoing article. 
y 264* This is all that was necelTary to be obfcrved 
fconcerning the foregoing definitions; but if, having 
Eiven four quantities Ay 5, C and 2?, whereof^ hath 
|i greater proportioa to B than C hath to U, any one, 
for his own private fatisfaftipn* would know bow to 
find fuch equimultiples of ^ and C, and fuch other 
^bquiitiultiples of B and D, that ^s multiple fliall ex^ 
^^eed that of if, and at the fame time C% mulriple 
ihall not exceed that of D, it may be done thus: If 
the quanticits A^ 5, C and D be commenfurable, 
let their ratios be exprefled by numbers : as for in-p 
Jlance, ]et A be to 5 as 7 to 5^ and let C be to JD as 
" ,t03i then will 4 and 3, the numeral expreflions 
if the leflir ratio, be the mukiplicators required, if 
the terms A and 5, the greater term A be multi- 
[jlied into the lefler multiplicator 3, and the lefler term 
^ into the greater multiplicator 4; for then ^A (21) 
riU be greater than 45 (20), and yet 3C (12) wiU 
lot be greater than 4D (12), for the two laft mul* 
iples are equal. But if fuch multiples be required, 
'lat the firft mukiplc fhall be greater than the fccond* 
knd at the fame time the third multiple Ihall be lels 
^an the fourth, then fome intermediate fra&lon muft 
taken between ^ and |, and the terms of fuch a 
fraftion will be the multipHcators required. As for 

Iinftance, throwing the extreme fraftions into deci* 
feals, we have 4 = 1 ,4, and 4=== ^ '34^^* therefore 
11 any decimal fraction be taken between j ,4 and 
1 .34, fuch a fraftion being reduced to integral 
lerms will give the mukiplicators required. Let qs 

or -^j then will %A 

(56) be greater than iiB (55), and at the fame time 

|C (32) will be lefs than 1 1^ isi)* 

If the quantity jf be incommenfurable to 5» or C 
P^ or both to bothj find however ^ by fcholium 
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St 82 Cmcitning she fivmtb Difimfi^n Book VII, 
the fccoad in arc. 179 % fach numbers as will exprefs 
thefe ratibs as accurately as occafioa requires* As 
let the raiio of the number £ to the number F be 
nearly the fame with that of A to 5» and let the ratio 
of the number G to the number H be nearly the fame 
with that of C to D i then if either of thefe ratios, to 
,wit, the ratio of £ to F, or the ratio of G to /?, lie 
l>et ween the ratios of ^ to 5 and of C to D, the terms 
of the intermediate ratio will make proper mu I ti plica- 
tors ; but if neither of thefe cafes happen, fome inter- 
mediate fraaion muft be taken between the two frac- 
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Having' thus prepared my young ftudent for Eu* 
cU^s doftrinc ot proportion, partly by fctting him 
right in his notions of things, and partly by remov^- 
ing out of his way alt that rubbirti which feemed to 
block up his entrance to ir, I hope I Ihall now be able 
to condud; him through the whole with a great dealj 
of eale, and that he will meet with fewer difBcultiej 
m reading the following propofitions than an equal 
number in any other part of the elements : and yet a]|j 
I have done herein has been only to mitigate, as fapj 
as I thought proper, the rigour and fe verity of th?] 
author's manner of writings and to render his demon-r J 
ftrations more eafy to the imagination, which the cora-^l 
piler in his whole fyftem feems to have had no great - 
tendcrnefs for r but whatever I have done elfe, I have I 
taken care to preferve the force of the demonftrations^J 
and I hope, in a great meafure, their elegancy too. I 
have ufed no algebraic computations in demonftrating 
thefe propofi tions, except what may be juftificd by 
the antecedent ones -, as well knowing that thefe prin* 
ciples were never intended to depend upon arithmeti- 
cal operations, but rather arithmetical operations upon 
them. I have however^ for the reader*s eafe, made 
life of the finiplell algebraic notation. Thus A^B^ C^D 
lignify magnitudes of any kind whatever 1 £,F, Gf H 
• See the Quarto Edition, p. 2^5* 
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always fignify whole numbers, unlefs where notice is 

given ro the contrary j A-^B fignifies the fum of any 

:wo homogeneous magnitudes yf and 5 5 A — B their 

iiJfereoce, or the excels of A above B\ EA and FB 

fCgnify any two muhiples of A and 5, the iBultipli- 

cators being E and F\ ISc, I have fomerimes alfo 

ofed very eafy confequences of this notation \ as that 

fcif ^ — B be added to 5, the fum will be Ay which in- 

Weed is a general axiom, and faying no more than 

what if to any magnitude be added ihe excefs of a 

Igreater above it, the fum will be the greater magni* 

Tude. 

[The Fifth Book of EUCLID'S Elements. 

D E F I N I T 10 K S. 

265* I . A lefer magnitude is faid to be apart of a 
' great CTy when the lejfer meafures tbe greater. 

2, A greater magnitude is faid to be a multifk of a 
lefs^ when the greater is meafured by the kfs. 
^L Note. Our language is not nice enough to cxprefs 
^Kthefe two deBnitiuns as they are in the Greek and 
^HLatin. 
1^^ We may furrher obferve, that by thefe two defini- 

ktions every fimple quantity is excluded from being 
confidered either as a part or multiple of itfelf; for 
to be a part, in this lenfe, is to be lefs than that whereof 
it is a part, and to be a multiple is to be greater than 
if that whereof it is a multiple, 

^H ^. Ratio is that mutual relation two homogeneous 

^Kqud?itities arein^ when compared together in reffeSi to 

^^Sheir quantity. Thus the excels of 2 above i is equal 

^; to the excels of 4 above 3, and yet the ratio of 2 to 

I is greater than the ratio of 4 to 3 i that is, 2 has 

I more magnitude when compared with i than 4 hath 

' ^ when compared with 3 ; fince 2 is double of i^ and 

4 is not double of 3, But on the other hand, 3 hath 

. ^ greater ratio to 4 than i hath to 2, becaufe 3 hath 

lOre magnitude in comparifon of ^ than i hath in 
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Comparifon of 2 1 for 3 is more than the half of 4»| 
whereas i is but juft the half of 2- 

4. All qumiHtiis are faid to be in feme ratio or €tber^\ 
when they are capable of being jo muUiplisd as to €X€i€i\ 
me amfber. 

Note* By this deSnition^ ift. All heterogeneous j 
quantities are excluded from having any ratio one 
another* becaufe heterogeneous quantities are fuch^l 
that their multiples are no more capable af compari- 
ioQ asto excefsand defefl:, than the quantities thcm- 
iclves; a yard can never be mul EJ plied till it cxcecdf] 
an hour, &c. l^Iy^ All infinitel/fmall quantities ar 
hereby excluded from having any ratio to finite odchJ 
becaule the former can never be fo multiplied as tc 
cxceeed the latter. 

5. Magnitudes are faid to be in the fame ratio ^ it 
firft to the fecond as the third to the fourth^ wbm n$\ 
equimultiples can be taken of the firft and thirds but wb^t 
piufl either be both greater than^ or both equal tOy or both\ 
iefs than^ air^ other equimultiples thai em poffibij be takm 
€f the ficond and fourths 

Note, This and the feventh definition have been 
explained already. 

6. Magnitudes in the fame ratio mty be called pro*^ 
portionals, 

7* If there be four quantities^ whereof equimultipks 
^re taken of the firfi and thirds and other equimultiples 
efthe fecond andfmrth \ and ifairf cafe ean be affigned^ 
wherein the multiple of ibefirjijhall be greater than the 
multiple of the ficond^ and at the fame time the multiple 
ff the third pall mt be greater than the multiple */ the 
fourth V then of thefefour quantities^ the firft is faid to 
have a greater ratio io the fecond than the third hath to 
fhe fourth, 

8. Praporiion conftfts in a Jimiliiuds of ratios* 

9. Proportion cannot be exprejfed in fewer than three 
iertm : as when we fay that ^ is to 5 as 5 is to C- 

10. fFhenever three quantities are continual pr^or^ 
tionafsj the firft is faid i^ be t$ the (bird in a iupUcaie 



r 



ArL 265. 7h fifth Bmk e/ Euclid's Ekmnts. ^S$ 

raim of the firft to thefecand: md on ths other hmd^ 
ibefirji is faid i& be to the fecond in a fuhdup^cate ratm 
cfthefirfi to the third, 

11, If four quantities be coniinual proportionals, thi 
firfi is faid to be to the fourth in a triplicate ratio of ibi 
firft to theftcond ; and fa on, 

1 2. 7he antecedents of all proportions an called homo^ 
logous terms i and fo alfa are the confiquents ; but*^^^- 
ticedents and confiquents confidered together^ are never 
failed homologous terms^ but heterologous* 

Note. Thefe three laft definitions, though placed 
here* have nothing to do in the following fifth book, 
[bui in thefixth. 

13* Jlternate proportion is, when four quantities being 
proportionable^ the firft to the fecond as the third to the 
fourth^ it is concluded^ thai the firft is to the third as the 
fecond to the fourth ; the juftnefs of which conclufion^ 
as well as of all the reft that follow, will be fufficiently 
^p)ade out in the following propofuions: 

14. Inverfe proportion is^ 'O^hen four quantities beiffg 
proportionable^ the firft to the fecond as the third to the 

^fourth^ it is concluded^ th^t the fecond is to the firft as thi 
fourth to the third, 

15. Compojition of proportion is, when four quantities 
eing proportionable, the firft to the fecond as the third 

_ to the fourth f it is concluded, that the fum of the firft and 
fecond is to the fecond as the fum of the third and fourth 
^is to the fourth, 

16* Divijion of proportion isy when four quantities be* 
ing proportionable^ the firft to the fecond as the third to the 
fourth, it is concluded, that the excefs of the firft above 
^the fecond is to the fecond as the excefs of the third above 
the fourth is to the fourth. 

ij\ Converfion of proportion iV, when four quantities 
^eing proportionable, the firft io the fecond as the third 
to the fourth, it is concluded, thai the firft is to the excefs 
0f the firft above the fecond as the third is to the excefs ef 
\ the third above the fourth, 

m^ 18. // 
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1 8. ^ ever fo many quantities in one feries he ccfm" \ 
pared witbasmatPf in another \ and if from all the 
ratios in one being equal to all tbofe in tbe otber, eitber in - 
tbe fame or a different order j it be concluded^ tbat the 
extremes in one feries are in the fame proportion with ibe 
extremes in the' other ^ this proportionality of tbe rx- 
tremes is faid to follow ex aequo, or ex aequalitatc 
ratjonum. 

19. If all tbe ratios in one feries be equal to all, 
thofe in tbe other ^ and in the fame order^ this is called 
ordinate proportion ; and the extremes in tUs cafe are 
faid to be proportionable ex aequo ordinate, or barefy ex' 
«quo. 

20. If all the ratios in one feries be equal to alLibofe in 
tbe other, but not in the fame order ^ this is called .inor- 
dinate proportion ; and the extremes are faid to bepro^ 
portionable ex asquo pcrturbate. 

Thus if yf, B and C in one feries be compBgeA with 
JD, E and F in another ; and \f Ai^io BzsBltoEy 
and iff to C as £ to F, this is called ordinate; propor- 
tion, and A is faid to be to C as 2) to F ex aquo or- 
dinate^ or barely ex lequo : but if ^ is to Jf as E to 
I\ and 5 to C as D to £, this is called inordinate 
proportion, and A is faid to be to C as D to jF ex aquo 
perturbate. 

Proposition i. 

i66. If there be ever fo many homogeneous quantities^ 
A, B, C, whereof EA, EB, EC are equimultiples 
refpeaively ; I fay then^ that the fum EA +EB+EC 
will he the fame multiple of the fum A-^-B-^-^ 
tbat EA is of A, or EB of B, &c. 

For the multiples EA^ EB and EC may be confi- 
dered as fo many diftind heaps or parcels, whereof 
EA confifts wholly of As, EB of 5s, and £C of a j 
■and fince the number of As in EA is the fame with 
the number of B% in EB, or of Cs in EC, it follows^ 
tjiat as often as A can be fingly taken out of EA, or 

Bq\xi 



Art, 266, &C; TbefifthBook (fEvcLix>^$ Bl^i^ts. 387: 
S out pf E B^ or C ou t of JEC, juft fo often may the 
whole fum J'\-B '\-d be taken out o f the whole fum 
EA^EB-YEC'^ therefore the fum EA+ EB+EC 
is the fame multiple of the fum ^-|-£-|-C' that £-^ is 
of^,or£j5of£, (i?/. Sl^E.D. 

Proposition 2. . 

z6y. If EA and EB ^^ equimultiples of aty two quan- 
tities whatever A and B, ^?»i // FA, and FB ^^ ^^ 
equimultiple s of the fame ; /yiy then that the fum 
EA-4-yA will be the fame multiple of A that the fum 
ES^fFWisofB. . » 

For fince^^he number of As in EA is the fame with 
the number of 5s in £5 ; and fmce alfo the number 
of ^s in FA is the fame with the number of 5s in FB; 
add equa ls to equals, and the number of As id 
EA-^FA will be the fame with the numb er of jBs in 
EB^FU^.^tM; the fum^, EA +FA wi ll be the 
fame multiple of yf. that the fum £5-4-^5 is of J?, 
^E.D. 

Proposition 3/ 

268. If EA^ndEB ie equimultiples of any twoquan'^ 
tities whatever A and B, and ^/ 3E A and 3EB be 
funy equimultiples of EA and E3; I fay then^ that 
gEA and 3EB will alfo be equimultiples of A 
andB. 

This is evident from the laft propofition : for fince 
EA and EB are equimultiples of A and B \ and fince 
£A and EB are. again equimultiples of the fame, it 
folJowa from that propofition, that the fum 2£^ is 
the fame multiple of A that, the fum lEB is of B : 
again, fince 2EA 2Lt\d lEB are equimultiples of ^ and 
i&, and fince £^ MdEB are other equimultiples of 
the fame, the fum ^EA is the fame multiple of A 
that the fum 2EB is of Bi ^d fo on ad infinitum. 
^E.D. 
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Proposition 4« 

^69* If four quantities A, B^ C and D he propor^ 
iiombie^ A /^ B ^x C io D, ^^/^ if E A ^W EC ' 
rtify equimuUipki &f the firfi and tbird^ and FB 4»iJ 
FD fl«y e^/^^r equimultiples of the fecond and fourth $\ 
I f^ thm thai theft mtdtipks will alfo be prapor^ 
iiQnahky provided they be taken in the fame order ai 
the pToportionaUe quantities whereof they an multi* | 
pies I that //, that E A will be to FB as EC is ta FD. 
For let yEA und $EC be any equimultiples of 
EA and EC^ and le: 2FB and 2 FD be any other ^ 
equimultiples of FB and FD j then fiocc sE/f and 
g^C are equt multiples of EA and £C, and fuicc E4 
and £C are equimulriples of J and C, it follows^ 
frpm the laft propofition that ^EA and g^Carec- 
quimukiplcs of^andCj and for the fame neafortl 
2FB and 2FD are alfo equimultiples of B and D^\ 
Since then ex fypoth^^ j4 hto B as C is to D j an<f 
fincegfi/f and ^EC are equimultiples of jf and 
and 2i*S and tFD are alfo other equimukiptcs of 
and Z), it follows from the fifth definition* that gf/ 
cannot be greater than, equal to, or lels than» tfB^l 
but ^EC muft alfo be greater than, equal to, or left^ 
ihan, iFD, Again, fince we have four quantitteij 
£J^ FB^ EC, FDi whereof ^EA and ^EC rcprefcnt j 
any equimultiples of the firft and third, and zFB an<f 
zFD any other equimultiples of the fecond inc 
fourth ; and fince ^EA cannot be greater than, equall 
to, or lefs than iFB, but ^EC muft in like manner 
be greater than, equal to, or lefs than zFD^ it follows 
from the fifth definition, that thefe four quantities 
£^, FB, EC, FD are proportionable ; that EJ is to 
F£ as EC to FD. ^. £. D. 

Scholium. 

To this place is ufually referred the inverfion of 

proponion (though why to thi^, rather than to any 

Qlhcr, I know not \) that is, that if four qmrniitiii 
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Si' pr&pQrtwnahk^ they will alfg b^ inverfdy propor- 
iionabk ; as if A be i6 Bos C is io D» then B zvill be 
$0 A iw D /£? C. For Ice EA and EC be any equimul- 
tiples of -.iand C\ and' Ice FB and FD be any other 
equimultiptcs of B and D ; and firft let us luppofe 
/^5ro be greater than EA\ then will EA be lefs than 
FB : and becaufc J'nto B as C is to A £C wil! alf^i 
be lefs than FD by the fifth definition i and thcrefoie 
FD will be greater than EC: thus then we fee that 
if FB be greater than EA, FD will a!fo be greater than 
EC. And after thE^ fame manner it may be demon- 
ftrated» that if FB be equal to, or lefs than E/I^ FD in 
Jike manner will be equal to, or Jefs than EC. Since 
tKcn we have four quantities S^A,D,C^ whereof F5 and 
FD are equimultiples of the fir ft and third, and £y/and 
EC are other equimultiples of the fecond and fourth ^ 
and fmce FB cannot be greater than, equal to, or Irfs 
than EA^ but FD mufl accordingly be greater than, 
equal to^ or lefs than £C, it follows from the fitxh 
definition, that thefe four quantities 5, A^ D, C muft 
be proportionable*, that B mud be to y/ as D to Q 
\M.D. 

Propositi OK ^* 
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yo* If A and B iff any two homogeneom quantities^ 
whereof A is the greater^ and whereof EA and EB 
' are equtmuUi ples refp eflively i I fay then that the 
difference EA — EB will be the fame multiple of 
ihi differ enee A — B that EA is&fA^ or EB ofE. 
If t his be denied, let G be the fame multiple of 
—5 th^t EAh of J, or fiSof^i then we fliall 

ave two quantities A — B and B whofc l\im it 
and whereof G and EB are equimultiples ref- 
peftively ; therefore by the firft propofition, the fum 
C^EB will be the fame rnukrple of the fum J that 
£B is of B : but EA is alfo the faaie multiple of -f 
xhat EB is of 5 1 therefore G-\^EB h the fame mul- 
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tiple of /i that Eyf is of ^; therefore G-\'EB moft 
"be equal to E/fy take EB from both fides, and G 
will be equal to'EJ^EB: but G was the fatnc mul* 
.tiple of J^B tha t EJ was of yf, or EB of B ; 
.therefore EA—EB will be the fame multiple of 
J^B that £/i is of Ay or £i? of B. ^E.D. 

Proposition 6^ 

271. If from EA tf»i EB, equimultiples of wy tW9 
quantities A /?»// B, be fubtraRed FA ^»fi FB Mf 
other equimult iples of t he fame\ the remaind^ 
E aUFA and EB— FB will either be equal to the 
quantities A and B refpeilivefy^ or they will ke eqm- 
multiples of them. 

C A S E I. 

In the firft place, let the remainder EA-^EA 
be equ al to^; I fay then that the other remainder 
EB—FB will alfo be equal to B. For fincc FA is 
the fame multiple of A that FB is of 5, it follows 
from the nature of multiples, that FA-^-A will be 
the lame m ultiple of A that F5-{-B is of B : but A 
is equal to E A— FA\ and adding\F!/f to both fides 
we have FA'\-A~EA\ therefore inftead of iaying 
"k^ before, that FA-^-A is the fame multiple of ^ that 
VE^ is of 5, we may now fay that EA is the ikme 
multiple of^ that FB-i^B is of 5: but jE-^ is the 
fame multiple of A that EB i s of ^ ; therefore EB » 
the fame multiple of B th at FB-^-B is of 5 ; dierc- 
fore EB is equal to FB ^B^ fubt raft FB from botb 
fides,, and you will have EB—FBz:zB. ^ E. i>. 

Casi 
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Case 2. 

Let us now fuppofe the remainder EJ^^Fi fo be 
fome mulciple of j/; f or iF^f me afures boch £/?and 
FA, it muft meafure EA—fjl^ and fo 'EA—FA 
muft be fome multiple of A ; and for the facnc 
reafon, the OEher remainder EB—FB mull he fome 
multiple of B: I faj^ then in the next place, chat 
EB — FB muft be the fame multiple of B that 
EA—FA is of A. If thi s be de nied, let G be the 
fame multiple of B that EA—FA is of A\ then 
fifice EA^FA and G are equimultiples of A and 5, 
and fince K/f and FB arc alfo other equimultiples of 
the fam e, it follows from the fecond propofitioHj that 
the fu m EA~^ FA-\-FA will be the fam e multiple of 
A that G^fFB h of B : but EA-FA-^FA —EA\ 

therefore £if is the fame multiple of ^ that G-fFB 
is of JS ; but EA is the fame multiple of A that EB 
is of 5 ; therefore EB is the fame multiple o f B th at 
CJ^FB is of U% t herefore EB is eqi>al to G^FB v 
therefore £5^ — tB \% equal to G : but G was the 
fame multiple of 5 that EA—FA is of A by the 
fuppofitio n i therefo re EB — FB is the fame multiple 
of B that EA-FA is of A ^ £. D. 

Scholium. 

As in the fecond definition i: was provided that no 
Jimple quantity be confidercd as a multiple af itf^lf, 
fo in this propofi t ion care is taken that no two iimple 
quantities be conQdered as equimultiples of them- 
felvcs ; which indeed is but a confequence of 'hit 
definition, and is the rcaton why this profofition 
lefolvcs itfelf into two cafrs. 

T % For 
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For a better underftanding and remembering the 
ftrufture of the fix foregoing propofitions, it may be 
obfervcd, fhat the two laft propofuions are nothing 
c\k but the two fuft with their figns changed. In the 
firftpropofitbn it was demon (Irated, that t he fivm 
Ji^.^-^IiB is the fame multiple of the fum J-^M 
that £J is of ^f, or EB of B: m the fif th propo fitiQii 
it is dcmondrated, that the differ ence l i,"l—EB is 
|hc fime multiple of the difterencc^ — B that EA\% 
oi jS QT EB of B^ Again» in the fecond propofition 
it Wis demon ftraced, that the fum ErJ4-FA is the 



/ame multiple of /I that the fum EB^FB is of Mi 
an d in th e fixth it is demonftrated that the remainder 
E^—hA \% the fame multiple of 4 that the remainder 
gB^^BhoiB. 
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272. If tw& equal quantities A andB be compared with 
a third as C, / fay ihefty that both A and B will 
have the fame proportion to C ; and vice verfa^ that 
C will have the fame proportion both to A atid U B. 
For taking any equimuhiples of A and 5, fuppole 
^A and ^E^ and any other multiple of C, fuppofe 
5Q it is plain that ^A mull be equal to 35^ becaulc 
yf is equal to 5: but if 3^ be equal to ^5^ then it 
will be impoflible for 3 A to be greater tharXj equal to^ 
or lels than ^C^ but 35 muft accordingly be greater 
ihan, equal to, or lefs than the fame 5C; therefore 
we have four quantities A^ C, 5 and C^ whereof 3^ 
;iDd iB reprefent any equimultiples of the firft and 
third, and 5C and ^C any other equimultiples of the 
fecond and iourth ; and fince the firft multiple ^A 
cannot be greater than, equal to, or lefs than, the fe- 
cund rfly bnt the third multiple gS muft accordingly 
be greater than, equal to, or Jefs than, the fourth ^C^ 
\i follows froni the fifth definiEion, that thefe four 
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quantities J^ C, B and C are proportionable, /f co C ss 
J3 to C .% £, i>. 

Again, fince 3 ^ is equal to 3^, it wilt be impof- 
lible for 5Cto be greater than, equal to, or Jefs than 
3/?, but the fame ^C mull alfo be greater than, equal 
to, or lefs than jjff; therefore we have four quanri- 
lics C, jf^ C and B, whereof 5C and ^C reprefent any 
equimultiples of the firft and third, and 3^ and 38 
any other cquimulciptes of the fecond and fourth ; and 
fincc the firft multiple ^C cannot be greater than, 
equal to, or lefs than the fecond 3/f, but the third 
multiple ^C muft alfo be greater than, equal to, or 
lefs than the fourth 3 5, it follows from the fifth defi- 
nition, that thefe four quantities C, A^ C and 5 niuft 
be proportionable, C to yf as C to j3. ^ E. 23, 
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Proposition 8. 

>75* ^f ^'^^ unequal quantities A and B, whencf A is 
she greater^ h compared with a third as C, / fay 
ihen that A will have a greater proportion to C than 
B bath to C ; hut that m the other hand, C wiH 
have a greater proportion to B than it bath to A. 
For fincc by the fuppofition, J is greater than 5» 
j^ — 5 will be excefs of J above B ; and by the 
fifth propofition, if £5 be any multiple of 5, EJ — EB 
will be the fame muldple of J-^B : n^ultiply thca 
thefe two quantities B and A — a alike, till of the 
equimultiples thence arifing, the iefs Ihall be greater 
jthan C; then will the other be much greater*; let thefe 
uimuhiples be 35 and 3/7—35, each being greater 
an C' laftly multiply C till you come to a multiple 
'of it that fhall be the next greater than 35, whicb 
mukipie let be ^C; then it is plain that ^B cannot'bc 
fs than 4Ci for if it was* then 4C, and not 5C 
^ould be the next multiple of C greater than 35, con- 
trary to the fuppafition. Since then giS cannot be 
|cfs than 4Q it fuUows, that if to 3W be added a 
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greater quantity, and to 4C a lefs, the former fum 
will be greater than the latter : but 3^— gSis greater 
than C by the conftrudion ; add then 3/f— 3^ to 3^, 
and C to 4C, and you will have 3^^ greater than s^ • 
but 3^ is lefs than ^C by the conflrudtion \ therefore 
we have four quantities Ay C, B and C, whereof 3if 
an4 iB are equimultiples of the firft and third, and 
5C and s^ are other equimultiples of the iecond and 
fourth ; and fince the firlt muldple ^A is greater than 
the fecond ^Cy and at the fame time the third muU 
tiple 3i? is not greater than the fourth ^C^ but left, it 
follows from the feventh definition, that of the four 
quantities A^ C, B and C, A hath a greater propor* 
pon to Cthan B hath to C. ^ E. D. 

Again, fince we have four quantities C, Bj CmdA^ 
whereof gC and 5C are equimultiples of the firft and 
third, and 35 and 3 A are other equimultiples of the 
fecond and fourth ; and fince the firfi: multiple sCi% 
greater than the fecond 35, and at the fame time the 
third multiple 5C is not greater than the fourth 3//, 
but lefs, it follows from the feventh definition, that of 
the fpur quantities C, J5, C artd Ay C hath a greater 
proportion to JS than C hath to A. ^ £. P. 

Proposition 9. 

.274 if /^^^ quantities A ^«i B ^^w ^(7/i& the Jamt 
. proporticn to a third, as C, ^r if C i&^^ /Atf }&»/ 

^rqportion ta both A ^ »i B ; in either of tbefe cafes A 

and B nfuji be equal to each other. 

For ftiould either of them be greater than the btheri 
Ihould A be greater than 5, then by the laft propOt 
fitjon, A muft have a greater proportion to Q than B 
hat'.i to C, contrary to the firft fuppofition 5 wd Q 
muil have a greater proportion to B than it hath to^ 
coniriry to the fecond fuppofition j therefore A^xAB 
ipuft be equal xx> each other., ^ 5. J>^ 

Propo- 



Proposition 10. 

2JS* If of three quantities A, B and C, A hatha 
-' ^eater proportion to C than B hath to C, orifC 

hath a greater proportion to B than it hath, to A ; in 
• either of thefe cafes A muft be greater than B. 

!For was A equal to, or lefs than 5, then cither A 
mufl: have the fame proportion to C chat B hath to C, 
as in the feventh propofition, or a lefs as in the eighth, 
both which contradidt the firft fuppofition : and ag^in« 
was A equal to, or lefs than £, then either C muft 
have the fame proportion to A that it hath to \fi, as 
in the (eventh propofition, or a greater as In the 
eighth, both which contradifb the fecond fuppofition % 
therefore A muft be greater than B. . ^ £. Z). 

Proposition ii. 

276. If two ratios be the fame with a thirds they muji 
be the fame with one another : as if the ratio of A to 
a and the ratio of C to cbe both the fame with the 
. ratio of a to b, then the ratio of A to z will Se th^ 
, fame with the ratio ofC to c: or thus ; ^ A be to a 
as B toh^ and B to hasC tocy I fay then that A 
willbe tozasCto c, ^ 

For taking any equimultiples of the antecedents, 
fuppofe 2 Ay sBy ^C'^ and any other equimultiples of 
the consequents, fuppofe la^ 2^, 2^, let 3A be 
greater than 2^-, then fmce by the fuppofition A is to 
tf as jS to by and 3/f is greater than 2^, 3S mvift be; 
.greater than .2^ by the fifth definition: again, fince 
^ is to ^ as C tO' €j and 3B is greater than 2^, 3C 
muft be greater than 2c: thus thea we fee that if 3/f 
ix: greater than 2^, 3C muft rw-cciTarily be greater 
than 2c: and in lite manner it max be demonftrated 
xbat if 3/f be qqual-io,,, or leisihaa .za^ 3C will ac- 
cordingly be^qpal tOjt orlefs thajVtiV. . ;Since then ^'c 
)uvefour qu^tities Ay ^, Cand^, whcri<.f 3/f and 
.3C reprefent any equimultiples of the firft and third, 
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and za and 2c any other equimultiples of the fecofid 
and fourth \ and fmce ^A cannot be grcatJer tl^an, 
equal to, or lefs than 2<f, but %C mud accordingly 
be greater than, equal to^ or Jc Is than 2^, it folbw^' 
from the filch definition that thefc four quaniitks 
A^ d, C and c muft be proporcipnable, Aioa^C tp *:* 
^E.D. * ^ ^ ^ 1 

Proposition i2. 

277. If ever fa many fuantiiiex A, B, C in om fmei 

h fro^e^rtiombie to as man^ a, b, c in another^ tta^ 

is^ A to z as B to h as Q toe % I fay tbeuy that as 

my om antiadatt is to its confe^ucnt^ fo will tbij 

fum of all the dntecedmU h€ to' the fui^ $f all the con* 

fipe nts % th^t isy as A is to a fo will A ^-^H^C 

hi to a+b+c: or ifwefuppofe A-j^B-j-C^=S, and 

a4-|)-|-c=Sj / fay tbe^ thai as A is taafa pill 

Sieios. ' ' ■ * 

For leaking any equimukiples of the antecedents^ 

fuppofe 3/f, ^B\ 3C and any other equimultiples of 

the confeqiients, luppofc 2^, 2^, zc^ let ^A be greater 

than 2^i theti fmce A is to a ii B to b^ and 3^18 

greater than 24, ^B muft be greater th^n ik hf the 

fifth definition i again, fincc i( is to ^ as C to 4 and 

35 is greater than 2^, 3C muft be gfc:iter thah 2c\ 

therefore if 3^ be greater than 2^, not only 3^ will 

be greater than 2^, but alfti 3Cwiirbe greater than 

2 f , and confequently the whole fum' $/l-^'^B'\-^C 

will be greater than the whole fiim 24^2^-fTr; 

but by the fjfft propofition, the fum $A^^^B^^^ 

is the fame multiple of the fum 3?-f5^^^ or S ih^t 

3-rf is of ^1 therefore 3^+3^+3^=3^ ^ ^^^ **^f 

tiie fame reajbn t a^t b -{-i €7t^%s% therefore we may 

nbw fay that it pi be greater than 24, 35 will bft 

greater than 2/ : and after the fame manner might it 

be' demonftra(jd| that if 3^ be equal ^, or lef$ than 



then we have four quantities ji^ /?, 5 and j, whereof 
3// and 35 rcprefcnt any equimultiples of the firft and 
third I and 2a and 2s any others of the fecond and 
founh I and fii)ce p4 cannot be greater than, equal 
to, or lefs than 2^^ but ^S muft in like manner be 
greater than, equal to, or lefs than u, ic follows from 
the fifth definition tliat thefe four quantities ^, f^ 
S and s muft be proportionable, J to ^ as 5 to s. 

^yS, If A h^ib ih€ fame proportim t& a that B hath 
t9 b, hut B bath' a greaUr proportion to b than C 
batb to c \ I fay then that A hath a greater proportm 
to a thmt C io c. 

For fince by the fuppofition S is to i in a greater 
proportfofi than C to r, it follows fro(Ti the fcvcnth 
definition that there are equimultiples of 5 and C, 
and others again of k and r, of fuch a nature, that 5s 
multiple ih^ll exceed that of ^1 and at the lame time 
Cs multiple fhall not exceed that off: let then ^5 
exceed 2^, and let 3C not exceed 2c\ then fince jii^ 
to a z% B to iy and 35 exceeds 2^, 3 /f muft necel^ 
farily e^cceed 24 by the fifth definition j therefore we 
hav^ four quantities ^, a^ Cand f, whereof 3^ and 3C 
ire equimultiples' of the firft and third, and la and 
"2 r are other equimultiples of the fecond and fourth 1 
and fince ^A exceeds la when 3C docs not exceed 2r, 
It follows from the feventh definition that of thefe 
four quantities J, a^ C and c^ A hath a greater pro- 
pqrlion 10 4 than C hath to c, ^ E, D, 

pnopositiON 14. 

f 79, Jf four homogeneous quantities he proportionahk^ 
the J^rjl to the fecond as the third to the fourth i I 
ffiy then that the fecond will he greater thm^ equal to^ 
§r kfi than the fourth^ according as thcfirfi is greater 
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iban, equal iOy or lefs than the third : as if A be to 
B asC istoD'y I fay then that B will be greater than^ 
equal to^ or lefs than D, according as A is greater than^ 
equal tOj or lefs than C. 

C AS E I. 

' I*ct A be greater than C : I fay then that B will be 
greater than D. For fince A is greater than C, A 
will have a greater proportion to B than C hath to B 
by the eighth propofition : again, fince C is to D as 
A to i?, and A hath a greater proportion to B than C 
hath to B^ it follows from the laft propofition that C 
is to D in a greater proportion than C to i? ; there- 
fore by the tenth propofition B is greater Chan Z). 
SU E. D. 

Case 2. 

Let now ^be lefs than C: I fay then that B will 
be lefs than D. For if A be lefs than C ; then C will 
be greater than A : fince then C is to ^ as ^ is to ^ 
ex bypotheft^ and C is greater than A^ it follows from 
the laft cafe that D will be greater than B j and there* 
fore 5 will be lefs than D. ^ E. D. 

Case 3. 

Laftly let A be equal to C: I fay then that B will 
j^t equal to D. For fince A is equal to C, A will be 
^o jS as C is to jB by the feventh propofition 5 but C is 
to Das y/ to JS by the fuppofitipn ; therefore C is to Z) 
as C is to B by the eleventh propofition ; therefore B 
and D are equal by the ninth. ^ E. D. 

Proposition 15. 

zSo. Parts are in the fame proportion with fheir re^e8rve 

equimultiples. Let A and a be any two bomgetieous 

": quantities^ whereof 3 A and ^3, reprefent anf equimuU 

tiples refpeaivehf \ I fay then^ that A will brto 2l as 

3A to 3a. 

For 
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For take B and C both equal to //, and alfo ^ and ^ 
both equal to a » then by the fevcnth propofition we 
Ihall have ^ to /i as £ to ^ as C to c ; there fore by the 
twelfth propofition we Ihall have^£to£as /f-^B-(-C 
to^+i-f^- ^^^ *" ^^^^ cale yf-|-iJ-^Cr=3/f> and 
s-\-i-\-£^:^^a ; therefore ^ is to ^ as 3^ is to 3 a* 
^ £. D, 

Prqpositjow 16. 

zZt, If four homogmems quantitUs hproportionahkytbe 
firjl to thifuQ}%d as tbs third to the fourth v I fay then 
thai they will dfi be alternately proportionable^ that is^ 
tbefirfi to the third as theficond to the fourth : as if 
A ktoB asC to D ^ I fay then that A will be to C 
asht0J>. 

For taking any equimultiples of ^ and 5, fappofe 
^AmA 35, and any others of Cand A fuppofe zC 
and 2D ; fince 3^ is to ^B zsJtoB by the laft,and A 
is to £ as C to D by the fuppoficjon, and C is to D as 
zC to zD by the laft ; it follows from the nth pro- 
pofition that 3^ is to 35 as 2C to 2D j therefore by 
the J 4th propofition, ^ J cannot be greater than, equal 
to, or lefs than 2C, but at the fame time 3S muft be 
grcaccr than, equal to, or lefs than 2D, Since then we 
have four quantities ^, Cy 5 and D, whereof 3 /f and 
3B reprefenc any equimultiples of the firft and third* 
and zC and 2D any other cqul multiples of the fecond 
And fourth J and fince 3 J cannot be greater than, 
equal to, or tcfs than 2C, but .3 S muft accordingly 
be greater than, equal to or lefs than aD, it foU 
lows from the fifth definition that theft four quan- 
tities w4, C, B and D muQ; be proportionable, A to Q 
as J to D. ^ E. D, 

Note, Alternate proportion can hayc no place, ex* 
cept weri; all the quantities Ar B^ Cand i) are of the 
fame kind; for it yf and B were of one kind, and C 
apd D of another, how would it be pofliblc for the 

quandtm 
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qutntirics A and C, or B and D to have any propo^tjcw 
one to another, much lefs the fame ? 



Proposition 17* 

fiS*. If four quantiim A, B, C <?;iiD, whereof A it 
greater tbm B, md C greater iban D, h proprtian- 
aMcy hto^dsC iaXy% I fay then that A^^B wiit 
be IQ B aJ C--D is t& D, which is called propQriimh^\ 
divi^0h 

tor let %A^ 35» 3C and ^B be any equi multiples ] 
oF the quantities A^ if, C and D\ then will 3/^-^3^! 
and 3C— 3D be like multiples of ^_it and C— D, 
Again, let tB and 2D be any other equimultiples of 
B and D, and let i^^iB be greater than ^5; then 
if 3 if be added 10 both fidesj we fhatl have ^A 
greater than sB % and becaufe/f is to 5 as C is to D, 
we fliall have by the fifth definition, 3C greater th^n* 
5D; tak e ^B from both fides, and you will have 
$C—iD greater than 2D ; therefore if ^A-^$B be 
greater than aii, 3C — 3D muft be greater than 2D: 
and by a like procefs it may be demonftratedi that 
if g^^-^jS be equal to, or lefs than 25, 3C— 3D 
will be equal to, or le fs than 2D* Since then wc 
have fou r quantt ties, J^^B^ B^ C^D and Df 
whereof gA^-^B and 3C-^3D rcprefent any equi^ 
multiples of the firfl: and third, and 2S and 2D any. 
ether equimultiples of the fecond and fourth \ and 
fince ^A — 35 cannot be greater t han, equ al to, of 
lefs than 25> but at the fame time %C — %D muft ac- 
cordingly be greater than, equal to, or lefs tharf 
2D, it follows from the fifth definition that thcfc 
four quantities yf^B , 5, L — D a nd D muft b<s 
proportionable! A^B to B n C— D to D^ ^ £, D, 
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PaoPosfTiOPf 18. 

,^83. y four quantities A, B, C and D hi p rapor- ^ 

imakkj A /e? Bjr/C ra D ; I fay then thai A+B 

will be to B aj U-^U ^a D^ wi^fVi iV called proporttQn 
by compofitim. 

If this be denied > that A-\~B is to B as C-f-D i? 
D, it muft thea be allowed that A-^B is to 5 aa 
[t-f-i) is to fome quantity cither greater or lefs than 
\D\ fuppole to a greater* and call it£v then (incc 
[*£ is by the fuppofition greater than D, if C— £ b^ 
['added to both fides, 4tfe Hiall have C greater thari 
l&pD— £7 This being obfervcd* let us begin again^ 
[and fuppofe A-^^B to 5 as C^B to E % then we iliall 
'lavg Svid mdo (t hat 13, b y the laft propofition ) 
A-^B—H to 2 as C-f-D— £ to £ ; hixi J-i^ B^B is 
^ equal to A\ therefore^ is to 5 as C^D—E is to £| 
' "sue A is to B as C is to D b y the iuppofition \ there- 
[fore C is to Z> as C^ D—E is to £ ; but of thefe four 
Iproportionals Q D» C+i) — £ and £, it has beea 
ijiroved that the firH is grea ter than the third 1 that C 
[is greater than C-\-D — K% therefore by the four- 
snth» the fecond muft be greater than the fourth, 
[that is, D muft be greater than £ ; therefore £ muft 
~^t lefs than D % therefore if A^B be to B as C-[-B 
[is to any quantity greater than D, that quantity muft 
palfo be lefs than i3, which is impofTible ; therefore it 
)k% impoflible for A'\'B to be to B as C+D is to ^any 
rquantity greater than D : and by a like procefs it 
Mxiay be demonftrated, that it is as impoffible fof 
T^-f 5 to be to B as C+J5 is to any quantity lefs than 
[p\ therefore A^-B muft be to J? as C^D is to D. 

^^ £• a 
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Profositiox 19* 

^84. I/fr&m im^ qmmiks A ami Bin m^prcforHm 
if fa^iraffed oiber tW0 C md D in ibe fame pr^^ 
pertimi 1 fay ihm ibal ibe remmMders A-— C 
B — D uiilfliUh in lie fame prapariwM^ ibai is^ 
$bai A— C tmU be to B— D as A uB cr as C 

For firce by the fuppoOtion A\% to 5 as C is to i>^ 
we (hall have permutando (that is, by the Gxircorh 
propofidoni) ^ to C as B Eo Dj and dhidend^^ 
4^C to C 35 B—D CO D i and again fermaandsy 
A~C to i? — T> as C is to By but yf is to £ as C is «> 
D i therefore ^--C is to 5^i) as ^to ^. ^ JE:. D. 

Scholium. 

Here Doctor Cregmy in his manufcript copy finds 
fi corollary demonftranng that illation called convcr- 
fion of proponioni but becaufe it is dilHciilt co 
make fenie of that demoiiftration« I chufe rather to 
infcrt his own demonftration of the fantic propofuion> 
which is as follows : 

if f^wr quaniities A, B, Cund D he proporlkmhli 
K tQ h as Q to "D I I fay then ibai A is to A — B m^ 
C is i$ C — D, which is called conviffton ofpr^&rtim. 
For fince by the fuppoficion y? is to 5 as C is to P, 
we Ihall have dividenda^ A—B to B as C — D to D i 
and invertendo^ B to A — B as D to C — D -, and f(?i»- 
ponsndg^ B-i^A—B to j^— £ as D-fC— J5 to C— A 
chat is, ^ to A~B as C to C— D. ^ E. D. 

As to the foregoing nineteenth propofuion 1 ftiall 
further obferve, that as in that propofirion^ by dm* 
fioi^ of proportion it was demonft rated, that if from 
two quantities A and B in any proportion, be fub* 
traded two others C and D in the fame proportion^ 
the remainders A — C and B^D will ftilt be in the 
fame proportion with ^and5j fo by compofition 
of proportion it may be demon ftrated^ that if to 
iiro quantities vf and S in any proportion be added 
A two 



An. 2S4, Sec. The fifth Book of Euclid's Eknmnis. 303 

two others C and D in the fame propornon, the ag- 
gregate's J^C and B-^-D will ftill be in the £sLme 
proportion with A and B\ but thi$ has already beer* 
demon {traced > being a pafticular cafe ot the twelftb 
^ropsfuion. 

Proposition 20. 

85* ^ /i?^^ be three quaniitiis j4, B and C in j^ne 
ftrks^ and ihree Gibers D, E and F in anothtr^ and 
if the pr&porti&ns in one feries be the fame wilb the 
proportions in the other when taken intbefatm: order, 
as if Abe ta^ asXy is to E, and B /£? C ^j E /<? F ; 
I fay then that A camot be greater than^ equal to^ 
w lefs than C in one feries ^ but accordingly D mufi be 
greater tban^ equal to^ or lefs than F ;;; the other. 
For kt A be greater than C\ thm it is plain fronri 
he eighth propofition that A muft have a greater 
roportion to B than C hatli to B \ but A is to 5 as 
"55 to E by the foppofition, and C is to B 2is F to E^ 
caufe by the fuppofuion B is to C as £ to f ; there- 
of ore D hath a greater proportion to E than F hath to 
E ; therefore D is greater than F by the tenth pro- 
pofition ; therefore if A be greater than C, i> muFh 
be greater than F: and after she fame manner it may 
be demonftfated, that if A be equal to, or lefs th^n 
C, D muft accordingly be equal to, or leG than F ; 

I therefore ^cannot be greater than, equal to, or kh 
than Cf but accordingly D muft be greater riian> 
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Proposition 

286, If there be th^ee quantities A, B und C in one 
Jeriesy and three others D, E and F in amther^ md 
if the proportions in one feries he the fame with the 
proportions in the other ^ but in a differ mt order ^ e^ 
if Abe to B as E is to¥y and ^toCasDis to £ i 
T fay Jiill that A cannot be greater than^ equal to ^ mr 
lefs than C, hut accordingly D mujl be greater ihm^ 
0qual tOM cr lefs than F. 
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For let A be greater than C 1 then by the eighth 
propofltion ^ muft have a greater proportion to B 
than C hath to 5 \ but ^^ is to JJ as £ is to F by the 
fuppofition, and C is to J as E to D^ becaufe by the 
fuppofition 5 is to C as D to E\ therefore E hath i 
greater proportion toi^ than it hath to D% therefore 
jy muft be greater than F by the tenth propofirion % 
therefore xiA be greater than C, D muft be greater 
than F: and by a like way of reafonbg, if /f be equal 
to» or Icfs than C, 'D will accordingly be equal to, or 
lefs than F ; therefore -^cannot be greater than, equal 
to, or lefs than C, but accordingly D muft be greater 
than, equal to, or lefs than F* ^ E. D. 

Proposition 2.2- 

zSy* If there he ihne quaniities A, B and C in out 
feriesy and ihree Bikers D, E and F in moiker^ and 
if ihe froporiians in onefirks be the fame with the 
proportions in the other when taken in the fame crderi 
I fay then that the extremes in cm f cries will be in tk 
fame proportion with the extremes in the other: us if 
A he to B asB is to E, andBto C aslEu F ; I fa/ 
ihen that A %viU be toCasD to F, 
Note. For avoiding a multiplicity of words, this 
confequence is faid to follow ex ^qm ordinate^ or et^ 
^quQ : fee the eighteenth and nineteenth definitions. 

Take any equimultiples of ^and D^ fuppofc ^d 
and 4D, and any others of JS and £, fuppofe ^B and 
3^, and laftly any others of C and F, as ^C and aF; 
then fince by the fuppofition A is to B as D is to £, 
it follows from the fourth propofition that 4^ will be 
to 3S as 4D to 3£: again, fince by the fuppofition 
5 is to C as £ to F, it follows from the fame fourth 
propofition that 3^ will be to iC as 3^ to 2F: fa 
that we have three quantities, to wit 4.^, 3 5, aC in 
one feries, and three others, to wit 4D, 3iE and 2F 
in another ; and it has t^en flicwn that the propor- 
tions in one feries are the fame with ihc proportions 

in 



^ 
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in the other when taken in the fame order^ that is, 
4^ is to ciB as 4D tb 3S, and 3B to 2G as ^E to 2Fi 
therefore by the twentieth propofition, 4/? cannot bd 
greater than, equaKto, or Icfs than 2C, but 4D muft 
accordingly be greater than, equal to, or lefs thart 
aF. Since then we have fouf quantities y/, C, jD and 
is whereof 4/f and 4Z) reprcfent any equimultiple^ 
of the firft and third, and aCand 2Fariy other equi^ 
multiples of the fecond and fourth ; add fmce 4A 
cannot be greater than, equal to, or Jefs than iC^ 
but accordingly 4D muft be greater than, equal to, 
of lefs than 2F, it follows from the fifth^ definition 
that thefe four quantities J, C, D and F are propor- 
tionablcj ^ to C as D to F. ^ £. D. 

CoROLLARYw 

In like manner if there be ever fo mnify quantities 
A\ B,. C, G, &c. in one feries^ and as many others 
X^ E) F, H, &c. in another^ and if A be to B asD is 
fo E, and,B to C ai^E to F, and C to G as F to H, 
&c. the confequehee with refpeSl to the extremes will Jiill 
be the fame J that isy A zvitl be to G astito H: for it 
has bs^en. proved already that A is to Cas D to F\ and 
by the fuppontion C is to G as F to H-^ therefore ex 
^quoy A will be to G as D Xo.Ht 

Proposition i%. 

\Z%. If there be three quantities A, B and C in one 
feriesy and three of hers D, E and F in another, and 
if the proportions in one feries be the fame with the 
proportions in the other, but in a different order ; I fay 
that the extremes in one feries will Jiill be in the fame 
proportion with the extremes in the other : as if A be 
ioB as E is to Fj and B to C as D toEi I fay Jiill 
that A will be to Cas D to F. 
Note. This confequcnce is faid to be ex ^quo per- 

iuriate. 

, Take any equimiultiples of -,^, 5 and D, fuppofe 

SAj jiS and ^D, and any others Of C, E and F, lup- 

y yk 
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pofe 2C, iE and ^Fy and the reafoning is as follows: 
^Ah to 3B as vf to^ by the fifteenth, and A is to B 
as jE to F by the fuppofition, and E is to F as 2 £ to 
2F by the fifteenth \ therefore ^A is to 3^ as 2£ to 
2F by the eleventh : again, B is to C as D to £ by 
the fuppofition \ therefore 3S will be to 2C as 3Z) to 
2£ by the fourth : fince then we have three quanti* 
ties, to wit| 3yf, 3^ and 2C in one ferics, and three 
others, to wit, 3D, zE and 2F in another, and fincc 
the proportions are the fame in both feriefes* but in a 
different order, that is, fince ^A h to 35 as 2£ to 
2F, and 3 S is to 2Cas %D to 2£, it follows from the 
iwcnty-firft propofition, that ^A cannot be greater 
than, equal to, or lefs than aC, but 3D muft accord- 
ingly be greater than, equal to, or lefs than 2F: 
again, fince we have four quantities A^ C, D and F, 
whereof 3/f and 3D reprefcnt any equimultiples of 
the fir ft and third, and 2C and zF any others of the 
fecond and fourth, and fince 3/f cannot be greater 
than, equal to, or lefs than 2C, but 3D muft accord- 
ingly be greater than, equal to, or lefs than 2F, it 
follows from the fifth definition that thefe four quan- 
tities A^ C, D and Fare proportionable, yf to C as D 
to K ^ E, D, 

Proposition 24, 

289. ^ there k ftx 'quantities A, B, C, D, E, F» 
whereof A is ta B as C is to D, and E is to 1& as ^ 
toiyi I fay then that A+E will be to B as C-fF 
io D. 

For fince by the fuppofition E is to 5 as F to D, 
we fliall have imertendo^ 5 to £ as D to F. Since 
then A is to £ as C is to D by the fuppofition, and B 
is to£ as D to F, it follows ex ^quo^ that A is to £ 
as C to F; whence componendoy A^E will be to £ as 
C*f-F is to F.* again, fince A-\-E is to £ as C-^F is 
to F, and £ is to 5 as Fto D by the fuppofition^ it 
follows again e^ ^^uo^ that A'\'E is to £ as C4-F' to 

Lemma. 
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Lemma* 

290, If four quantities A» B, C and D he propmion^ 

abk^ A iQ^asC to iy\ I fay then that A canm^ 

poffibly be greater than^ equal to^ or lefs than B, but 

, thai C will accordingly be greater than^ equal io^ or 

kjs than D. 
, That this lemma is felf-evident according £0 the 
jCOmmon notion of proportionality's or cvm upon the 

Ian of the fifth definition, were fim pie quanticies al* 

'owed to be confidered as equimultiples of themfelves^ 

is what I fuppofe will fcarce be denied : but this the 

Vtiame of multiple and equimultiple will by no means 

admit of^ and therefore care has been taken to provide 

gainft it, as may be feen in my obfervations on the 
^econd definition, and at the end of the Oxth propofi- 
tion : therefore as the doctrine of proportion here 

ands, this lemma ought certainly to be demonftrated $ 

nd the author*s taking it for granted in the demonllra- 
tion of the next propofition following^ where he might 
with lb much eate have avoided it, is not fo much an 
argument of it^s Icif-evidency, as that he had demon- 
flrated itfomewiiere before in this fifth book, but that 
It is now lofl, Commandine^ from the fourteenth of 
this book» has demonftrated one particular cafe of 
"this propofition, that is, where the quantities ^, B^ 
C and D are all of a kind ; but this propofuion is no 
lets true when the quantities ^and B are of One kind, 
and C and D of another. This Ckvius very well ob- 
fcrve?, and endeavours to demonllrate this propofi- 
tion in this more extended fenfe \ (fee his fcholium to 
the fourteenth propofition of the fifth book;) but 
whether this demonftration of his amounts to any 
more than ^lovm^ idem per idem^ let them that read 
it judge. The demonftration I fhalt here give of it is 
as follows ! 

I am to demonftrate that if /f be to 5 as C is to Z> 1 
then A cannot poiBbly be greater than, equal to, 

U 2 or 
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or lefs than 5, but accordingly C muft be greater than, 
equal to, or ld[3 than D. 

Case i. 

Let A be greater than B \ I fay then that C mirft 
be greater than D. For fince A is greater than J?, 
multiply the excefs A— B to a mu ltiple greate r than jBy 
And let this multiple be 3/f— 35 ; then fince sA-^^B 
h greater than B^ if 3^ be added to both fi[des, we 
Ihall have ^A greater than 4B : again, fince A is to 
fi as C is to D, and 3^^ is greater than 4jB, wc (halt 
have by the fifth definition, 3C greater than ^D^ 
therefore 3C muft be much greater tha;n 3D, and C 
tnuft be greater than D. ^ E. D. 

C A S £ 2. 

Let now yf be lefs than 5 j I fay then that C muft 
be lefs than D. For fince -^ is to 5 as C is to 2), we 
fliall have ittvertendoy B to A sls D to Cy but J5 is 
greater than A^ becaufe by the fuppofition A is lefs 
than B ; therefore D muft be greater than C by the 
laft cafe s therefore C muft be lefs than D. ^ JS. J7. 

Case 3. 

Laftly, let A be equal to 5 ; I fay then that C muft 
be equal to D. For fince C is to D as -4 is to 5, 
fhould C be greater or lefs than D, ^ would accord- 
ingly be greater or lefs than B by the two laft cafes ; 
but A is neither greater nor lefs than B by the fuppo- 
fition i therefore C is neither greater nor left than D j 
therefore C is equal to D. ^E. D. 

f^RtfPOSITION 2g. 

,291. if four quantifies A^B, C AndD be pOportionahU^ 
A to B as Q to \i^^ I fay then that tbefum of the 
greatefi andleqft terms put together will k greater than^ 
tbefum of the other two^ 

Let 
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Let J he ihe greateft of ali ; thea fince ^ is to 5 
as C is to A ^nd B is lefs than yf, D will be lefs than 
C by rhe lemma : again, fince yf is to 5 as C is to D, 
and C is left than ^, ^ will be lefs than B by the 
fourteench; tljercfore if j:^ be the greaceft of a)!, D, 
which is lefs than either J^ B or C, will be the leaft 
of all, ^nd fo the fum of the grcateft and leaft terms 
added together will be J-\-D j therefore the fum of 
the other two will be M-]~C, We are now then to 
prove that the ium A-^-D is greater than tjie fum 
£-\-C^ which is thus done : It has been demonftrated 
in the ninetet^nth propofition, that if from two quan- 
tities A and B in any proportion whatever^ bs fob* 
t rafted other two C and D in the fame proportion, 
the remainder J—C will be to the remainder B^^D as 
^^ to B y but J is greater than B by the fuppofition ; 
"lerefore y/ — C mull be greater tJian B — D by the 
km ma ^ add C^\-D to both fides, and you yill have 
^+/)£isEat;er than 5+C, ^ E. D. 

CoROLLARir- 

If three quantities A , B and C be m mitimml prs- 
portion^ A to B as B to C ; I fay then that the fum of 
ibe extremes will he greater than t^u^^ice the middle term^ 
that A-j-C will be greater than B^-B or 2B. 



Of the Composition and Resolution of 
RATIOS. 

iV< 5. As numbers a^e quantities wiereof we have 
more diflinft ideas than of any other quantities what- 
ever^ and as all ratios rnufV be reduced to thofe of 
numbers before we can make any con fide rable ufe of 
their compofition and refolution in computing the 
quantities of time, fpace» velocity, motion^ force» 
0c. I fhall confine myfelf chiefly to this fort of 
ratios in what | have to deliver in the following ar- 
cicles. 

y 3 "^i^^v 



jio Of the Compofition dHd BookVIL 

Definition i. 

292. In comparing ratios y that ratio is faid to be 
greater tboHy equal to^ or Jefs than dnotber^ wbofe 
antecedent bath a gr eater ^ or an eqUalj or a lefs pro^ 
portion to ifs confequent than the other's antecedent bath 
to its confequent. Thui the ratio of 6 to 3 is faid to 
be greater, and the ratio of 4 to 3 lefs than the ratio 
of 5 to 3 : thus again the ratio of 6 to 3 is faid to 
be greater, and the rado of 6 to 5 lefs than the ratio 
of 6 to 4, 6?r. therefore whenever two ratios are 
to be compared wbofe antecedents and cdnfequents are 
both different^ it wtll be proper to reduce them to the 
fame antecedent or to the fame coffequentj before the 
comparifon is made. As for inftance ; foppofe any 
one would know which of thefe two ratios is the 
greater, to wit, the ratio of 7 to 5, or the ratio of 4 
to 3 : to know this, it will be proper to fet off one 
of the ratios, fuppofe that of 4 to 3, fron) 7 the 
antecedent of the other (by which phrafe I mean 
no more than finding a number to which 7 hath the 
fame proportion that 4 hath to 3 •,) and this may be 

21 

done by faying, as 4 is to 3, fo is 7 to — , or 5^ : thus 

4 
then it appears that the proportion of 4 to 3 is the 
fame with the proportion of 7 to 5^ ; fo that now 
the queftion turns upon this, which of thefe two 
ratios is the greater, that of 7 to 5, or that of 7 to 
5i ? and the anfwer- is ready, to wit, that the ratio 
of 7 to 5 is the greater ratio, by the eighth propo- 
fition of the fifth book of the elements ; therefore 
the ratio of 7 to 5 is greater than the ratio of 4 to 3. 
Again, fuppofe I would compare the ratio of 3 to 4 
with the ratio of 5 to 7 ; then I would fet off the 
ratio of 3 to 4 from 5, by faying, as 5 is to 4, fo is 

5 to — ^ or 7 ; whereby it appears that the 

ratio of 3 to 4 is the fame with the ratio of 5 to 7~J- ; 
but the proportion of 5 to 7— -J is greater than the 
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proportion of 5 to 7, as is evident from the eighth 
propofition of die fifth book of the elements, and 
alfo from the very nature of ratios* the number 5 
having more magnitude when compared with 7 — 4 
than it hath when compared with 7 ; therefore the 
ratio of 3 to 4 is greater than the ratio of 5 to 7. 
' There is alfo another way of comparing ratios bf 
turning their terms into fractions , making the ante- 
cedents numerators^ and the confequents denomina- 
'tors. Thus the ratio oi A to B is greater chan» 
equal to^ or lefs than the ratio of C to D, according 

m the fraftion ^ is greater than, equal to, or Icfs 



Vthan, the fradion^ 



for the ratio of -5^ to i is 



greater than, equal to, or lefs than, the ratio of 
C ,. . . ^. J 



D 



to ij according as the fraftlon ^ is greater than, 



^ 



equal to, or lefs than, the fradion ^; thisis evident 

Ifrom what has been laid down already : but the ratio 

of -^ to I is the fame with the ratio of ^ to ^5 and 

C 

the ratio of — - to i is the fame with the ratio of C 

to D ; therefore the ratio of ^ to -B is greater than^ 
equal to, or lefs than the ratio of C to Z> according 

as the frailion -5- is greater than, equal to* or kf$ 

ffhan, the fraftion -^. But this way of reprefenting 

ratios by fraftions, though it may ferve well enough 
for comparing them as to greater and lefs, yet ic 
ought not by any means to be admitted in general, be- 
caufe thefc reprefcntatives are not in the fame propor- 
tion with the ratios reprefcnted by them: thus the 
fradion | is double of the fraaion 4> but yet it muft 

y 4 M 
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l^y no means be concluded from thence that the ratio 
cf 6 to 2 is double of the ratio of 3 to 2 ; for it will 
be found hereafter that the ratio of 9 to 4 is doublq 
pf the ratio of 3 to 2, For my own part, I never 
-wasa favourer of reprefenting ratios by fraftions, or 
even fraftion-wife, as is done by Barrow and others ; 
not only for the reafons above given, but alfo becaufe 
that this way of reprefenting ratios is very apt to 
iniQf ad beginners into wfong conceptions pf their 
compofition and refolution. 

Pl^FI NITION 2. 

193. In a feries of quantities of any kind wbat'^, 
foever increqfing or decreafmg from the firfl to ti>e laji. 
the ratio of the extremes is faid to be compounded of dll 
the intermediate ratios. Thus it A^ JS, C, D repre-? 
fent any number of quantities put 
down (or imagined to be put down) A^ JB, C, Di 
in a feries, the ratio of yf to D is 48,40,30, 15, 
faid to be compounded of, or to be 
refolvable into thefe ratios, tq wit, the r^tio pf A to 
By the ratio of B to C, and the ratio of C to Z) : or 
thus ; If A and D he any two quantities^ and if 
B, C, &€• reprejent arty number of other intermediate 
quantities interpofed at pleafure between A ^nd D, the 
ratio of Atot> is faid by this interpojition to be refohed 
pto the ratios of A to B, of\i to C, and ofC to D, , 

This is no propofidon to be proved, but a definw 
tion laid down of what Mathematicians commonly 
meaii by* the con^pofuion and refolution of ratios, 
which is certainly no more than what they mean by 
compofition and refolution in the cafe of any other 
continuum whate\/er. As for i'nftance; fuppofe the 
letters A^ -S, Q D inftead of reprefenting quantities, 
to reprefent fo many diftinft points placed in a right 
Kne one after another, whether at equal or unequal 
diftanccs it matters not : who then would fcruple to 
fay that the whole interval AD confifted of the inter- 
nals ABj BCy CDy as of its parts ? Or, if the points 
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^and D be the extremities of a line, and any number 
of points B^C^ ^€, be marked at pleafure upon ici 
who will not fay that the line AD is by thefe points 
refolved or diHinguifhed into the parts AB^ BC^ CD^ 
(^jc? This is the cafe in the compofidon and refolu- 
tion of lines 1 and I fee no difference when applied 
.10 the compofition and refotution of ratios, except 
^that here the whole and all it*s parts or lines, and there 
the whole and all it*s parts are ratios. 

If A^ £i C^ A ^c. fignify quandties, the ratio 
of ^ to 5 begins at A and terminates in £ \ the 
ratio of B to C begins at 5 where the former left off, 
_and termirares in Cj and the ratio of C to D begins 
fat C and terminates in D : why then fhoutd not thefc 
continued raiios be conceived u parts conftituting 
the whole ratio of A to D ? That r^uios are capable 
of being compared as to greater and lefs, and that 
one ratio may be greater than, equal to, or It^fs dian 
anothn\ we have fien already; and if fo, why Ihould 
not racios be allowed to have quantity as well as all 
other things that are capable of being ib compared? 
but if ratios have quantity, they mull have parts^ 
fcand thefe parts muft be of the fame nature with t!ic 
[whole, becaufe ratios are not capable of being com- 
pared wich any thing but ratios : therefore I do not fee 
but that the ideal have here given of the compofition 
and refolution of ratios is as juft and as intelligible as 
-it is when applied to any oth^r compofition or refolu- 
tion whatfocver. 

To proceed then, let A^ B^ C^ D be points in a 
right line as before; let the line AB be equal to any 
fline Rr^ let BC be equal to fume other line Ss^ and CD 
to the line Ti-, then it will not only be proper to fay 
that the line AD is equal to the three lines AB, 5C, 
^D, but alfo that the fame line AD is equal to the 
three lines Rr^ Ss and Ti put together : and the fame 
confideration is ftill applicable to ratios 5 for fuppofing 
Ai By C» D again to fignify quantities, as alio 
^, 5| T^ r, J, /; kt J bfi to B^R to r, let B be 
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to C as 5 to ^, and let Cbe to D as STto /; then it is 
iifual amongfl: Mathematicians not only to conQder 
the ratio oi 4 to D as compounded of the leffer ratios 
of yf CO J?, of 5 to C and of C to D, but alfo as com- 
pounded .of the ratios of R to r, of 5 to s^ and of ? 
to /. All this will be very intelligible, if we attend 
€0 the fehes already defcribed ; for there the ratio of 
48 to 15 was compounded of the ratio of 48 to 40, 
of 40 to 30, and of 30 to 15 ; but 48 is to 40. as 
6 to 5, and 46 is to 30 as 4 to 3, and 30 is to 15 as 

2 to I ; therefore it is as proper to confider the ratio 
of 48 to 15 as compounded of the ratios of 6 to 5^ 
of 4 to 3, and of % to i, as it is to confider it as 
compounded of the ratios of 48 to 40, of 4Q to 30, 
and of 30 to 15, 

Definition 3, 

294. jIs when a line is divided into awf number ofeqtfol 
parts, the whole line isjaid to be fuch a midtipk of anj 
one of the fe parts as is expreffed by the number of parts 
into which the whole is fuppofed to be divided^ fo ina 
feries, of continual propoi'tionals, where the intermediate 
ratios are all equal to one another, and confequently to 
fome common ratio that indifferently reprefents them all, 
the ratio of the extremes is faid to be fuch a multiple of 
this common ratio as is expreffed by the number of ratios 
from one extreme to the other. Thus 9, 6 and 4 are 
continual proportionals, whofe common ratio is that 
of 3 to 2 ; for 9 is to 6 as 3 to 2 and 6 is to 4 as 

3 to 2 ; therefore in this cafe, the ratio of 9 to 4 is 
faid to be the double of the ratio of 3 to 2 5 and on 
the other hand, the ratio of 3 to 2 is faid to be the 
half of the ratio of 9 to 4; but the common cxpref- 
fion is, that 9 is to 4 in a duplicate ratio of 3 to 2, 
and 3 is to 2 in a fubduplicate ratio of 9 to 4. Again, 
27, 18, M and 8 are in continual proportion, whofe 
pommon ratio is that of 3 to 2 ; therefore 27 is to 8 
in a triplicate ratio of 3 to 2, and 3 is to 2 in a fub^^ 
tripJicace ratio of 27 to 8. Laftly 81, 54, '36, 24 

an4 
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[and 16 are continual proportionals, whofe common 
[ratio is chat of 3 to 2 j therefore 81 is to 16 in a qua- 
[druplicate ratio of 3 to 2, and 3 is to 2 in a fubqua* 
Idruplicacc ratio of 81 to 16. By thefe inftanccs we 
' fee [hat one ratio may not only be greater or left than 
another, but a multiple, or an aliquot part of ano- 
ther ; nay there is no proportion can be alTigned which 
fome one ratio may not have to another : thus the 
tatio of 81 to 16 is found to be to the ratio of 27 to 
8, as 4 ro 3, becaufe the former ratio contains the 
ratio of 3 to 2 four tim::s, and the latter three times ; 
thus again, the ratio of 27 to 8 is to the ratio of 9 to 
4, as 3 to' 2, becaufe the former contains the ratio of 
3 to 2 three times, and the latter twice; whereby it 
appears that proportion is competible even to ratios 
thcmfelves, as well as to all other continued quanti- 
ties whatever* But though all ratios are in fome cer- 
tain proportion one to another^ yet this proportion 
cannot always be expreffed \ I mean when the quan- 
tides of ratios are incommenfurab'e to one another; 
for ratios may be incommenfurable as well as any 
other continued quantities of what kind foever: thus 
the ratio of 4 to 3 is incommenfurable to the ratio of 
3 to 2 i which is the cafe of moft ratios, though not 
of all- If all ratios were commenfurable to one ano- 
ther, their logarithms would be fo too; and fo the 
logariihms of all the natural numbers might be accu- 
rately affigned ; whereas from other principles we 
know to the contrary^ as will be ften when we come tq 
treat particularly of logarithms* 

N* B. The beft way of reprefenting the quantidei 
of ratios that I know of, is by Guntefs line, where as 
many of the natural numbers as can be placed upoti 
it arc difpnfedi not at equal diftances one from ano* 
ther, but ac diftances proportionable to the ratios 
they arc in one to another. Thus the diftance be- 
tween I and 2 is equal to the diftance between 2 and 
4» becaufe the ratio of j to 2 is equal to the ratio of 
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2 to 4 : thus again, the diftance between 4 and 9 is 
double the diftance between 2 and 3, becaufe the ra- 
tio of 4 to 9 is double the fiatio of 2 to 3 ^ and ip of 
thcre(t, 

Of the addition of ratios. 

295. Since all ratios are quantities, as has been 
fliewn in the three lad: articles, it follows, that they 
alfo as well as all other quantities mufl: be capable of 
addition, fubtradion, multiplication and divjfion : to 
treat ihen of tliiefe operations in . their order, I ihall 
begin firft with addition. 

If the ratios to be added be continued rafios^ that is^ 
ff they He in a feries wherein the antecedent of every 
fuifequent ratio is the fame with the confequent of the 
ratio that went immediateljf before^ their addition is beft 
performed by throwing out all the intermediate terms: 
thus the ratios of yf to 5, of B to C and of C to D 
vrhen added together, make up the ratio of ^ to JD, as 
was (hewn in the 293d article. 

Therefore if the ratios to be added be difcontihued, 
it will be proper to continue them from fome given 
antecedent, fuppofe from unity, before they can be 
added, thus : let the ratio of Ji to £, the ratio of 
C to D, and the ratio of E to F be prbpofcd to be 
added into pne fum : now the ratio oi Ato B kt off 

B B 

from J reaches to —r becaufe ^is to J5 as i to *-^; the 

B BD 

next ratio of C to D fct off from — reaches tp '"•TqI 

B D 
4nd the laft ratio of £ to F fet oflf from -^-37: reaches 

BDF 
to —7— J therefore the ratios of ^ to 5, of € to D 

and of £ to F when added together, make the ratip 

of 
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ET)P 
of I to , ^ ■ , which is the fame with the ratio of 

JCE to 5DF; whence we have the following canon : 
Multiply firfi the antecedents of all the raHos propofid 
i&gether, and then their confequentSy and the ratio of 
the produ&s thme mifmg will be tbefum of the ratios 
propofed. 

That the ratio!* of J to S, of C to D and of £ to i? 
all together conftitute the ratio of JCE to BDP may 
be further confirmed by fetting them off from JCE 
and from one another thus : the ratio of ^ to 5 fet 
off from JCE reaches to BCE^, in the next place the 
' ratio of C to D fet off from BCE reaches to BDEi 
and laftly the ratio of £ to P fet off from BDE 
reaches to BDF\ therefore all thefe ratios together 
conftitute the ratio of yC£ to 5Z)K An example in 
numbers take as follows: let it be required to add 
^^thefe four ratios together^ vix. the ratio of 2 to 3, 
^» the ratio of 4 to 5, the ratio of 6 to 7 and the ratio 
F of 8 to 9. Here the product of the antecedents is 
^fc fiX4X6x8=:384, and the produd of the confequems 
^^ i^ 3X5X7X9=945; therefore the fum of all the ra« 
I tios propofed is the ratio of 384 to 945 i and the 
^K( proof is eafy : for the ratio of 2 to 3 reaches from 
^P 384 to 570 ; the ratio of 4 to 5 reaches from 576 to 
720 ; the ratio of 6 to 7 reaches from 720 to 840 i 
and the ratio of 8 to 9 reaches from 840 to 9451 
therefore the ratios of 2 to 3, of 4 to 5, of 6 to 7, and 
of 8 to 9 reach from 384 to 045. 

From what has here been (aid concerning the addi- 
tion of ratios, majr eafity be under ftood an expreffion 
fo frequent among Mechanical and Philofophical 
writers j as when they fay that J is to B in a ratio 
compounded of the ratio of C to Z), and of the ratia 
of £ to F\ whereby they mean no more than that the 
[^ ratio of ^ to 5 is equal to the (iim of the ratios of 
C to X>, and of £ to F; or that ^ is to B as CE to DF. 
According to the Mathematicians, every ratio is 
cither a rati^ majoris in^quulitaHs^ or a ratio isquaU- 
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iaitSy or a ratw minom in^qualUatis^ which takes ia 
all fof ts of ratios : for by a ratia majoris hi^qualitatis 
ihcy mean the ratio that any greater quantity hath to 
a lefa ; by a raiia mimris imequalitatis chey mean the 
contrary, that is, the ratio of a leffer quantity to a 
greater ; and therefore by a mtio ^qualiiaHs they 
mean the ratio (if it may be called fo) that every 
quantity hath to its equal, IF we diftinguiih ratios 
according to the effefts they have in comporuion, 
then every raiio majoris in^qualiiatis ought to be look* 
cd upon as aifirmative, becaufe fuch ratios always in- 
creafe thofe to whith they are added \ on the other 
hand, the rationes mimris in^qualitdtis ought to be 
confidered as negative, becaufe thefe always diminilh 
the ratios to which they are added \ therefore the ra- 
Hq ^equahtatis ought to be looked upon as having no 
magfiiiudc at all, becaufe fuch ratios have no cfFed 
in compoficion* Thus if to the ratio of 5 to 3 be 
added the ratio of 3 to 2, the fum will be the ratio 
of 5 to 2, as above ; but the ratio of 5 to 2 is greater 
than the ratio of 5 to 3 ; therefore the ratio of 3 to a 
ought to be looked upon as affirmative, becaufe it 
increafes the ratio to which it is added : on the oth 
hand, if to the ratio of 5 to 3 be added the ratio of 
to 4, the fum will be the ratio of 5 to 4, which is le 
than the ratio of 5 to 3, and therefore [he ratio of 3 
to 4 is negative : laftly, if to the ratio of 5 to 3 be 
added the ratio of 3 to 3, the fum will ftill be the 
ratio of 5 to 31 therefore the ratio of 3 to 3 is no* 
thing. 

Whenever a ratio is to be refolved into two others 
by any arbitrary interpofidon of an intermediate term, 
it may be thought however that this intermediate term 
fhould be fume intermediate magnitude between the 
terms of the ratio to be refolved ; and fo we fuppoled 
it in the 293d article : but that reftriftion was only 
fuppofed to prevent unfcafonable objeftions that might 
otherwiic arifc about it; for there is no neceflity that 
^t intermediate term Ihould be of an intermediate 
4 magiii- 



er^l 

m 



I 



Art. 4 95 J 296. Refokiion of Ratioi 319 

magfiitude bctwixc the extremes if we allow of nega- 
tive ratios; for the ratio of 5 to 4 (for inftance) may 
be refolved into the two ratios of 5 to 3 and of 3 to 
4j though the intermediate term 3 be out of the 
limits of 5 and 4. This I fay is plain % for though 
the ratio of 5 io 7,^ which is one of the parts, be 
greater than the ratio of 5 to 4, yet the ratio of 3 10 
4, which is the other part^ is negative, and qualifies 
the other in the compofuion, fo as to reduce it to the 
ratio of 5 to 4 ; fo 9 may be looked upon as a part of 
7, provided the other part be -«2. 

CorollaryJ 

If there he aferi^s of quantities A, B, C, D, whereof 
A is ioYi asK io r, and B is to C as S to s, and C is 
io D &f T /tf t ; I fa/ tbm that A will be to D as 
RST th$ froiuB of all the antecedents^ to rst the pro- 
du^ of all the confequents. For by the art. 293, the 
ratio of yf to D is compounded of the ratios of R to r, 
of S to Sy and of T to t\ and thefc ratios, when 
thrown into one fum, conftitute the ratio of RST to 
rsti therefore ^ is to D as i{ 5?^ tor J/* 

Of the fubtraSlhn of ratios. 



296, The fubtraSlion of ratios one from another .^ 
when both have the fame antecedent^ or both the fame 
€onfequent^ is obvious enough : thus the ratio of A to B 
fubtra^ed from the ratio of A to C leaves the ratio of 
B /ff C i and the ratio of B la C fubtraSed from the 
ratio of A to C leaves the ratio of A to Bi this I fay 
is obvious* becaufe (according to arc, 293) the ratio 
of j^toC contains the ratios of ^ to S and of 5 to Ci 
and therefore if either part be tal^^cn away» there mult 
remain the other, 

tBuc if the two ratios, whereof one is to be fubtrafted 
from the other, have neither the fame antecedent nor 
the fame confequent, it will be proper then to reduce 
thtm to the fame antecedent, by fetting off the ratio 
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to be fi;btra£t€d from the antecedent of the other^ 
thus : ke k be required to fubcraft the ratio of C to D 
from the ratio of ^ to 5 : now the ratio of C to Z> fet 

AD 
off from A reaches to —7^ % therefore to fubtraft thd 



ratio of C to D from the ratio of y^ to 5 is the fame 

AD 

as to fubtrad the ratio of ^to -^ 



A to 



but the ratio of^to 



from the ratio of 
AD, 



-fubtraftedfrom 



the ratio of A to By a ratio of the fame antecedent, 

AD 
leaves the ratio of --pr to 5, or of AD to BC \ there- 
G 

fore the ratio of C to D fubtrafted from the ratio of 
AtoB leaves the ratio of AD to EC, The rule then 
is as follows : 

Whenever me ratio is to be juUraUed from another^ 
ihmgi the Jign of the ratio io be fuhtra£}ed by inverting 
its termsy and then the fum of this mw ratio added t& 
the other will be the fame with the remainder of the 
intended fubtr anion. Thus to fubtraft the ratio of C 
to D from the ratio of ^co B is the fame as to add th« 
ratio of D to C to the ratio of A to B% but the ratio 
of i) to C added to the ratio of A to B gives the ratio 
of AD to BC by the laft article 1 therefore the ratio of 
C to D fubtrafted from the ratio of ^ to 5 leaves the 
radoof ^D to BC. For a further proof of this wc 
are to talce notice, that in all fubtraflion whatever, 
the remainder and the quantity fubrrafted ought both 
together to make the quantity from whence the fub- 
trad:ion was made \ but in our cafe the remainder w» 
the ratio o\ AD to 5C, and the quantity fubtrafted 
was the rado of C to £>, aud thefe two added toge- 
ther make the ratio of ACD to BCD, or of A to B^ 
which is the ratio from whence the fubtraiftion was 
made j therefore the remainder in this cafe was rightly 
affigned. 

For 
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For an example in numbers, let it be required to 

Ifubtraft the ratio of 4 to 5 from the ratio of 2 to 3 : 

low the ratio of 5 to 4 added to the ratio of 2 to 3 

jives the ratio ot 10 to 12, or of 5 to 6, by the laft 

If tide ; therefore the ratio of 4 to 5 fu be rafted from 

the ratio of 2 to 3 leaves ^he ratio of 5 to 6, which 

lay be confirmed thus: the ratio of 2 to 3 is the 

lame with the ratio of 4 to 6, which contains the 

itios of 4 to 5 and of 5 to 6 -, rberefore if the ratio 

3f 4 to 5 be taken away, there will remain the other 

aarr, which is the ratio of 5 to 6, 

Before I conclude this article, I ought to take no- 
lice that there is another way of conceiving the fub- 
raftion of ratios, which for its ufe in Phyfics and 
'Mechanics ought not to be paffed by in this place ; it 
is thus ; the ratio of C to 2> added to the ratio of ^ 
B conftitutes the ratio of ^ to BD\ therefore e 
nverfr^ the ratio of C to D fijbtraaed from the ratio 

A B 
AtoB muft leave the ratio of -r. to^ , becaufe 

multiplication and divifion are as much the reverfe of 
^^ne another as addition and fubtradtion i but this ra- 

^Ko of TTtOT^, when reduced to integral terms^ is 




CD* 

le fame with the ratio of JD to EC found before. 

Wherever it is faid thai the ratio of A to B 



N. B. 



^ 



is compounded of the iireh ratio of Q toTi^ and of the 
inverfi or reciprocal ratio of E to F, the> meaning /j» 
that the ratio of A to B is equal to the excefs of the ratio 
ifCtoD akve the ratio of E toF, or that A is to B 

C D 

— to -r, or as CF to DE* 



fe 



Of the muff ipli cation and divijion of ratios. 

297* If the ratio of Jio B be added to itfelf^ that 
is, 10 the ratio of J to 5, the fum will be the fitio 
©f yf* to £' by the laft article but one % and this be- 



i 
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^ added again to the ratio of /^ to £ gives the ratio 
bf 4^ to fi\ and fo on ; therefore the ratip of yf* to ^ 
i^ dpuble, and the ratio of y^^ to B^ triple of the rati^ 
0f A to B. And univerfally, TU rafia $f A" to B^ is 
jffjp a multiple of the ratia of A. ti^ B as is exproffed, hj 
^ number n. Thus the ratio of 4^ to B^ is four tinier 
the ratio of A to B^ which I prove thus : the rttio of 
4 to ^ res^ches firft from A^ to A^B^r ^^iy, h(^mA^&t<^ 
4"B\ "adiy, from /f'5' to /iB^\ and ^thJy, from -^. 
V>B\. 

To give an example in numbfrs, I fay that five 
times the ratio of 2 to 3 is the ratio ofthe fifth powep 
of -2 to the fifth power of 3^ that is, the ratio of 32 to- 
m.3 : £c>r the ratio of 2 to 3 reach^ ift from 32 to 
48^ ^dly from ^ to 72^ jdly fcom 7x10 1089 4tUf 
from 108 to 1 62^ and 5.thly from 162 to 243*. Tbufr 
9iu<:k for muitiplicaeion. 

^ I^yifion is the reverfe -of fnultipUci^m \ aftd-tbiPjt^ 
fore as every ratio is doubled or tripled or quadrupled iy 
Jquaring or cubing or fquare-fquaring its terms^ fo owiy 
natio is bifeSled or trtfe£ied or quadrifeSled by extraSing; 
the fquare or cube or fquare-fqiiare roots of its terms. 
Thus half the ratio of 2 to 3 is the ratio of the fquare 
Ipo;: pf 2 to the fqinare rqot of 3, that is (wh6n re- 
duced according to the firft fcholium in art. 179*) the 
ratio of 40 to 49 nearly 5 which is further proved 
Aus : the ratio of 46 to 49 is half the ratio or 1600 
to 2401, by what was delivered in tbfe former part 
•f this article 5 but 1600 is to 2400 as 2. to 3 ; there- 
fore 1 60a is to 240 1 as 2 to 3 very near. 

^ Eut there is no neccffity of a double extra£Hoik of 
the root in the divifion of a ratio, provided the ratio 
propofed be reduced to an equal one whofe antecedent 
is unity. Thus 2 is to 3 as i to 4, and therefore 
half the ratio of 2 to 3 is the ratio of i to V i^ or the 
ratio of I to V i .5. 

• From what has been faid it appears that one rdtiff 

may be commenfurate to another ^ and yet the terms of 

me incommenfurate to the terms of the other: thus the 

? Sec the Qfiaxxo \L4\xioii, ^, \%\. rati^ 
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ratio of 2 to 3 is certainly coitim/^nfuratc to the rawd 
pf the fcju^e root of 2 to the fquare root of 3, the 
former beinjg double of the Jatter j and yet 2 and 3^ 
^bc teri?is.pf the former ratio. a^e imcommenfurate.io 
^2 iand Vj iJte terms of th^ . t .' .\ 

• . i?ot^e.. Wiereyer it is [aid, that ^,K is toM^'a/ef^ 
^atpUcate ratio of C^ to, D, tbe^ m<^ning .is^ that, the 
ratiaoj^ A tc(^ 9 ^^ ^^^KiP a-, ^..theyatia df C to D.j 
^ercfore iq luc;;1i a cafe, twice ,the. ratiQ qf ^ to J5 will 
be'egual to tn/ee t^m^s the r^atip. pfC to D \ but twice 
tl;^ ratio of ^^to.5 is the ratio of A"- to 5% and three 
f fmes the ratio of C to D is the ratio of C^ to D}\ 
therefore if i^be u> ^ in afefquiplicWe ratio.of C to D, 
J* will be jto ^* as C\ to 1)K Thus in the revolutions 
i^ j^i ^imivy planets a]^ouf.thc Sunj and of the fe- 
^ndlry planets, aliput ancj $^tan,, their pe.» 

n^c times a^e )aid| to jbe in a fefquiplicatc rati > of 
tn/^irViniddle<5iTO^ is> the /quares of their 

^rlocfic times are aslhe cubes of their middle dif^ 
xiifccs!, ; - . 

y(inoth(r'nji;a^-pf multiplying and dtwUng jrftail ratios i 
. that isf .whofe terms are large in comparifon of 
' their difference. 

298. Before I deliver what I have to fay upon this 
li^adj \ il\ail only obfefve, that If^^wo indetirminaie 
'quantities have always the. fame difference^ the greater 
^^e qifantitiey are^ the. near & will their ratio apprdach 
iimofds a ratio of equality : ; thus the difference be- 
twixt 2 and I is t/ie fame with the difference betwixt! 
109; and .99^ t>u)e the ratio. of«2 tq i or4»f 100 16 
,59 i&jDiMch ^e^ter than the ifatio of 100 to 99. B^ 
the, heip)0^tl)is obf^ryation, and the following" theo* 
iir^^ I iM^ ^f^eayour to fhew tbat^ fmail ratios txla^ 
ifijmctiipcs be doubled, Of tripled, or bifefted, or tri* 
toiS^d by.moi(e{(:pn)pendious ways than thofe that are 
ttiug^t m the \^ arccle \ . 4nd . whenever. they hap}^ni 

X ^ \^ 



324 Of the CompoftHon and Book. VlL 

to be fo, they ought 10 be ufed, and frequently arfe ufed 
rather chan the other. 

A Theorem, 

if then be two quantities wbofe differ mce is but/malt * 
in cmparifon of ibe quantities them/elves and if fo much\ 
hi added to me and fubtraBed from the other m Jball\ 
make their difference dmble^ cr triple^ or half, or 4\ 
third part of what it was before \ I fay then that thi\ 
quantities after this alteration Jhall be in a duplicate^ of i 
a triplicate^ or a fuhduplicate^ or a fubtriplicate rati§i 
of that th^ were in before any fuch change was ma^lX 
nearly. ^ ^\ 

lit. Let there be two numbers 10 and ti» whofe 
difference is 1 j then if ^ be added to 1 1 and fub- 
irafted from 10, we fhall have the numbers i ij- and 
9^, whofe difference is 2 : I fay now that 1 14 is to 
9I in a duplicate ratio of 11 to 10 nearly. For the 
ratio of j 1 i- to 9^ is refolvable into thcfe two ratioSp 
viz, the ratio of 11' to io|* and the ratio of lOr to 
94. : now of thcfe two ratios the former, to wit, that 
of 1 14 to 10^, is fomcwhat iefs than the ratio of li 
to 10^ by the obfervation at the beginning of this 
article i and the latter, to wit, that of lo^togl, is 
fomewhat greater than the ratio of 1 1 to 10, and the 
excels in this cafe is nearly equal to the defeft in the 
former 1 therefore the fum of both thefe ratios put toge- 
ther, that js, the ratio of 1 1 J to 9*^ will be very nearly 
equal to twice the ratio of 11 to 10. 

ldly> As the difference between 10 and 1 1 is i, add 
I to 1 1 and fubtraft it from ro, and you will have the 
numbers i% and g, whofe difference is 3 : I fay now 
that 12 will be to 9, or 4 to 3, in a triplicate ratio of 
Ml to 10 nearly • For the ratio of 1 2 to 9 is refolvable 
into thefe three ratios, to wit, the ratio of 12 to 11^ 
the ratio of 1 1 to 10, and the ratio of 10 to 91 and of 
thcfe three ratios, the firft, tQ wit, that of 12 to 1 1, if 
fomewhat Iefs than the middle ratio of i r to 10, and 
th^ kff» ,ta will that of to to 91 is about as much 
p\ greater ^ 
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greater -^ therefore the firft and laft ratios put together 

nil make about twice the middJe ratio of 1 1 to lo ; 

rherefore all thefe three ratios put together, to wir, the 

ratio gf 12 to j, will make three time* the ratio of 1 1 

{ip lo nearly. 

gdly* And if increafing the difference increafcs th« 
[ntto proportionablyj then diminifliing the difference 
[cught to diminifh the ratio proportionabJy-^ that is, if 
rihe difference be reduced to half, or a third part of what 
[it was at firft, the ratio ought to be fo reduced : now as 
,the difference between lo and ii is i, add -\ to iq 
[ and (ubtra6t it from i r» and you will have the numbers 
I iD^and io|, whofe difference is ^l^ and iq^ will be to ^ 
ip^- in a fubdu plicate ratio of iq to 1 1 nearly ; but if 
4, be added to 10 and fubtrafted from r, you will then 
have the numbers 104 ^nd io4> whofe difference is 
4-^ and 104 will be to 10^ in a fubcriplicatc ratio of 
to to II nearly. 

Let us now try how near the ratios here found ap- 
proach to the truth. By the laft article the duplicate 
ratio of io to 1 1 is the ratio of 100 to 121, or of i to 
1 ,2100 » and according to the foregoing theorem it 
is the ratio of 94 to ii^y or of 19 to 23, or of i to 
1 .2105, 

By the laft article the triplicate ratio of 10 to u is 
the ratio of 1000 to 1331, or of i to i .331 ; and ac- 
cording to the foregoing theorem it is the ratio of 9 to 
12, or of 3 to 4, or of i .333. 

By the laft article the fubduplicate ratio of 10 to n 
is the ratio of i to the fquare root of i^or of i to 
1.04881 \ and according to the foregoing theorem it is 
the ratio of 104 to lo^s or of 41 10^43^ or of 1 to 
1,04878. 

By the laft article the fubtripHcate ratio of 10 to 1 1 is 
the ratio of i to the cube root of f;, that is, of 1 to 
1 ,03228 J and according to the foregoing theorem it 
is the radoof lof to 104, or of 31 to 32, or of t tp 

X 3 By 
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By thcfe inftances we fee how near thefe ratios come 
up to the truth, even when the difference is no )e(^ 
than a tenth or an eleventh part of the whole : but i^ 
we fuppofe the difference to be the hundredth or the 
thoufandtb part of the whole, they will be much more 
accurate; infomuch, that to multiply or divide thtf 
ratio, it will be fufficient to increafe or diminHh oip^ 
of the numbers only. Thus 100 is to 102 ina dupli- ' 
cate, and to 103 in a triplicate ratio of 100 to ioi ; ' 
and 100 is to ioo-{-' in a fubduplicate, ^and to^iob 
-|--^ in a fubtriplicate ratio of 100 to loi nearly : and 
univcrfally. If A-j-z afid A-f-y ^ nwf two quantities 
i^roacbing iirfinitely near to the quantity A^ the ratth 
of A-|-z to A ixnll be to the ratio of A-^y tit A' as tbt 
infinitehf fmall drfference zis to' the infimtefy fn^'dif^' 
ferenceY' • •* 

I (hall draw only one example out of an infinite 
number that might be produced to Ihew the lift of 
the foregoing propofition. Suppofe then I haVe 4' 
clock that gains one' minute every day;' how mucH 
mufti lengthen the pendulum to fet it "right ?' Let /' 
be the prefcnt length of the pendulum, let x be the" 
increment to be added to its length in order to cor-' 
reft its motion, and let » be the number of minutes 
in .one day ; then it is plain that the pendulum, /per-^ 
forms the fame number of vibrations ih the tinii n^i 
that the pendulum l-^-x is to perform in khe tin^c n.^ 
Now Monfieur Hwfgens has dcmonftrated that the 
times wherein different pendulums perform the 5fafpc 
number of vibrations are in a fubduplicate ritio of. 
the lengths of thofe pendulums ; therefore »—i muft' 
be to » in a fubduplicate ratio of / to /-f-x, or "(which' 
comes to the fame thing) / muft beVo Af-x, in a'du-' 
plicate ratio of » — i to n: but by the foregoing pro- 
pofition, the duplicate ratio of »-^i to h is the r^Q 
of n—i to »+4., or of 2» — 3 to 2«-j-r; therefore' 
/ is to /-j-^ as 2w— .3 is to 2»^-i, that is, the pen-' 
dulum muft be lengthened in the* propohioh of i^^-L^ 
to 2;/-|-i : but n the number of minutes iftoncda/ 

is 
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Vii^o'i and therefore 2»— -3 is to in-^-x as 2877 
is to, 2881, or as 719 to 72a,very near; therefore 
the pendulCim mirft be lengthened in the proportion of 
>fig to 720. ^E.L 

;. Had the duplicate r*atlo of n—i to 71 been taken 
•only by diniinifliing »— i' to ;^— 2, without med- 
dling with the other number », the concrufiori would 
ilill have been the fame; for ^then / would Jjavc 
been to l-^-x as »-T-i to n^ as 143? to 1440, as 719 
fO 720. 

Having now dblivetol what I inteiidcd concerning 
fhecompofitiofl and refdlution of ratios, itT^m^ins 
tliat r fay fomerfiing further concerning the applica- 
tion of this dd3:rine, and then I fliall make an end of 
the fobjeit 

Deji-nitiok 4. 

299. If two variable quantities Q^ and R ie offuch 
^ nature^ that R cannot hie increafed or diminijhed in any 
^op^ioHj but Qjmufi necejfarily be increafed or dimi- 
niftad in the fame froportion-y as ifR cannot be changed 
to any other value r, i«/ Qjmufi alfo be changed tofome 
ptber value q, andfo changed that Q^Jhall always be to 
jqiff the fame proportion as R U r ; then is Q^faid to be 
fiS R diteSllj^ or Jimply ^ R. Thus is the circumfe*. 
rcfice of a circle laid Co be as the diameter ; becaufe 
thetii'amtter cannot be increafed or diminiflied in- any 
prq>ortion, but the circumference mud: neceflarily be 
increafed or diminifhed in the fame proportion. Thus 
is the weight of a body faid to be as the quantity of 
matter it contains, or proportionable to the quantity 
pf matter \ bccaufe the quantity" of matter cannot be 
increafed or diminifhed in any proportion, but the 
weight niuft be increafed or diminifhed in (he fanie 
|>fbportioa. 

Corollary !• , . , 

• i^<Xib£ as K\direflly^ then e convei-fo, R muji ni- 
^iJHarUy be as Q^£re3fy. For let \^ be changed to 

X 4 ^^^ 
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any other value j, and at the fame time let R be 
changed for; then fince j^isasi?, ^Will b« to ^ 
zs R to n but if ^ is to J as ii is to r, then via 
verfa^ R will b6 to r as ^to jflr : fince then ^cannot 
be changed to q^ but R niuft be changed to r, and 
that in the fame proportion, it follows by this deft* 
iiition that R iras j^diredtly. 

C0ROttARV2. 

TfQ he iireHly as R* and R he dire3fy as Sf tbe^^ 
mil Q he direSlfy asS, For let ^ be changed to s^ 
and at the lame time R to r, and ^to ; ; then fince 
by the fuppofition R is as S^ /i[ mud be to r as j[ to ^ | 
and fince again ^is as R^ ^ will be to j as /{ to r; 
fince then ^is to j as iJ tor, and R is to r as 5. to ^, 
it follows that will be to j as S to j, and confe* 
quently that ^\nll be as «S.* ' 

Corollary 3. 

IfXihe as R, and R be asS -^ I fay then that Q will 
he as K±S, and alfo as the fquare root of'theprodu^ 
RS. For changing ^ R, S into q, r, Sy fince it is as 
5, we ftiall have R to r as S los^ whence by the 
twelfth arid nineteenth of the fifth book of the Ele- 
ments R will be to r as R±S is to rts-, but ^is to 
J as i? is to r ex hypotheJi\ therefore ^is to q as Ri.Si 
is to r+5 ; tberetore by this definition ^ will be as 
R+S. Again, fince R is as 5, R"- will be as RSj and 
/J as s/RS', but ^is as iJj therefore by the laft co- 
rollary ^ will be as ViitS. 

Corollary 4. 

If emy variable quantity as Q^ he multiplied hy any 
given 'number ds ^ \ Ifay then that ^Qjivill he as Ql^ 
for it will be impoffible for ^ to be increafed or 
diminiflied in any proportion, but f^mufl: be in- 
creafed or diminiflied in the fame proportion : if ^in 
any one cafe be double of ^in another, then 5^in 

the 
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the former cafe muft be double of 5^m tlje latter, and 
fo on I iherefore 5 .^ts as ^ - 1 

Corollary 5, 

^ QJe as R, then Q^ will be as R% Q[ as RV 
^Q^as ^/R, &c. For let i2* be changed in the 
proportion of D to E \ then will R be changed in 
the proportion of VD to a/E% but ^is as R\ there* 
fore ^ will alfo be changed in the proportion of fjD 
to KfE% therefore ^ will be changed in the propor- 
tion of Z> to £: fince then R^ cannot be changed in 
any proportion, fuppofe of D to £, but ^ muft 
necelTarily be changed in the fame proportion, it 
follows from this definition that ^ is as iJ* : and 
the reafoning is the fame in all other c^fcs. 

Corollary 6. 
^CL R and S be three variable quantities^ and O 
ie as the produH or re£! angle RS i I fof tben^ that 

*—" wiU always be as S, and -^ as R, and that ^> 

%vill be a given quantity ^ or (which is cbiefy nuant by 

thai phrafe) that the quantity -^^r will always bi thi 

fante^ be the values ^ Q, R and S what ihey wilL 
for fmce ^ is as RS^ i^ cannot be iiicreafed or di* 
minifhed in any proportion, bar RS nnuft be in- 
creafed or diminifhcd in the fame proportion ^ there- 

fore ^ cannot be increafed or diminifhcd in any 

RS 
proportion^ but -^ or 5 muft be increafed or di- 

miniftied in the fame proportion i therefore 5 is as 

^^ and -^ as5: and by a like proof-, R will be 

as ^» and ^ will be as i2 : but if -^ be as R^ 

L —J 
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then dividing both fide^ br R. we fliall have ^ 

as I ; but i is ^ qt^aiHil^y. thaft nether increafes nor 
djcfiqilhes^ bu( h alwayj^ the faioe;< thercfoce- the 

ijuantky -^ will always be the fame : and" for thi 

i^Q reafon. If Q^be ^ am fin^ quantity^ fi^fi 

R^ ^ ^^^ ^w<zy/ ^^ ibe fanu;^ lef Qjind R be what 

pheywiU. 

CORaLJLARV 7. 

, Ifthire It ftm variable quantities h^J^ C, D, ^ 
tn numbers^ ist^herecf A is as B^ and C is asD ^ Iff9 
then that the'produSl AC will he as the produSl mJ. 
For fince A is as. j8, AG will be as BCy and fincc C 
15, as 2),. jBC will be as BD^ therefore by the ffscond 
forollary, j^ will be as BD \ that is, AC in one cafe 
wilt be to yC in any other as BT} in the foriner cafe ii 
to BD in the latter, 

D E F I N I T I M 5. 

300. If two 'variable quantities Qjind R be offucb 
9 nature^ that R cannot be increafed in aty proportion 
whatever^ but Qjnuji necejfarily be diminrjbed in a conr 
trary proportion^ or that K' cannot be diminijhed in attf' 
proportion whatever^ but Qjnuft necejfarily be. increafed 
in a contrary proportion ; in a wordj if R cannot be 
changed in a proportion of D to E, but Q^mtifi ne- 
cejarily be changed in the proportion of E toDi then 
is Q^faid to he as R inverfely or reciprocally. Thus if 
a fpherical body be. viewed at anf conGderable dif- 
itance, the apparent diameter is faid tp be recipro* 
c^lly as the d^ft^nces b^gauie the greater thediftancQ 
is, the lefs will be the apparent diameter, and vice 
verfa. 'Kius- if a globe be fuppofcd to move uni-^ 
formly abo^f its axis^ the periodical time of this 
motion. i$ faid tQ be Tecipri^ayjf as^ the. velocity widi 
which the globe circulates 9 (for the quicker the cir- 
' — ♦ culatioi^ 
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culation is, t^t fooner it will be over j) which is a; 
much as to fay, that the. gr.e^t^r ^he. velocity is with 
which the globe circulates, the lefs will be the peri^^ 
odical^irpeof ooe rcvolutipn, ^' vmver/a^ Tfius 
if; the nugierator gf Si fri^ipo CQptinuu alivays. thi 
lame whilft the denominator is fuppofed to vacy^. 
that fradlion is faid to .bg r^ciprpcay^ as its denomi- 
nator, becaufe the greater the aenominator is,- the lefs 
will liCf the Y*ilae 9tv')>? fmaiqi), m^ vk^.vM^* 

CQJ^pXrLA.B.Y, I. 

IfxQJ^i m^ri^caffy as Ky then.e. convttfo Rmlt h 
Tifr^pffl^ as. Q^ ffpr let ^ be changed in. the pr©-^ 
portion ofj 2) to £, and at tb^. farpe time let R be, 
cbangp^ in the proportion oF yf to J? ^ thea -fince ^is ' 
j-eciDrocally^as i{, ^f^V^O- 1^?^ changed in the p^opprpori; 
of Fto^' j^;' but !^was clanged in the proportion of I) 
toJSfj^ iJtiWffwftfl: wu0:-be.tau4a$ BtoEy therefore: 
inVcrfely, A muft be to 5 as E to. I)-, but i? was.- 
changed; In the' ^ropprtitfn of -^ to B by the fuppo-^ 
Ikion i 'therefore 71 wias changed in the proportion of 
E to D.' Since then ^ cannot be changed in any' 
jproportion, fuppofc^ o^,D,to £, butjit muft necefla- 
rily be changed in the contrary proportion of E to D^ 
ii/^Upiva, frQm. thi>, c^lwiitiQa.thtt R muijt bc.reci- 
pfocally as ^ 

'• CoRCtL t ARY 2. 

(^mujfiiis reciprocally as S. For let 5 be changed in 

a^ SiK ftiulb^be changed m the proportion of £ to D ; 

^.%'sdJfe^4J»'^^'by rhewifio^o^J 

hiulc alio be changed ill the propoctioi^ of ^j&^J!!)^ 
Since then S cannot be changed in the proportion of 
jD to jE, but\^muft^ne^§r^ryv beqji^nged in the pro- 
|3ortion of E to 2), it fi^lVws iroih this definition that 
^s reciprocally as 5. ,/ 
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Corollary 3. 

By a like way of reafomng^ if QJbt reciprocally as 
R, and R be reciprocally as S, Q^will be dircSfy 
asS* 

Corollary 4. 

J^two variable quantities Q^and R be of fucb a na- 
ture that their produSl or reSangle QR is always the 
fame 5 I fay then that Q^will be reciprocally as R^ For 
£nce ^ is always the fame, it will be as the number 
I which neither increafes nor diminifhes •, but if ^ 

be as one, then ^will be as the fradion r^ b]f the 

fixth corollary to the fourth definition. Since then 

^is dircftly as the fraflion -^^ and the fra^bion ^ 

is reciprocally as its denominator jR by this definmop, 
it follows from the fecond corollary that ^wUl be rc^ 
ciprocally as R. 

Corollary 5, 

Every fraffion is reciprocally as the fame frailion 

R 

inverted. Thus the fradlion -r- is reciprocally as the 

S 
fraction -^, This is evident from the laft corollary j 

R S 

for if the fraftions -^ and -j^ be multiplied . toge- 
ther, their produd will always be unity, let R and 
S be what they wilL 

Corollary 6. 

R 

If Q^be reciprocally as R, or reciprocally as — ^ 

then 
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then Q^wHl be iireBly as -^. For fince ^is reci- 

R R 1 

procally as — , and — is reciprocally as-r^ by the 

laft corollary, it follows from the third corollary that 

^will be direftly as — * For the fame reafon. If Q 

khe reciprocally as -^, it will k direSly as R. 
f DEFiNrTroH6. 

I 301. If any quantiiy as (^depends upon fever ai oibirs 
m R, S, T> V, X, all independi7it of one another^ fa 
ihai a?ry one of them msy be changed fingly without affe^^ 
ing the reft ^ and if none of the quantities R, S, 1' can 
be changed Jingfyy but Q^ muft be changed in the fame 
proportion^ nor awy of the quantities V, X^ but Q^ mujt 
he changed in a cmtrary proportion \ then is Q^faid t§ 
[ ieas R and S and T direSly^ and as V and X recipra- 

^^Tially or inverfely. Thus the fradion -yy is faid to 

be as R and 5 and T'direftly, and as J^ and Xinverlely, 

becaufe none of the fadtors belonging to the numeratot 
can be changed, but the value cf the fraftion muft btf 
changed in the fame proportion, and none of the fac- 

rs belonging 10 the denominator can be changed , but 
the value of the fraftion muft be changed in a contrary 
proportion. 

N, B, If Q^be as R and S and T SreBfy^ withouf 
any reciprocals^ then it is faid to be as R and S and T 
conjunttim, jointly* 
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A Theorem. 



302. If Q^be as R and S and T direBly^ and as 
V and X reciprocally \ and if the quantities R, S, Tf 
V, X be changed into r, s, r, v^ x, and fo Q^into q ; 

/&y then that the ratio of Q^io q will h equal to the 
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€xajs of dl ihe direct tMqs tdken iogidw above nU 
the reciprocal ones iaken togelhtr : as tf the raiios €f R 
io r, of S to s, and of T io t (\vhkb I catl dir0 mlios} 
when added together make ihe ratio of A to ^ ; and if 
the ratios of V to v, md of X lo X (-liJhkb I call rech 
procal ratios) when added together make the ratio af C 
id t} I I fay tbm iimt the rat to of Q^toq kvillit equd 
to the excefs of the ratio of A to d ahve the ratio of C 

toiy. 

For fuppofing all but R to continue the fame, let 
R be changed into r\ then will i^^be changed froat 
its firft value in the ratio of /f to r by iht bypothefis: 
let now r 7^^ Fy X continue, and let 5 be changed 
irjto^: then will i^be changed trom m laft value 
in the ratio of S to j : in like manner if T be chinged 
into /, €^£teris paribus, i^wiU be changed from iti 
kit value in the ratio of 'T tfa 1 1 therefore if /J, 5, 
S" be Changed into r, j, /* i| wil! be changed irotn 
€>ne Value to another in a ratio compounded of all 
the dircd ratios of R to r, of S ro j, and of f* to / j 
that isj ^ will be changed in the ratio of y/ to J5. 
This beirig fo, Jdt m now imagiite F to be changrd^ 
ceteris pmhis^ into v\ then will ^ be further 
Changed in the ratio of v to ^j and if after this we 
Ifmagine X to be changed into .v, ^will be changed 
in the proportion of x to A', and will now be arrived 
at its iaft value qi therefore if to the ratio of ^ tu 
B you add the ratios of v to V ^t\A of x to X^ you 
will have the ratio of ^to q : but to add the ratio 
of t? to /^ is the fame thing as to fu be raft the ratio of 
/^tox; by art. t^6y and fo again, to add the. ratio 
of AT to X is the fame as to fubtraft the ratio of x to 
Xi therefore if from the ratio of J to B you fub- 
trafl the ratios of F co v and of Jf to Xy you will 
have the ratio of ^to fi but the ratios of F to v 
sind of X to x^ when added together* make the 
ratio of C to Dex hypotbe/i\ therefore if from the rario 
of ji to S you fubtraft the ratio of C to £)> there 
will remaifl the ratio of ^to f j therefore the ratio of 
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^to q is the cxcefs of the ratio of ^ to 5 above the 
ratio of C to Di or (which is the fame thing) ^ih 
to J in a ratio compounded of the ratio cf J to M 
dircftly, and of the ratio of C to X> inverfely. Ste 
art- 296. 

. This is upon a ruppofition that the quantities R^ Sy 
f, ^, JT were changed into r^ j, /^ v^ x one after an- 
other in time : but fince the ratio of ^ to j does not 
depend upon the intervals of time between (he fcveral 
changes, but will be the fame whether thofe intervafa 
be greater or lefs, it follows that the ratio of .^^to q 
will be the fame as if all chefc changes had been miade 
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Corollary r. 



If the 'quantities R^ 5, T^ V^ X^ and confequemJy 
A^ B^C^D be expreffed by numbers, as they miaft 
be before they can be of ufc in any cocnptitation 1 
then the ratio of yf to S will be the ratio of RST to 
rsif and the ratio of C to D will be the ratio of 
f^X to vx J and the exqeis of the ratio of jl to B 
above the ratio of C to D will be the ratio of 

-7T]rto~i (fee the fecond way of fubtrading 
PX vx ^ ' ^ 

ratios in art. 2g6) therefore in this cafe, ^will he 

to ^ as the fraflion -—rr is to the fraillon ^ — . Sime 
^ VX vx 

. . : RST , , , ^ rst 

ri^ tbt jraBtm ^ ■ canmt h ch^mged $nt& — • 

hul ai the fame time Q^mufi he changed into q, mid fa 

fhanged that Qjwill hi t& q as "^3— ^^ '^ """ ^ ^^ fi^^ 

kms frcm the fmrib definitkn tba^ Q^will hi m tb^ 

RST 
fraStion - ■ ; and ccn/eqtiently that Q^ in m^ om 

RST 
eafi mil i^ t^ Q^in ai^ ^tbir m ih fra^on rg^ 

5 
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RST 
h tbi former eaft is ia the fra£lion -yy- in ih 

kner. 

Corollary a. 

If there he no redprocah^ then Qjvillii as the prcduH 
cf ail the dire^ termSy thai ts^ as theproduSi RS if there 
he twa of them^ or as the produil RST if there be three 
of themy &c. 

Scholium. 

In the demonftration of the foregoing propoficioff 
as well as in the fixth definicion it was fuppofed, that 
the qyafitities -R, 5, 7", V^ Xupon which ^ depended, 
were themfelves catirely independent of one another, 
foas that any of them might be changed fingly without 
afFefting the reft j and in fuch a cafe, if .^ be as i? and 
6'dire6Hy»it may be concluded to be as the produ6tiii\ 
But thrs conclufion muft not be carried farther than 
can bejuftified by the demonftration : for if in any cafe 
the quantities R and S Jhould not be independents ff 
neither of them can be changed whilft the other conti- 
nues the fame, then chough no change can be made 
cither in 72 or 5 but what will make a proportionable 
change in ^ yet here ^ muft not be faid to. be as the 
product RS. As for example, let .^be an arc of a cir- 
cle fubtending at thediftance R an angle whofe quan- 
tity is reprcfented by S \ then it is plain chat neither R 
nor S can be changoi fmgly, but ^muft be changed, 
proportionably % it is plain alfo that either Rov S may 
be changed fingly whilfl: the other remains the lame; 
and therefore in this cafek is lawful to conclude that 
J^is as the produfl RS. But let us now fuppofe ^to' 
be the circumference of a circle whofe radius is R, 
and let 5 be the fide of a regular polygon o^ any given 
fort infcribed in that circle; as for inflance, let S be 
the fide of an infcribed fquare: here then it is plain 
that neither R nor 5 can be changed but ^muft 
4 changed 
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changed proportionably ; and yet if we fhould con- 
clude in this cafe that ^is as RS, the illation would 
bt falfe, bccaufe R and 5 have here as much depen* 
dence upon one another as ^ upon both *^ for every 
one knows that the mdriu oi a circle cannot be in- 
creafcd or dimini(}ied in any proportion, but the fide 
of a fquare infcribed in that circle muft be increafed 
or diitiinillied in the fame proportion: in this cafe it 
msLj be concluded ihat ^is as /?^5, or as i?— 5, or 
as the fquare root of RS by the third corollary in art. 
299, bot it muft by no mean?; be allowed that ^is as 
RS ', for fhould ^bc as RS, fihce in this cafe S is as 
R^ and confequently ^5 as /£*, ^ would be as /?' by 
the fecond corollnry in art. a 99, which contradifts the 
fuppofition that ^is as R. 

Examples fy iflii,^rale the foregoing fbeorem^ where 
direSt ratios are only concerned. 

30^. Ex. I* If a body moves far m^ iimi with dny 
uniform velocity through any fpace^ that fpace will he as 
the time and vdodty jointiy. For if we fuppf^fe the 
velocity to be the iame in al! cafes, but the tinrie to 
differ, then the fpace dcrfcrib/d will be greater or iefs 
in proportion as the time is fo, and therefore will be 
as the time: on the other hand, if weluppofethe 
time to be the fame in all cafes, and the vcbeiry to 
differ, then the fpace defcrib^d in chefc equal times 
is^ill be greater or lefs as the velocity is fo> and con- 
fequently will be as the vtriocity : kftly let us fuppoie 
bo(h the timt^ and velocity to vary \ then the fpnce 
will vary upon both rhefe accounts, and therefore will 
vary in a ratio equal to the ratio wherein the time va- 
ries, and the ratio wh£:rein the veiocity varies put to- 
gether I thac is, the fpicc in any one cafe will be to 
the fpace in any other in a ratio compounded of the 
ratio of the time in the former cafe to the time in the 
latter, and of the velocity in the former cafe to the 
Velocity in the Jactcr. This is uaiverfali butifwtf 
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fuppofe the time and velocity to beexpreffed by num- 
bers, we muft then fay that the fpace defcribed is as 
the produd of the number reprefenting the time mul- 
tiplied into the number reprefenting the velocity^ by 
the fecond corollary in the laft article ; or that the 
fpace defcribed in any one cafe is to the fpace defcribed 
in any other as the prodad of the time and velocity in 
the former cafe is to a like prododt in the latter, 

Ex. 2, The quantity of maittr in att^ body depends 
upon two things^ viz* Us magnitude and denfity (where 
hy den/Hy I mean the compaUmfs or dofenefs of its mat- 
ter, ) For if two bodies of equal denfides but of un- 
equal magnitudes be compared, one body muft have 
more matter than the other, or lefs, according as its 
folid content is greater or lefs^ that is, according as 
its magnitude is greater or lefs \ therefore in this cafe 
the quantities of matter in any two bodies thus com- 
pared will be as their magnitudes : on the other hand, 
if two bodies of the fame magnitude but of different 
dcnfities be compared, their quantities of matter will 
be as their denfides, becaufe the cloier the parts of a 
body are, fo much more matter will be crouded into 
the fame fpace; therefore if the bodies be different 
both in magnitude and denficy, the quantity of mat- 
ter in one body will be to the quantity of oiatter in 
the other in a ratio compounded of the ratio of the 
magnitude of one body to the magnitude of the other, 
and of the ratio of the denfity o\ the former body to 
the denfity of the latter; and therefore if thefe quan- 
tities be reprefcnted by numbers^ the quantity of mat- 
ter in any body will be as its magnitude and denfity 
multiplied together. Thus if D and d be the diame* 
Sers of two globes whole den fi ties are as E to f, the 
quantity of matter in the former globe will be to the 
quantity of matter in the latter as D^xE is to d^%€ % 
for the folid contents of all globes are as the cubes of 
their diameters. 

Ex* 3. The momentum, or forciy cr impetus with 

which a koiy mmjss^ and mib which it wilijirih any 

4 i^bfiack 
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[§bjia€k that Ues in its way t^ ^ppofe or flop it^ is as 
the vilmty ef the motion and the quantity of fnatter in 
the body jointly. For the fame quantity of matter 
moving with different velocities will ftrikean obttacle 
with forces proportionable to the velocities; on the 
other hand, different qua nt iries of matter moving 
with the fame velocity will ftrike with forces propor* 
tionable to their matter ; a double body will ftrike with 
a double force, ^c\ therefore in the cafe where the 
velocity is the fame, the momentum of a body is as the 
quantity of matter it contains; and in the cafe vvhere 
the quantity of matter is the fame, the momentum is 
as the velocity 5 therefore if neither the velocity nor 
the matter be the fame, the momentum wi]f be as the 
matter and velocity jointly % and in numbers, as the 
produft of the number expreffing the matter multi- 
plied into the number exprefiing the velocity. 

Est* 4., If a heairy body be fufpended perpendiadarly 
upon a lever (by which / mean an inflexible rod moving 
about a fixt point in the middle^) the momentum or 
efficacy of that body to turn the lever abmt its center is^ 
ceteris paribus, as the weight of the body and as the 
dijtanee of the point of fufpenfwn from the center of the 
lever jointly. For it we fuppole this diftance to be 
the fame, the momentum of the body to turn the lever 
muft be greater or lefs according as its weight is fo, 
from whence that momentum arifes : on the other hand, 
if we fuppofe the weight to be always the fame, but 
to be removed, fometimes farther from, and fome- 
limcs nearer to the center, the momentum of the body 
to turn the lever will be greater or lefs in proportion 
to the diftance of the point of fufpenfion from the cen- 
ter of the lever, as is demonftrated in Mechanics, and 
may eafily be cried by experience : therefore univer- 
fally, the momentum of the body will be as this dif- 
tance and the weight of the body jointly, and in 
numbers is as the produft of the weight multiplied 
into the diftance. 

Y 2 T« 
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To iiiuRrate this, I Iha!! put the following queftion* 
Let a body weighing five pounds be fufpendcd at the 
diftance of fix inches from the center of a lever, and 
let another body of feven pounds be fufpended on the^ 
fame fide of ihe center at the diftance of eight inches r| 
then let a third body of nine pound weight be iuU, 
pendtd on the other fide of the center at the diftancej 
of ten inches : ^^ere whether will thefe bodies fuft 
tain each other in ^quilibrio or not y and if not, on 
IV hie h fide will the lever dip, and with what momm- 
tum? 

To rcfolve thi^, fince we are at liberty to reprefent 
any one of thefe momenta by what numbers we pleafe, 
provided the reft be rcprefcnted proportionably^ kt 
us reprefent the momentum of the nine pound body by 
the produd of it*s weight and diftance multiplied to- 
gether, that hi by 9X10 or go; then muft the other 
momenta be reprefenced by like produfts, or they 
would not be reprelented by numbers proportionable 
to them : therefore the momentum of the five pound 
body will be 5x6 or 30, and that of the fcven pound 
body 7x8 or ^6-^ and therefore the fum of the w^- 
fnenia on this fide the center acting the fame way will 
be 86: whence now it plainly appears that the lever 
will dip on the fide of the nine pound body, becaufe 
90, the momentum on that fide, is greater than 85, 
the fum of the momenta on the other fide : and fince the 
excefs of 90 ubove S6 is 4, it follows that 4 will be 
the diffcrciice of the motnenia on one fide and the 
other; infomuch that if any one fuftains this lever 
immovtablc, he will fuftain the fame force as if all 
the weights now upon the kvct were taken away^ and 
a fingle pound weight was fufpended at the di (lance 
of four inches from the center of the lever : therefore 
when all the weights were upon the lever, if a Gagtc 
pound weight had been fufpended at four inches dif* 
tance, and on the lame fide of the center with the other 
two bodies whofc weights were five and fcven pounds 
the whole fyftem would then have confifled in jequili- 
krtQ. \J^n 
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Upon this theorem, that the force of a body upon 
}M lever is as it's weight and diftance from the center 
multiplied together, is founded the method of finding 
the centers of gravity of bodies, or the center of 
gravity of any lyftem of todies,, let their places or 
^ ofitions be what they will : but 1 mgft not carry this 
matter any farther, 

. Ex. 5* ff'a gkbe be made to mmi uniform}^ in an 
umform fiuidy ike rejijiame it will meet with in any 
given tirne by impinging agmnji the partides of the Huid^ 
will he as the denjity of the fluids and as the fquare of the 
dmmeter of the globe^ and as the fquare of the velocity if 
moves with Jointly. 

To determine rightly in this cafe, we muft here do 

what we all along have done, and what we always 

pull do in like caies j chat isj we muft take [he 

Vwhole to pieces^ examine every particular circum- 

iftance by itfelf, ceteris paribus^ and then put Ehem 

all together. Firit then let us fuppofe the fame 

globe to move with the fame velocity, but fometimes 

iin a denfer fluid, and fometimes in a rarer ; then it 

I is plain that the denfer the fluid is, the more par- 

I ficles of it the body will be Jikely to meet with in 

any given time, and confequently the greater re- 

fiftance it will fufFcir from them ; therefore Ehe re- 

, Xiftance of the body, ceteris paribus^ will be as the 

' denOty of the fluid. In the next place let us fuppofe 

^JiflTerent globes to move in the fame fluid, and with 

the fame velocity ; then fince the rcfiftancc of thefe 

globes arifes only from their furfaces, or rather from 

half their furfaces, and llnce the furfaces of all 

globes arc as the fquares of their diamerers^ it 

follows that the refiftance thefe globes meet with will 

be as the fquares of their diameters, Laftly let us 

fuppofe the fame globe to move in the fame fluid 

"with different velocities j then it is plain that a globe 

^hich moves with a double velocity will ftrikc twice 

as many particles of the fluid in any given time, as 

it would if it was to move with a fmglc velocity: 

Y 3 \^v\^ 
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but if the body ftrikes twice as many particles, then 
twice as many particles will ftrike ir, whence arifes 
the refiftancei therefore the refiftance of a body 
moving with a double velocity is upon this account 
double of what it would have been in the cafe of a 
Iingle velocity: but this is not all j for it will not 
only ftrike twice as many parucles, but it will ftrike 
every particle with twice the force in this cafe of 
what it would in the cafe of a fingle velocity \ and 
therefore, fince aftion and read ion are always equal* 
and fince it is the readion of the medium that creates 
the refiftance, it follows that a body moving with a 
double velocity meets with four times the rcfiftancc 
of what it would meet with when moving with a 
fingle velocicy. In like manner a body that movesJ 
with a triple velocity will aft three times as ftrong 
upon three times the number of particles, and there- 
tore will fufFer nine rimes the refiftance of what 
it would fgffer with a fingle velocity, therefore the 
fame gbbe moving in the fame medium with diffe* 
rent velocities will meet with a refiftance propordon-j 
able to the fquare of the velocity it moves with. 
Put now all thefc con Cderat ions together, and the 
refiftance of a g!obc moving uniformly in an uni- 
form fluid (I mean that refiftance which arifes from 
the globe's impinging againft the particles of thil 
medium) will be as the denfity of the medium^ as 
the fquare of the diameter of the globe, and as the 
fquare of the velocity it moves with jointly. Thus 
\\ two globes whofe diameters are Z) and rfmove with 
velocities which are to one anociier as ^ to i; in two 
fluids whofe •denfi ties are as E to e^ the refiftance of 
the former will be to the refiftance of the lai 
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304, Ex. 6. If a hodf be put info tmtwn by afiy 
force direiihf applied^ whether this f^ce be a Jingle 
imptdfe a^ing at gnce^ it whether it be divided into 
fev^d impulfes a^ing faccejivefy ; / fay thai ihe lafi 
"Uihcity of this motion will he as the moving force 
dire£tly^ and as the quantity of matter in motion red- 
pr^alfy. For if different forces be applied ro the 
fame quantity of matter, the greater the force is, 
the greater will be the velocity, and vice 'mrfa \ there- 
fore in this cafe the velocity will be as the vis 
imtrix : but if wc fuppofc the fame force to be 
applied to difFerent quantities of matter* then the 
greater the quantity of matter is, the lefs will be the 
velocity! and vice verfa^ which I thus demonftrate, 
Siippofe the moving force Af, when applied to a 
certain quantity of matter as ^ will produce ihc 
velocity Fi I fay then that the fame force M, applied 
to a quantity of matter equal to 2^, will only pro- 
duce a velocity equal to ^F: for M afting upon 2*^ 
will produce the fame velocity as ^M afting upon 
i^j but jM afiing upon ^ will produce a velocity 
equal to ~K, becaufc by the fuppofuion M afting 
Upon ^ will produce the velocity K; therefore M 
ad:ing upon 2^ will produce a velocity equal to ^F\ 
and for the fame reafon, Maying upon 3.^ will 
produce a velocity equal to 4^, (^ci therefore if the 
vis matrix be the fame, the velocity of the motion 
produced will be reciprocally as the quantity of 
matter : therefore univerfally, the velocity will be 
as the vis motrix direftly* and as the quantity of 
matter inverfely. As if M be changed into m^ 
^into J, and fo V into v^ the ratio of ^ to -y wiU 
be equal to the cxcefs of the ratio of jTf to m zibovc 
|he ratio of ^to y* In numbers thus 5 V will bcio 

¥4 VU 
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Other wife thus; the momentum or impetus with which 
a body moveSj is the force with which it Will ftrike 
an objeft that lies in its way to flop it j therefore 
fincc adion and leaftion are equal, the force neceflary 
to deftroy any motion muft be equal to the m^mmtum 
with which the body moves: but the force neceflary 
\Q deftroy any motion is equal to the force that pro- 
duced it, which we call the vis m&irix -, therefore in all 
motion whatever, the vis tmtrix muft be equal to the 
mmientum^ and muft be as the quantity of matter in 
the body moved multiplied into the velocity of the 
motion, becaufe the momentum is fo ; fee the laft ar- 
ticle, example the 3d : therefore M will always be a$ 

V%^ and V as ^. 

^ M 
If Af be as ^, then ^ will be a ftanding qoaii-. 

*<. \ 

tity, and therefore the velocity V in this c^fe will at? 

ways be the fame. Thus if the weights of all bodies 
be proportionable to the quantities of matter they 
contain, they will be equally accelerated in equal times i 
and vice verfa^ if all bodies, how different foever in their 
kinds and quantities of matter be equally accelerated 
in equal times (as by undoubted experiments upon 
pendulums we find they are, fetcing afide the refiftanct 
of the air) it follows that the weights of bodies are 
proportionable to their quantidcs of matter only, with-^ 
out depending ypon their forms, conftitutions, or any 
thing elfe. 

Ex» 7. I'he vihcily of a planet moving uniformly 
in a drde round the Sun is as its HJiance from tbc_ 
centre of the Sun Sn^ily^ and as its periodical time in^ 
verfely. For if two planets at different diftances fror 
the Sun perform their revolutions m the fame timeJ 
that planet muft move with the greateft velocity th^ 
|;as the greateft circumference to defer ibe j therefore^ 
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in this cafe, where the periodical time is given or al- 
ways the iame, the velocity of the planet muft be as 
the circumference of the circle to be defcribed : buC 
the circumference of every circle is as its diamet^ r 
or fcmidiamcter ; therefore if the periodical time be 
given, the velocity of a planet muft be as its diP* 
tance from the Sun direftly. Let us now fuppofe 
two planets revolving at the fame diftance from the 
Sun, but in different periodical times ; then it is 
lain that the fwifcer planet will perform its revo- 
ution in left time^ and vice verfa \ and theicfore if 
the diftance be given, the velocity will be recipro- 
cally as the periodical time* Put both thefe c-ucs 
together, and the velocity of a planet moving uni^ 
formly round the Sun will be as its diftance from 
the center of- the Sun direftty, and as its periodical 
fime inverlely. Thus the Earth's diftance from the 
Sun is to that of Jupiter as 10 to 52 nearly ; and the 
Earth's periodical time is to that of Jupiter as i 
year to 12 years nearly^ or as i to 121 therefore 
the EartVs velocity is to Jupiter's velocity as 

I— 1$ to ^^—^ or as 120 to 52, or as 30 to ^3, 
This way of reafoning is applicable to all bo- 
ies pioving uniformSy in circles, let the law of 
their motions be what it wilh But if (as that ac- 
curate Aflronomer A'^^/^has demonftrated) the pla- 
netary motions be fo tempered that their periodi* 
eal times are in a fefquiplicate ratio of their dif- 
tances, or (which is the fame thing by art, 297) 
that the fquares of their periodical times are as the 
cubes of their diftances, we Ihall then have a more 
fimple way of expreffing the velocity of a plane c 
thus: let F be the velocity and D the diftance of any 
plane c from the Sun, and let ST be the period icai 
timej tlieii fince^ from what has been faid, K is as 

~y wc fhall have ^ as -^ ; bat according to Kep- 
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kr's proportion, T^ is as D\ and -qr- as -^^ or as 

-j^ -, therefore V^ is as -^, and V as -jj^ s that kp 

in ihis cafe, the velocity, of a planet is reciprocally 1 
in a fubduplicate ratio of it*s diftance from the Sun J 
So the velocity of a planet whofe diftance is D is taJ 
iJie velocity of a planet whofe diftance is i as V i isj 

to V I?> or as I IS to V~r' 

Ex. S, If a wheel iurm unifarmly about it^s axiJ, 
the time of cm round will be as the diameter of tb^j 
wheel dire^fyy and as the abfolute velocity of eve 
point in the circumference of the wheel inverfely. Foi 
if the circumference of a great wheel moves with the 
fame velocity as the circumference of a fmall one, 
the periodical time of the former wheel will be atj 
much greater in proportion than the periodical timej 
of the latter as the circumference of the former wheels 
is greater than the circumference of the latter, or 
as the diameter of the former is greater than the dia* 
meter of the latter; therefore if the velocity of the j 
wheels circumference be given, the periodical cim&l 
will be as the diameter of the wheel direflly : lc|| 
us now fuppofe the velocity of the circumference 
of the fame wheel to be in any cafe increafed ; then j 
will the periodical time be diminiOied in a contrary ' 
proportion J and wf verfa\ therefore if the diameter ' 
of a wheel be given, the periodical time will be reel* 
procally as the velocity or the circumference ; there* 
fore if neither the diameter nor the velocity of thai 
circumference be given, the periodical time will be z\i 
the diameter of the wheel direftly, and as the abfolutft 
velocity of every point in the circumference inverfcly^] 

In numbers the pmodical time will be as -rr; 
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Ex. g. ^hc relative gravity of any jpecies of bodies is 

\m the abfolute weight of any body of thai fpecies MreSly^ 

md as it's magnitude inverfely % where by the magnkude 

or bulk of a body is meant the quandty of fpace it takes 

up, and not the quantity of matter it contains. 

Ail bodies of the fame kind arc fuppofed to weigh 

in propordon to iheir magnitudes j and therefore if a 

[ ^l>ody of any one kind be compared with a body of 

the fame magnitude of another kind, the proportion 

of their weights wjJl always be the fame, let their 

common magnitude be what it will ; and hence arifes 

1 the companlbn in general of the weight of one 

ifpecies of bodies with the weight of another: if a 

[%ubic inch of gold be 19 times as hea\ry as a cubic 

I inch of water, then a cubic foot of gold will be 19 

[times as heavy as a cubic foot of water, 6ff^ and fo 

we pronounce in general that gold is ig times as heavy 

as water^ though we mean bulk for bulk. In thif 

I fenie therefore may any one fpecies of bodies be faid 

[to be heavier or lighter than another^ in proportion m 

any one body of the former fpecies is heavier or lighter 

than a body of the fame magnitude of the latter, which 

[as the fame in efFeft with the firll part of my aflertion* 

^Let us now compare bodies of the fame weight, but 

I of different magnitudes \ and then it will appear that 

I" the fpecific gravities of thefc bodies, that is^ of ih^ 

[jeveral fpecies to which they belongs will be recipro- 

I cally as the magnitudes of the bodies compared : 

[,thus if a cubic inch of gold be as heavy as ig cubic 

inches of water, then the fpecific gravity of gold will 

^be to the fpecific gravity of water, not as 1 to 19, 

I but as 19 to 1 5 for if one cubic inch of gold be as 

[lieavy as 19 cubic inches of water, then 1 cubic inch 

of gold will be 19 times as heavy as i cubic inch of 

t water ; and therefore, from what has been faid in the 

former cafe, the fpecific gravity of gold will be to the 

fpecific gravity of water as 19 to i. Put both thefe 

cafes together, and the relative gravity of any fpecies 

Qf bodies will be as the abiblyte weight of any onq 
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body of that fpecies direftly, and as its magnitude 

invcrfely. Thus if io numbers P and p be the weighES 

of two globes whofe diameters are D and d^ the fpe- 

cific gravities of the metals out of which thefc two 

P p 
globes were formed arc as -yr^ to -j. , 

Ex. 10, Jf a h^ as AgraviiaUs iaward tb§ cenit 

§f a planet as B a^ the dtjiance D -, / _/% then thai sbi 

weight of A will he as the qmniiiy of matter in A di' 

' re^ly^ and as ths quantity of matter in B dire^fyj and 

m theffmre of the dijlance D invtrfefy. For the weight 

of the whole body //towards £ arifes» ceteris parikus^ 

from the weight of all it's parts ; and therefore in 

fuch a cafe will be as the quantity of matter in -^. 

Again, the weight of A towards the whole planet S 

arifes, ceteris paribus^ from the weight of /I to all tJie 

parts of J? I and therefore in fuch a cafe will be as 

the quantity of matter in B, Laftly, iftheqoaoti- 

tics of matter in /f and B continue the fame, and the 

diftance D be fuppofed to vary, the great Newion has 

demonftratcd that the weight of A towards B will be 

reciprocally as the fquare of the diftance D. There* 

fore if neither the quantities of matter in ^and B^ nor 

the diftance D be the fame, the weight of yf towards 5 

will be as the quantity of matter in A direflly, and as 

the quantity of matter in B direftly, and as the fquare 

of the diftance D inverfely. Thus if A and if be 

numbers reprefenting the quantities of matter in the 

bodies v4 and B refpeftively, the weight of A towards B 

A R 
at the diftance D will be as j-^^ that is^ the weight 

of A towards B at the diftance D will be to the weight 

AB 
of a towards k at the diftance d as the fraction -ja 

is to the fra^ion-r. 



Hence 
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Hence the weight of A towards B will be equal to 

the weight of B towards J^ fincc both will be reprc* 

jf B 
fented by the fame quantity -^, 

j4nQther way of treating the examples in the i%m 
lajl articles* 

305, If ibere he ever fo man^ quaniities^ and ibefi 
ail heterogeneous So one mother^ we are at liberty to re* 
pTifent them hy what number we pleafe, or even all by 
unity itfelf provided we take care to reprefent all other 

?umnitiis of like kinds by proportionable numbers. Thus 
am at liberty to call any quantity of time I pleafc Jt, 
Or any degree of velocity r, or any quantity of fpace 
I.J but then I muft take care to call a double time, 
or a double velocity, or a double fpace by the number 
2, and fo on» This confideration fuggcfts to us ano- 
ther way of treating the examples in the two laft ar* 
ticles^ fomewhat different from the former; which, 
as It may be explained by a bare inftance or two, I 
fhall give the learner as follows : 

In ihc firft example we were taught that the fpace 
defcribed by a body moving uniformly for any time, 
and with any velocity, is in numbers as the time and 
velocity multiplied together^ which may alfo be de- 
monftrated thus : fuppofe that a body moving uni- 
formly in fome known time called i, and with fome 
velocity called r, ftiall defcribe a fpace wl^ich we will 
alfo call 1 ; then if in the time i^ and with the velo- 
city I, there be defcribed the fpace i, it is plain that 
in the time T, and with the velocity r, there will be 
' defcribed the fpace Ti but if in the time T, and with 
the velocity i, there be defcribed the fpace 7*, then 
in the time T^ and with the velocity J^ there will be 
defcribed the fpace FT^ and that, let the quantities 
7^ and T be what they will j and therefore in all cafes, 
the fpace will be as 3"x^- 



^d 
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Again, in the fixth example it was fhewn that if 

any moving force as A/ be direflly applied to any body 

whofe quantity of matter Is ^y the velocity thereby 

M 
produced will be ^s-^; for a future demonftration 

whereof^ let us fuppofe that fume known force called 
1, when applied to fome quantity of matter called i, 
will produce the velocity i % then will the force 2 ap- 
plied to the fame quantity of matter i produce the 
velocity ^\ but if the force 2 when applied to the 
quantity of matter i produces the velocity 2, then 
the fame force 2 applied to a quantity of matter as 3 
will produce a velocity equal to a third part of the 
former, to wit ^\ \ and for the fame reafon the force 
iW applied to a quantity of matter as ^wili produce 

M 
the velocity ~ 5 and therefore this velocity will al* 

ways beas-;^. 

It is not impofllble but that fome of my lefs judici 
bus readers may be inclined to think I have fpun out 
this fubjeft to too great a length : but I eafily per- 
fqade myfelf that there are none who have thoroughly 
confidercd the very great ufefulnefs and importance 
of this doftrine, efpecially in Mechanical and Natural 
Philofophy, but will readily acquit me of this charge j 
and the more fo, becaufe none that I know of have 
digefted thefe matters into a fyftem, or have written 
fo diftinftly upon them as the importance of the fubjcft 
requires. 
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ELEMENTS of ALGEBRA. 



f BOOK VIIL PART 11. 

OfPrifmSy Cylinders^ Pyramids^ Cones midSphereu 



MANY of the folloifl^ing articles concern- 
ing the circle, fphere and cylinder are 
taken out of J^rcbmedes^ but demon- 
ftrated another way : and though they 
have no immediate relation to Algebra^ yet as there 
are not many of them, and as they are a fort of fup- 
plement to EucUd^s Geometry, I have been prevailed 
upon to inferc them here, .for the fake of thoie who 
cannot read Archimedes^ and for the eafe of thofe who 
can* Moreover, as Euclid's doctrine of folids is 
fomewhat hard of dlgcftion as it is delivered in the 
Elements, I have not icrupled to transfer fome of the 
chief properties of cones and pyramids into this book, 
^nd to demonftrate them after a moreeafy and fimple 
i-nanner. And laftly, as the menfuration of the circle 
is abfolutely neceflary to the menfuracion of the cy- 
linder, cone and fphere, I fiialu before I enter upon 
the reft, explain what Arcbimcdes has delivered upon 
that h^ad. 

it 
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A Lemma. 

340, If in a right-angled triangle one of the acute 
angles be thirty degrees^ or a third part of a right one^ 
the oppofite fide will be equal to half the hypotenufe. 

(Fig. 48.) 

Let ABC be a Jrightiangled triangle, right-angled 
at 5, and let the angle BJC be 30 degrees ; I fay 
then that the oppofite fide EC will be half the hypo- 
tcnufc AC4 , . 

• For producing CB beyond B to D, fo diat BD 
may be equal to J?C, and drawing ADy the two tri- 
angles ABC and ABD will be fimilar and equal ; 
therefore the angle CAD will be 60 degrees, and the 
lines AC and AD will be equal j therefore the other 
two angles at C and D will be 60 degrees each, and 
the. triangle ACD will be equilateral j therefore the 
line BCy which is the half of CD, will alfo be the half 
of ^. ^ E. D. 

A Lemma. (Fig. 49, 50*-) 

341. Let ABC be a right-angled triangle j right- 
i^nngled at B ; and fufpoftng two fimilar and equilateral 

fotygoHSy one to be circumfcribed about a circle^ and the 
ether to be infcribed in it^ let the angle BAG he equal 
to half the angle at the center fubtended by a fide of 
either polygon : I fay then that AB will be to BC as 
the diameter of the circle to the fide of the circumfcribed 
polygon ; and that AC will be to BC as the diameter cf 
the circle is 'to the fide of the infcribed polygon. 

Let D be the center of the circle, let EFG be a 
fide of the circumfcribed polygon, touching the circle 
in the point F, and let HIK be the fide of a like poly-r 
gon infcribed, and let HK and EG be fuppofed pa* 
rallel, fo as to fubtend the fame angle at the center. 
Draw the lines DHE^ DIF^ DKG ; then will the three 
triangles ABC^ Z)£Fand DHI be fimilar, having the 
angles at 5, F and /right, and the angle BAC being 
equal to the angle EDF by the fuppofition 1 therefore 

AB 



Aft 341 , 342. The Minfaraitmofth Cink. 353 

JB will be to BC as DF co jEF, or as 2DF to ££?, 

that isj as the diameter of the circle is to the file of 
the circumfcribed polygon j and\^ will be to SC a3 
Dffta Hf^ or as 2i>// to i^X", that is, as ihe dianieter 
of the circle is to the fide of the infcribed polygon. 
^ E. D. 

If the angle BAC be a 48/A part, of a right oHiy AB 
will ki to BC as the dianieter of arr^ circle is to the Jide 
0f 4 regular polygm of ^6 Jihs circkmfcribed about it^ 
and AC will be to BC as the diameter is to the fide of a 
iikepohgm infcribed. For if the I'mc HIK be the fide 
ofaninfcnbed regular polygon of 96 fides, the arc 
HFK will be a 96th part of the whole circumference^ 
or a 24th part of a quadrant, and the arc HF a 48th 
part of a quadrant \ whence the angle EDF or IWl 
will be a 48th part of a right angle. 

A Tm I or nM, 

34.%, The cireumference of every circle is fomewhat mo^i 
than three diameters. (Fig, 51,) 
Let jfB be the fide of a regular hexagon infcribed 
in a circle whofe center is C3 and draw AC and BC 1 
then will the angle at C in the triangle ABC be 60 
degrees, as containing a 6ch part of die whole cir<^ 
eumferencc 1 therefore fince jfC and BC are equal, thd 
other two angles at ^ and 5 will be 60 degrees each ; 
therefore the triangle vf5C will be equiangular, and 
confequently equilateral; therefore yf^willbe cquaj 
to JCy and BAB to 6/lC\ but 6AB is equal to the 
perimeter of the infcribed hexagon, and 6 AC i^ equal 
to three diameters ; therefore [^e peri meter of a regt*^ 
Jar hexagon infcribed in a circle is equal to three timef 
the diameter of that circle: whence it follows that 
the circumference of the circle itfelf will be fomewhac 
jisorc than three diameters. ^ £. D, •' 
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A T H E O R 1 M, 
343, If the diameter €f a drck he €alkd i, ibe circum- 

^^fenme wiU he fomewbat iefs than 3 — and fome^ 
^ wbai greater tban 3 — . 

^he demonjirationtftbefirfi part, (Fig. 52.) 

Let ABC be a right angle^ in which infcribc the 
lines AC^ AD^ AB^ AF^ AG in the manner follow- 
ing: make the angle BAC a third part of a right one, 
BAD a 6th part, BAR a 12th part, BAF a 24Ch pare, 
«nd BAG a 48th part : then will AC be double of BC 
by the 340th article, and AB will be to £G as the 
diameter of any circle is to the fide of a regular poly- 
gon of ^6 fides circumfcribcd about it by the 341ft 
article* Moreover as the line AB bifeds the angle 
BAC^ we fhall have as AB to AC fo BD to W 
by the third of the fixth book of the Elements; 
and by art. 330 *, AB-\-AC is to AB as BC is to BD ; 
and by permutation, AB-^AC is to BC z% AB n to 
BD : therefore if JCbe divided into any number of 
equal parts, how many foever of thefe parts are con- 
fained in the fum of the lines AB and ACj the fame 

f lumber of like parts of BD will be contained in the 
ine AB alone *, as if BC be divided into toooo equal 
parrs, and the fum AB-\-AC contains 37320 of thofe 
parts, then if the Hne BD be divided into loooo 
equal parts, the line AB alone will cotitain 37320 of 
them. After the fame manner it may be demonftra- 
ted^ that whatever parts of BD are contamed in the 
fum of the tines AS, AD^ the fame number of like 
p^rts of BE will be contained in AB alone, and fo on : 
whence we have the following procefs. i 

J ft* Let BC be divided into roooo &:}ual parts, or 
(which is the fame thing) let JC be called looooi 
• See the Q^rto Edition, p^ S39- 

thcn_ 
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then will ^ be 20000, and confequcntly JB wilJ be 
greater than 17320, and ^5+^Cwill be greater than 
37320, 

adljr. Therefore if SDnr loooo, jiB wil! b^ greater 
than 37320, JD grcacer than 38636, and AB-\-AD^ 
greater than ys^^S, 

3dly, Therefore if S£=ioooD, JB will be greater 
than 75956, ^£ greater than 76611, and JB-^-jlB 
greater thani52567. 

4thly, Therefore if 5F= t 0000, JB will be greater 
than 152567, /fFgreaiier than 152894, and JB^J^ 
greater thah 30546i, 

5chly, Thereirore if 5tj=:=ioooo, AB will be greater 
than 305461 : therefore e cmvsrjoy if AB be fupjiofcd 
equal 10305461, BG witi be lefs than loooo: but it 
was fhewn before that AB is to BG as the diameter of 
any circle is to the fide of a regular polygon of 96 
fides circumfcribed about that circle; therefore if the 
diameter of any circle be called 305461, the fide of 
fuch a polygon will be lefs than 10000, and the 
whole perimeter lefs than 960000 ; therefore the pe- 
rimeter of fuch a polygon will be lefs than the proda6t 

10 22 
oF the diameter multiplied into 3 ^ or — i for 

22 2 

30546 IX — - := 9 60020 ~ ; therefore if the diame- 

7 7 

ter of any circle be called r, the perimeter of a regu- 
lar polygon of 96 fides circumfcribed about it will be 

lefs than 2 — 1 but the circumference of every circle 

is lefs than the perimeter of any polygon circumfcribed 
^>out it ; therefore the circumference of the circle will 

ftill be lefs than 3 — . 9, E, J>: 

^70 ^ 
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T'&e d^'mqnjiraim of the Jecond part. (Fig. 53,) 

Let JCDEFGB be a femicircle whofc diameter is 
JB^ and in this lemicircle let the lines JC^ ADy JE, 
AFj AG be infcribed in the manner following : make 
the angle BAC a third part of a right one, BAD a 
fixth part, BAp a 1 2th part, 5^ a 24th part, and 
BAG a 4Sth parr, and join BC, BDy BE, BFy BG\ 
then will ^^ be double ot BC, and AB mil be to BG' 
as the Jiameter of any circle is to the fide of a regu- 
lar polygon of 96 fides infcribed. Let AD cut BC 
in H„ and by the demon ftration of the firft part of 
this theorem, AC^AB will be to CB as AC to CH^i 
jfuice by the conftrudioa the line AH bifefts the angle 
BAC: but the triang'es ACH and ADB are fimilar,^ 
having the angles at Cand D right, as being in a 
femicircle, and the angle CAH being equal to the 
angle DAB, therefore JC will be to HC as AD tO' 
SD: but it was before demonftratcd, that as AC is 
to HC lb is AB^AC to BC v therefore as AB-^AC h 
to BC {q is AD to BD ; and whatever parts of BC are 
contained in the fum of the lines AB^ AC^ the fame 
number of like parts of BD will be contained in the 
line AD alone ; whence the following procefs. 

I ft. Let fiCr=ioooo J then will AS t= 20000^ AC 
will be lefs than 173^1, and AB-^AC^ will be Icfs than 

37321- 

adly. Therefore if 5Ifc=fioooo, M> will be Icfs 
than 37321, AB will be lefc than 3863?, and 
AB-\-AD will be Icfs than 75959^ 

gdly, Therefore if B£=iOOoo, ^£ will be left 
than 75^5^1, AB will be lefs than 76615, and 
AS^AE will be lefs than 152574. 

4thly, Therefore if 5Fs=:toooOj AF will be left 

than 1 525741 AB will be Ids than 152902, and 

' AB-^-AF will be lefs than 305476, 

' ^thly, Therefore if 5G— toooo, AG wiirbe lefs 

tfiiB 305476, and AB will be left than 305640 i 

\i^^cefore 



for 
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therefore e cmruerfo^ if AB be equal to 305640^ BG 
will be greattr than 10000 : but AB is to BG as the 
diameter of any circle is to the fide of a regular poly- 
gon of 96 fides infcribed in it \ therefore if che diameter 
of any circle be 305640, the fide of fuch an infcribed 
polygon will be greater than loooo, and its pcrU 
I meter greater than 960000; therefore the perimeter 
I of fuch a polygon will be greater than the product of 

J Q 2, 2 3 

I, the diameter multiplied into 3 ^- or — - 
^ ^ ^ 71 71 

^■305640 X— ^ = 95^^^^ — *^^ = therefore if the dia- 

^Hneter of a circle be called i, the perimeter of a regu- 
^Tar hexagon of 96 fides infcribed in it will be greauer 

\ than 3 — ; but the circumference of every circle is 

I greater than the perimeter of any infcribed polygon ; 
itherefore the circumference of this circle will be greater 
[feill than 3 ^. ^ E. D. 
* Thus then if the diameter of a circle be called V * 
I the circumference rnuft lie between thefc two very 

—^ : the whole 
71 

and therefore by 



ID 



3 narrow limits, to wic % — and 

^ 70 



tdifference of thefe limits is but 



497 

.this method, the circumference of a circle is deter- 
mined to a 497 th part of the diameter. 



^^/je mofi compmdlom way of obtaining the numbers in 
the lafi article, 

344, If any one has a mind to examine tlie fore- 
going calculations, it may not be amifs to kt him 
'knowj that the hypotenofes of the triangles ABD^ 
\ABEy ABF and ABG (Bg. 52, sz) ^^1 t>e corti- 
. puted without either fquaring the greater leg, or eit- 
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t rafting the more confidcrable part of the fquare root* 
As if JB (Fig. 5a,) the hypotenufc of the triangle 
ylBD in the firft part be required, having given AU 
37320 and BD ioooo, the method I ufc is as follows: 
i, ift. Whatever the hypotcnufe AD may be, this is 
certain, that the greater leg AB will be equal to a 
confiderablc part of it \ and therefore H AD be to be 
found by a ftries, as is ufual in eittrafttng the fquare 
root, it will be proper to make AB the firft term ; 
and hence it is that I call %y^io=:LAB mj firft root* 
Again, as the fquare of ^D is to exceed the fquare of 
AB by the fquare of 5 A that is, by looooooop ; 
this number I call my firft refolvend, and then doub- 
ling my firft root, the product 74640 I call my firft 
divifor, and fo am prepared for the following ope- 
ration. 

adly, Thus prepared, I divide my firft refolvend 
by my firft divifor, and the firft figure of the quo- 
tient (for I am concerned for no more at prcfcnt) I 
find to be 1, which, as it comes out of the place of 
thoufands, fignifies 1000 \ this number therefore 
1000 I add to my firft root, and fo have 38320 
fpr a more corred or fecond root. The fame num* 
her lOGo I add alfo to my firft divifor, and then 
multiplying the fum 75640 by ioqo, the number 
that was added j I fubtrad the produft 75640000 
from my firft refolvend, and there remains 243600001 
this I call my fecond refolvend^ and the double of my 
fecond root, to wit 76640, I call my fecond divifor* 
and fo proceed to the next operation, 

jdly. Now I divide my fecond refolvend by my 
, fecond divifor, and the firft figqre of the quotient is 
3, which, as it comes out of the place of hundreds, 
fignifies 30Q s therefore I add 30© to my fecond root, 
and fo have 38620 for my third root: the fame num- 
ber 300 I alfo add to my fecond divifor, and the 
.fijqi 76940 I multiply by 300, and th^ produi3: is 
^3082000, which being fubtraded from my fecond 
nfubend, leaves me 1278000 for a third refolvend, 

and 
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"and ihe double of my third root, to wit 77240, 1 have 
for my third divifon 

4thly, I divide my third refolvcnd by my third 
divifor, and the firft figure of the quotient is i^ 
Tffhich fignifies roi thereto^ I add 10 to my third 
root, and fo have a fourth root 386^^0: moreover 

I adding 10 to my third divifor, the i\xm is 77350, 
which bcinjg multiplied by lo, and the produft 
ifr72500 being fubtrafted from the third refolvend, 
leaves 505500 for the fourth refolvend^ and the 
Rouble of my fourth root, to wit 77260, makes a 
►fourth divtfor, 
i 5thly and Jaf^ly, I divide my fourth refolvend by 
sny fourth divifor, and the neareft quotient too little 
is 6 \ therefore I add 6 to my fourth root, and fo 
have a fifth root, to wit, 3 8636 j which is the neareft 
root lefs than the true that can be expreflfed in whole 
[lumbers ; therefore the hypqtenule AD is greater 
^than 38636- 

: The rcafon of thefe operations will not be difficult 

to any one who thoroughly underftands the foundation 

af the common method of extrading die fquare root. 



Van Ceulen's numbers expreffing the drctimference of 
a circle whofe diameter h i. 

345. This method of ^rri/?^£iif5 is capable of be- 
ing purfued to any degree of exaflnefs required : nay 
LudolfVan Gf/i/j?» has computed the circumference of 
a circle to no fewer than 36 places, upon a fuppo- 
fition that the diameter is unity. His numbers ex- 
prefling this circumference are 

3 .141^ 9265 ^589 7932 33^6 ^643 3S32 7950 288+. 
But fince the invention of fluxions by its great author 
Sir Ifaac Newion^ he (Sir Jfaac) has from this me- 
thod drawn ferieles almoft infinitely more expeditious 
than the bifedions of Archimedes or Van Ceukuy wherc^ 
by the circumference of a circle may be computed to 
1 2 or I ^ plac^ iq little more than half an hour's timcp 
* ' Z ^ ^^ 
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a3 Vo£^oT HqII^ from his own experience aflures 

"us, 

^ NotBy that Mctius^s proportion of the diameter of 

^^ circle to the circumference is as 113 to 355^ the 

jmoft accurate of any in fuch fmajl numbers, (Sec 

^ J^ the circle cmmot be fquared geometricaiJy. 

346. If, having given the diameter or femidiame* 
ter q\ any circle, a right line could be found cxa6tly 
«qtml to the circumference, whether fuch a line 
coutJ be expre^ffed by numbers or not, the circle 
might be fquared as well as any right lined figure 
3i?hatever, that is a fquarr might be conftrufted whoft 
area would be equal to that of the circle, which 1 thus 
demon ft rsite- 

5 1' Let ir reprefent the diameter of any circle, and 
U€ die circumference % then will rr> the prodoft ot 
the radm into the fcmicircumference be ics area, by 
idor, 4 in art. 3 n -f'- Let now x be the fide of a (qoare 
.whofe area is equal to that of the circle, and we 
ihaJl have xx^=^:rci whence ^ will be a mean proper* 
lional between r and r, and may be found by the 
13th uf the fixth book of the Elements. But 
is impoffible upon Euclid^ s fofiukia^ having giireo 
the diameter or fcmidiamerer of any circle to find 
right line exaftly equal to the circumference i and 
therefore jhc circle cannot be fquared upon the famfl 
foundation on which we arc taught to fquare 
right»lined figures % and hence it is that w^e fay* 
ih^ circle cannot be fquared geometrically. But a| 
the three f&Jiulata of Euclid^ how fimple foever theyl 
may appear in theory, are never a one of them ca- 
pable of being per fed! y executed, but that erron* 
muft neceffarily arife in drawing and producing lines, 
-in taking the diftances of points, iSt ; and as from 1 
thefe errors others mult neceffarily arife in fubfcqueMJ 

• ScethcQaajto Edition^ p. aSz. f Ihi^ p. 504. 

opcrationi; 
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operations ; and iaftly, as the circumference of a circle 
^may be had from the diameter in numbers, to any 
affignable degree of exa^lnefs, it follows that in 
jaradlicej a circle is as capable of being fquared as any 
other figure whatever that is not a fquare. 

i Corollaries drmvn from art, 343. 

347. From the 343d article may be deduced fcverll 
corollaries, forae ot the moft ufeful whereof are inferted 
.here as follows : 
I I ft, the diameter of every circle is to the circumfer- 

I enti as 7 i$ 22 nearly : for i is to 3 ^ or — -as 7 

to 22. 

zd, If b &e the diameter of^^any circle^ its arm will 

jbe : for as 7 is to 22, fo is d ihe diameter xa 

22^ , d 

f^— the circumference j and if — the roMus he 
7 2 

multiplied into — the fcmtcircumference, the pF* 

dyft — ~ will be the area, by icorollary 4 in art* 31 1*, 

3d, Hence we have a ready way^ baling ihe diame- 
ter of art^ circle given to find its area^ and vice verla, 
without the mediation of the iircumfermce^ iy faying^ 
as 14. is ta 11, fo is the fquare of the given dtameter 
to the area fought. But if the area be given^ in order, 
to find the diameter^ the proportion mui be reverfid^ 
by faying as 11 is to 14, fo is the given area to a fourth^ 
which fourth number will be the fquare of the diameter^ 
fmd its fquare root the diameter itfelf 

4th, Arguing as in the two I alt corollaries, If the 
diameter of a circle be to the circumference as a to b> 
then the fquare of the diameter of any circle will be to its 
area as 4a tob-^ and vice verla, the area will be to the 
f^mre of the diameter ash to 4a. 
' * ♦ Sec the Quarto Edidoii, p. 504. S!^'^? 
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5th 5 fhe circumferences of all circles are as ibeir 
diameters Gr femtdiameters^ and their anas as the 
fquiires of the diameters Qr femidimneters. For if d and 
e be the diameters of two circles, their circuinfercn* 

CCS will be '— and % and is to — — 

7 7 7 7 

.(dropping the common denominator 7, and the 
common faftor %%) as ^ to e. Again, the area of 

iidd 
the circle whofe diameter is d is — as in the fe- 
- . H 

cond corollary 1 and for the fame reafon, the area 



of the other circle whofe diameter is e is 
■iidd 



I lie 
IT 



\ and 



is to - — as dd toe e -, therefore the circum- 

fcrences of all circles are as their diameters, and 
their areas as the fquarcs of their diameters. And 
:fince the halves of all quantities are as the wholes, 
and the fquares of the halves as the fquares of the 
wholes-, it follows alfo that the circumferences of cir- 
cles are as their femidiameters, and their areas as the 
fquares of the femidiameters. 

* 6thy If there he three circles fucb^ that the jum 
jsf the fquares of the femidiameters of two of them h 
emal to the fquare of the femidiameter of the thirds 
I fay then that the areas of the two firft circles put 
Jogether will he equal to the area of the third^ For 
let «, b^ c reprefent the femidiameters of the thr« 
circles, and l^t a'^b^'^^c- : fince then the femidiame- 
tcr of the firft circle is a^ the diameter will be la, 
and the fquare of the diameter ^a : but as 14 is to 



therefore the area of 



II fo IS A.aa to — \ — or 

14 7 

22<?* 

the firft circle will be — — by the third corollary \ and 
for the fame reafcm, the areas of the other two circles 



A 



At 347> 348. and applied io the Sokim (^fPr^hUm* 363 

but o'J^h^^e ixBypotk^^ 

22f* 



will be and ^ — 

7 7 

therefore— \ 



7 ■ 7 7 

N. B. This laft corollary is not demonftratcd in 
the 3ift of the fixth book of the Elements, as fomc 
may imagine, that demonftration not reaching farther 
than right-lined figures. 

The following eafy problems may fervc to ftiew 
fomc ufes of the foregoing corollaries. 



■p FHOBLEM I# 

348* ^0 find the proportion iehjoan the diameter of atjy 
circle and the fide of an equal fquare. 
Call this diameter 1, and by the fecond corollary 
in the foregoing article, the area of this circle will be 

— nearly % and the fide of a fquarc whofc area Is 

— will be V — : therefore the diameter of any 

J4 V 1^ J 

circle is to the fide of an equal fquarc as i to 

\l — . But becaufe this fraftion — , though it 
V 14 14 ^ 

ferves well enough for common purpofes, is not 

accurately true, and becaufe its fquare root cannot 
be accurately expreffed in numbers neither, to reduce 
the error (for there muft be an error) to a more 
fin" pie point, let c be the circumference of a circle 
whufe diameter is 1 1 and the area of fuch a circle 
that is, the produd of the radius into the femicir- 

1 € € 

cumference will be — x ^ = ^*i and the fide Qf an 
224 

equal fquare will be ^ — : but according to Van 
i Ceulm^ £=3 .1415926536, and ^=.7853981634, 

fc - 



r 



364 ^bifengdng C^rdkries applied B ooit V^ll. 

jnd ^ — =: .88623 » therefore the diameter of a cir- 

cle is to the fide of an equal fquare as i to .88623, 
or as 100000131088623: fuppofe the propofttoa 
to be that of 100000 to 88625, which makes but 
aji error of 2 in the fifth place, and then mu lei ply- 
ing both terms by 8, the proportion will be that of 
Sooooo to 709000* or of 800 to 709 \ therefore J$ 
800 is to 709 J fa is the diameier of any drck to the fth 
§J an equal fyuare^ nearly irui iofveplaas. 

N. B. If the diameter of a circle be 9 yards, the 
fide of an equal fquare found as above^ will not err an 
hundredth part of an inch. 

549. ^cjmdtbefemdiameter of a circle that will em- 
frebend within its circumference the quantity cf an acre 0/ 
'land. 

An acre of land contains 4840 fquare yards, and 
therefore this muft be the area of our circle. Say 
then as 11 to 14, fp 4840 to 6160 i and this laft 
number will be the iquare of the diameter, by the 
third corollary in art, 3471 whence the diameter itfelf 
will be 78,486 yards, and the itmidiameter 39.241 
yardss that is 39 yards 8-1 inches nearly. 

Problem 3, 

350. Let a firing of s given length he MJ^f^fii inl§ 
the form of a circle : It is required to find the area (f 
this circle. 
^et c be the length oF the ftring, and confequcntly 

the circumference of the circle made by it, and the 

7 C 

diameter of the circle will be -^ — , the fcmidiagic- 

22 

ter — , and the area —-. Suppofe now this ftring 

44 08 

^tQ be difpofed into the form of a Iquare, and tht fid? 

of 




Art- 350» 351. tQ thi Sokuhn of Pr&hkms. 3^5 



cc 



of this fqoare would be ^^ and its area --^^ and the 

area of the fquare would be to the acca of the circle as 

^ is to ^, that is, as ~ is to -^, or as ii_ 

to 14: therefore Js xi is i^ i^-^fi is the arm carfare- 
hended hy the ftring when in fgrm of a fqmre^ to the 
nrja cmiprebendid iy the fame firing when im form of a 
drck. Qi E, I, 

N. B* By the anfwer here given it appears, that if 
r be the circumference of any circle, its area will be 

^j^l ' and confequently that Js 88 is to 7, fo is the* 

fquare of* the circumference of afiy circle to its area 
nearly. 

Problem 4, 

351. // is required to divide a given circle init^ atrf 
nrnnher of equal parts by means of concentric drcks 
drawn within it. (Fig 54. ) 

Lcc // be the center, and j4F be the femidiametcr . 
of the circle given, and let it be required to divide 
the area of this circle into five equal parts by means, 
I of four concentric circles defcribed within the former,. 
j and cutting the line JF in the points 5, C, A Ep 
\ that is, let the area of the circle JB^ and the arca^ 
^ of the mnuli BC^ CD^ DE^ and EF be fuppofed all 
I equal ', then the circle JB will be ^ of the whole* 
the circle JC f, the circle AD^ &c\ and the area 
of the circle .4P will be to the area of the circle JB., 
as 5 to 1 : but the area of the circle AF is to the- 
area of the circle AB as the Iquare of the femidianne^ 

ttcr jIF is to the fqgare of the femidiameter AB^ by 
con 5 in arc. 347 ; therefore AF^ is to AB"- as 5 to i: 
but AF"^ IS given by the fuppofition v therefore AB^t^ 
and confequently ^B the fcmidiameter of the inmoft, 
ci;cle Is given. In like manner AF* is to AC"- as 5 
4 t9 
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to 2 5 whence jlCthe femidiameter of the next cottr 
centric circle is given j and lb of the reft. ^ £. /* 

Problem 5* 

J52, Whoever makes a tour round the earth mufi ni^ 
€e£arily take a larger compafs with his head ihan with 
bis feet : The quejiton is^ how much larger ? 
Let A (Fig 55 reprefent the center of the earth, 
ifS its femidiameter^ BC the traveller's height, ■ 
jiC the femidiameter of the circle defcribed by his 
head : let alfo t reprefent the circumterence of the 
circle whofe femidiameter is AB^ and c the circum- 
ftrence of the circle whofe femidiameter is AC^ and 
g — h will be the difference we are now enquiring into, 
which may be thus determined. 

By the fifth corollary in art. 347^ AC is to AB as 
t is to h J and by divinon of proportiofi, BC is to 
i4B as c — b is to ^ > and alternately^ BC is to c — i as 
JiB is to 3. Let d be the circumference of a circle 
whofe femidiameter is BC^ and 5C will be to J alio 
as AB to h V therefore BCh to d ^ BC is to e — hi 
therefore c — h=zd ; that is^ The traveller's bead wiU 
fafs through more [pace than his feet by the circumference 
efa circle whofe femiMameter is his own length : as if the 
man be 6 feet high, his head will travel farther than 
his heels by 37 feet 8^ inches nearly, and that whe- 
ther the femidiameter AB be greater or lefs, or nothing 
at allp 

Problem 6* 

353. It is required^ having given the depth and the Sa^ 
meter of the bafe of any cylindrical vejfd^ to find its con- 
sent in ale gallons. 

Here it muil be obferved, that in the menfuration 
of a folid, all its dimenfions muft be taken in the 
fame kind of meafurc : as. if any one dimenfion be 
taken in inches, the reft muft be taken fo too, and 
then the numbet reprefenting the content of any 

folid 
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Iblici will be the number of cubic inches to which that 
folid is equivalent 

Let then a be the given altitude of the cylindrical 
veflTel to be meafured, d the diameter of its bafe, 

and by the fecond corollary in art- 347,— will glvtf 

a number of fquare inches equal to the bafe, and 
this area raultipli£d into the altitude a^ will give 

'■ ' * > a number of cubic inches equal to the folid 

content of the vcffelr but 282 cubic inches confiitute 

an ale gallon ; and therefore if* , the folid con- 

14 

tent of the veflel be divided by 282, the quotient^ to 

wit — — s-i will be the number of gallons therein con- 
3948 

tained. Inftcad of 3948 put 3949, which will make 

no confidcrable difference in fo great a denominaior^ 

I ladd 

and the fiaftion ^^ — - (dividing both the numcra^. 



3949 



udd 



tor and denominator by 11) will be reduced to — - 

$59 
whence the following canon ; 

Having taken boib the depths and the diameter oftheba0 
in imbiSj multiply the fquare cf the diameier into the depth 
pftbe vejfel^ and the produtl divided bj 359 will give tbi 
number of gallons required^ * 

N. B. This fubfti tilt ion of 3949 inftead of 394! 

corrcSs about — ^ of the error that would otherwifc 
io 

have been committed in fuppofing the fquare of the 
jdiameter of the bafe to be to i^ area as 14 to 11. 

Problem 7, 
354, To meafure a frujium of a com^ whofe pirpendi€uldf._ 
altitude md tk^ dtamiiirs of the two hfis ^re given, : 




i^ 
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N. B, By a fmftum of a cone I mean a cone 
leaving its top cut off by a plane parallel to the 
bafe. 

Let the ifofceles triangle ABC (Fig. 56,) reprefent 
iha feftion of a cone made through its axis AD, 
and let £Fbe any line parallel to the bafe BCj cut- 
ting ^fi in £, j^ in F^ and the am AD m d\ thea 
will the trapezium BEFC be the fcclion of a fruftum 
of tJiis cone whofe. perpendicular altitude is Di^ 
Call BC^ the diameter of the greater bafej^v EF; 
the diamettrr of the leffer bate, l\ and Dd^ the 
height of thfe fruftum, hi call alfo viZ>, the un- 
known akitude" of the whfole cone, at 5 and confc- 
quently-^i, the akitude of the cone to be cut off, 
jr — hi and from the Omilar triangles ABC^ AEP ^ 
we have this proportion % AD is to Ad as B€\s to EF^ 
that is, according to our notation^ x is to x — A as^ 
to/ J whence by mukiplying extremes and mcaos 
we have I'jf^^is::/^, and x^ or the altitude of the 

tone; equal' m y. In like manner if from the 

value of X- we fubtraft i, the altitude of the ffuduni, 
we £hall find ^4 or the height of the cone to be cut 
Ih 

off, equal to — — j- Now the folid content of every 
^— / 

cone is found by mukipljring the bafe into a third 

part of its altitude 1 therefore fince the bafe of the 

— ^, and its aldf'^- 

l^ b 

folid content ofthe cone AEF will be -"— ) X — % 

^— ; fubtradt the latter cone from the former, and 
14 



cone vise is 



content will be 



Its 



(biia 



in like manner tk 



there will remain the folid content of the 



fruflum 
BEFQ 
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g^ — /^ b II 
BEFC equal tp^-^ — - x - X — : but the fradion 

Jf' — ^ 

y ' . ' may be reduced to an integer by dividing the 

fiuojerator by the denominator, and the quotient will 
be Sg-^-gl-^ll i therefore the folid conte nt of the 
fruftum BEFC will now be expreffcd thus, ^^4^/+// 

b IT 

X — X — • Whence we have the following ca* 

3 H 
Don : 

Jdd the fjuares and the reSiangle of the two given 
^ameters together ; multiply the fum into a third part 
ef the given altitude^ and the produ£l will be the 
fruftam of a pyramid of the fame height having 
jquare iafes whofe Jides are equal to the two diameters 
^given^ and as 14 is to 11 fo will this frujium be to the 
fn^um fought. Q^E. I. 

N. B. ift. Since a cone differs nothing from a 
fruflUm of a cone whofe lefl&r bafe is eqXial to no- 
thing, if / be made equal to nothing in the foregoing 
canottj, it ought to give the folid content of a cone ' 
whofe height is i, and the diameter of whofe bafe 

* II 

kg: and fo it will ; for then ^-|-^^+//X"T X 'JT 

becomes — ^ x*^. - 
H 3 
a^dly^ Since a cylinder may be confidercd as a 
ffuHum of a cone whofe bafes arc equal, if / be made 
equal to g in the foregoing canon, it ought to give 
Cbe folid content of a cylinder wI>ofe height is h^ and 
the diameter of whofe bafe is g : and fo we 6nd it 

will 5 for gg-f^^x •*• X — in this cafe becomej 

Ann. 
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jdly, If the Icffer bafe of the fruftum be fuppofcd 
to be incrcafed till it comes equal to the greater i 
and if, on the other hand, the greater bafe be fup- 
pofcd CO be dimiaifhcd till it becomes equal to that 
which was the leflfer bafe before, the folid content of 
the fruftum will be the fame as at the firft ; and therefore 
if the foregoing canon be juft^ it ought not to be 
altered by changing the quantities^ and / one for the 
other : which is true % for gg-^-gl-^U by this means 
only becomes ll-^-^g-^-gg^ which is the fame quan* 
tity* 

In folving this laft problem it is taken for granted 
that every cone*is the third part of a cylinder having 
the fame bafe and height ; which may fafely be done, 
fince Euclid has demonft rated ic in the loth of the 
twelfth book of the Elements; but becaufe EucUi^i 
dodrine of fo]id3 is not fo eafy to the imaginations of 
young beginners, I ihall (in another place) give 
another demon ftration of this propofitiooj indepen* 
dently of any thing that has here been faid. 



A Lemma, (Fig* 5*^,) 
355. Let ABC he any curvilimar Jpffci c^mpfi* 

hmded between two ftraight lines AB and AC at right 
angles to each other y and a curve as BC concave /^* 
wards AB 1 and from any two points D and E in the 
line AB let the lines DF and EG be drawn parallel t§ 
the bafe AC, and terminating in the curve at the 
points F and G, and complete the parallelogram 
DEGH : then it is plain that the curvilinear fpact 
DEGF will be greater than the parallelogram^ DEGH, 
But what J here propofe to demonftrate ii^ that if the 
line EG be fuppofed to move towards DF in a po/itim 
always parallel to iifelf^ and at lafi to coincide with 
DF, the nearer EG approaches to DF, the nearer will 
the ratio of the curvilinear fpace DEGF to the pa- 
ralklogram DEGH approach towards a ratio ofeqtialih^ 
and that it will at laft terminate in a ratig of ec^uaUty 
when EG coincides with DF. 

For 



^ 
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For completing the parallelogram GHFK, the 
parallelogram DEKF will be co the parallelograni 
DEGH upon the fame bafe^ as DF is to EG % there- 
fore the curvilinear fpacc DEGF will be to the pa- 
rallelogram DEGH in a lefs ratio than that of DF to 
EG I that is, though that fpace be greater than thb 
parallelogram J yet the ratio of the former to the lat- 
ter is a lefs ratio than that of DF to EG : but the 
nearer the line EG approaches towards DF^ the nearer 
will the ratio of DF to EG approach towards a ratio of 
equality, and it wiil at laft become a ratio of equality 
when EG coincides with DFi therefore a fortiori^, 
the ultimate ratio of the curvilinear Ipacc DEGF to 
the parallelogram DEGH will be a ratio of equa- 
lity. 

Hence H follows^ that if we fuppafi the line AB to 
be divided into a certain number of partSy fuch as DE^ 
and thcfe parts to be made the bafes of fa many infcrihed 
parallelograms^ fuch as is the parallelogram DG, the 
more ihere are of tbefe paralldogranis^ the nearer will 
ihefum of all the curvilinear fpaces DEGF, that is the 
whole curvilinear fpace ABC, approach tcxvards the fum 
vf all the infcrihed parallelograins \ and if we fuppafe^ \ 

the bafes of tbefe parallelograms to be diminijhed^ andfo j 

thmr number to be augmented ad infinitum, th^ will 
make up the whole curvilinear fpace ABC ; fo that the 
fpace ABC will be to the fum of ail the infcribed paraU 
ielograms ultimately in a ratio of equality. For ictting 
afide the parts infinitely near ttie point of interfeftiun 
B, which will be of no confequence in the accounr^ 
let the parallelogram DEGH be that whtch^ of all 
the reft, differs moft from ii'sj correfpondent curvili- 
near fpace DEGFi and the confequence will be that 
the curvilinear fpace ABC will be to the fum of all 
the infcrihed parallelograms in a lefs ratio than that 
of the fpace DEGF to the {\^^ctt DEGH: but even 
this ratio becomes at laft a ratio of equality, when 
DE is infinitely fmall, by this lemma: whenc:? it 
follows afortiorit that the ultimate ratio of the cur- 

A a z vvlvw^'a*. 
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vilincar fpace ABC co the fam of all the infcribed pa- 
rallelugrams will be a ratio of equality. 

I thought myfcif obliged to demon ftrate this 
propofuion, becaufe I have known it objtfted^ that 
though the difFcrence between any panicular parallelo- 
gram and its correfpondent corviiinear fpace be al- 
lowed to be infinitely fmall when the common bafc 
is fo, yet how do we know but that an infinite mim- 
ber of thefe differences may amount to a finite quan- 
tity ? and if fo, then the whole curvilinear fpace can- 
not be fa id to be to the fum of all the infcribed paral- 
lelograms in a ratio of equality. To this 1 anfwer* 
that it muft be the bufinefs of Geometry to determine 
whether an infinite number of thefe infinitely fniall 
differences amount to a finite quantity or not^, and 
by the demonftration here given it appears that they 
do not, bur that the fum of all thefe diferences actually 
diminifhes as their number increafes, and at laft comes 
to nothing w^hen their number is infinite, 

A Lemma. (Fig, 57*) 

356. SuppDjng the Urn AB Jiill to keep u^s pkci^ 
kt m imagine the whole fpnce ABC t& turn round it^ fo 
m to defcribe or generate a /olid wbofe axis is AB, md 
the femidiameter of whofe bafe is AC, and^ the infiribed 
pnralldograms will at the fame time by their common mo* 
tion defcribefo many thin (ylindric laminae, which taken 
all together^ will be lefs than the JoUd generated iy tie 
fpace ABC ; but the more they are in number^ tie mm^cr 
they will apprmch to it^ and their circular edges will at 
laji terminate in the curve furface of the folid when their 
number is infinite. 

For completing the parallelogram (7//Fir as be- 
fore, the lamina generated by the parallelogram DK 
will be to the lamina generated by the parallelogram 
J}G as the fquare of Z)F is co the fquare of £Gt all 
circles being as the Iquares of their femidiameters j 
therefore the lamina generated by the curvitinear fpace 
jyEGF will be to the lamina generated by the paral- 
lelogram 
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leiogram DG in a Icfs tatio than that of DP- to £<7* : 
but when D and E coincide, DF will be equal to 
£G, and the fquare of DF to the fquare of EG% 
therefore in this cafe» every particular cylindric lamina 
will be the fame with a corrcfpondent lamina of the 
folid i and compomndo^ all rhc cylindric laminae will 
conftitnte the folid itfelf* This may alfo be further 
evident by applying the demonftracion in the laft 
lemma to this cafe. Therefore we need not fcruple 
to fuppofc round folids, generated after the fame 
manner as this is, to be made up of an infinite num- 
ber of infinitely thin cylindric lamtHct: Nay even the 
com itfdf may be conjidered ns being fa cmfiiltded : for 
if we ftippsfi BC to be aftraighi line inftead of a curve^ 
ihe reafimng of the laft arfick and this ivill equally fuc- 
irm/j in which cafi^ thefpaa ABC will be a triangk, and 
the figtire generated a cone. 

If a folid be made tip ef a finite number of prifmatii 
€r cylindric laminae, decnqfing in their diameter as they 
mre farther and farther dijlant from the bafe^ the furfaci 
of fucb a folid mtfft neceffartly afceni by fteps : but the 
thinner tbefe elementaiy lamina are (fuppofmg their 
thimtefs to be comp£>tfdted by a greater nmnbcr^) the 
narrower and the Pallower tbefe fteps will be^ f& as ts 
terminate at laft in a regular furface when their number 
is infinite^ '^ 

A T H 1 O R I M. 

357. Alt ifofeeks cones of equal heights are as their 
bafes i that is^ the folid content of a^y one ifafceks 
iom is to the folid content of any other of an equal 
keighty as the bdfe of the former com is to tbi bafe of fh^ 
latter. 

NotCj that by an ifofeeks cone I mean a com whoft 
b^fe is a circle^ and wbofe vertex is m)ery where ipaHy 
diftant from the circumfereme of the bafe \ and by an 
ifofceles pyramid is meant a pyramid having a regular 
polygon far it's bafe^ and wbofe vertex is equally d^ant 
fivm ail the angels of that polygon ; Iqflly by ifofeeks 
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prifms and lyUnders an meani fucb as have i^ual and 
regular fafygcns and circles for their bafes^ and are f& 
confiituied^ thai aright Umjmning the centers cf iheirtwa 
kafes is ferpenduukr to them. ' 

Let ABC (Fig. 58) be a right-angled tiiangk ^t 
By and producing the bafc BC out to D, join JDi 
let alfo the Jine EFG be drawn any where within the 
triangle parallel to the bafe BCD^ fo as to cut jIB in 
£, JC in F, and /ffl in G: then will EF be to BC 
as EG is to BDy fince both are as /^E to JB by fimilar 
triangks : therefore if they be taken alternaiely, EF 
will be to ^G as BC to BD, and EF" to £G* as BO 
to BD\ This bting allowed, lec the triaogic JBD 
be fuppofed to turn round the fixed fide ^B^ fo as to 
generate a cone whofe axis is JB \ then will the tri* 
angle ABC generate another cone having the fame 
common altitude jiB. Let both thcfe cones be con- 
fidered as conftitutcd of an infinite number of infi- 
nitely thin cylindnc lamin^^ and let £Freprefenc in- 
differently the femidiamcter of any one of thcfe lamina 
belonging to the cone ABC., then will EG be the fe~ 
midia meter of a corrcfpondent lamitm belonging to 
the cone ABD, and the lamina whofc fetnidiameter is 
EF will be to the lamina whofe femidiameter Is 
EG^ having the fame thick nefs, as EF"^ is to £GS or 
(according to what is already demonllrated) as £C* 
is to BD' ; that is, every particular lardina of the 
cone ABC will be to a like lamina of the cone ABD 
as the bafe of the former cone is to the bale of th(j 
latter j therefore camponendo^ the whole cone ABC 
will be to the whole cone ABD as the bafe of the 
former is to the bafe of the latter : but the planes 
ABC and ABD may be fo conflituted as to generate 
any two ifofceles cones whatever that have equal 
heights ; tlierefore if tlie heights of two ifofceles cone^ 
be equal* thefe cones will be to each other as their 
^aftis. ^, E. D, f 
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A Theorem. 

558- Every tfifcdes fyramid is equal to an tfofceks com 
of an equal bafe and beigbt. 

Let P reprefent any ifofceles pyramid, and C an 
ifofceles cone of an equal bafe and height : I fay chen 
that the pyramid P will be equal to the cone C 

To demonftrate this, imagine the pyramid P to 
have a cone, as r, infcribed in it, fo as to touch every 
fide of the pyramid in fo many lines of con cad, and 
imagine the circumfcribing pyramid, and confcquently 
the inicribed cone, to be conftituted of an infinite 
number of infinitely thin lamina ; and every lamina 
of the circumfcribing pyramid will be to a corrcf^ 
pondent lamina of the infcribed cone as the baft: of the 
pyramid is to the bafe of the cone. For the plane of 
every lamina that conftitutes the pyramid will be a 
polygon fimilar to the bafe, and the plane of every 
correfpondent lamina that conftitutes the infcribed 
cone will be e circle infcribed in fuch a polygon : 
therefore componendo^ all the lamina confti curing the 
pyramid P will be to all thofe that conftitute the 
cone d that is, the whole pyramid P will be to the 
whole cone c as the bafe of P is to the bafe of c : but 
the cone c is to the cone C of an equal height, as the 
bafe of f is to the bafe of C. Since then P is to c as 
the bafe of P is to che bafe of f, and ^ is to C as the 
bafe off is to the bafe of C, it follows ex ^quo that P 
is to C as the bafe of P is to the bafe of C : but the 
bafe of P is equal to the bafe of C by the fuppofuina ; 
therefore the pyramid P is equal to the coric C, having 
an equal bafe and altitude* ^ E» Z), 

C o R I- L A R ^* 

Hence ii follows^ that whether cones he compared 
with cones^ w corns with pyramids^ or pyramids with 
pyramids^ all fucb as have equal heights will be to one 
another as their hfes. For cones are fo by che laft 
grticie, and pyramids are equal to cooes having equal 

A a ^ bi^fe% 
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bafes and heights by this : I mean ifofceles pyramids 
and ifofceles cones. 

S C H O L I U M, 

A the foUd content of a prifm or sylindir of a gpben 
perpendicular altitude depends upon the quantity^ an^ 
not upon the figure of the bafe, fo by the demmfirafm^; 
of this propqfition it appear Sy^ that the fhlid content' of 
an ifofceles pyramid or cone of a givefp perpendicular at- 
titude depends upon the quantity, and not upon thf figure 
of thebafe: let the perpendicular altitude and the area' 
cf the bafe be the lame, and the quantity of thd foUd* 
will continue the fame, whether that bafe be in the 
form of a triangle, or a fquare, or a polygon. Or a 
circle. Other pyramids and cones will be'conQderec) 
in another place. 

A Lemma. 

359. If from the center of any cube fhraigbt Unes be 
imagined to be drawn to all it'j angles^ the cube will by 
this means be diftinguifhed into as many equal ifofceles 
pyramids as it has fides^ to wit 6, whofe bafes will be in- 
the fides of the cubcy and whofe commoff vertex will be ir^ 
the center. 

For if from a point above any right-lined plain 
figure, lines be drawn to all it's angles, and then the 
interdices of thefe lines be imagined to be filled up 
with triangular planes, the folid figure thus inclofed 
will be a pyramid j therefore by the lines above 
defcribed, the cube will be diftinguilhed into as mapy 
pyramids as ic hath fides. And that thefe pyramids 
will be all equal and ifofceles, is evident : for firft> 
their bafes will be all equal from the nature of the 
cube ; and in the next place, their heights will be 
all equal from the nature of the center, which is fup- 
pofed to be equally diftant from all the fides of the 
cube ; and- laftly, as this center muft alfo be equally 
(diftant from all it's angles, it follows that thefe pyra- 
mids muft be all ifofceles pyramids. ^ E. D. 

COROL- 
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^ 



I Corollary, 

Hmce every one cf ibefe pyramids will he tbejixlb part 
gf ih€ whole cube. 

A Theorem. 

1 60, Every ifofceks pyramid or cone is a third part of an 
ifofceks prlfm or cylinder having an equal iafe^ aitd an 
eptal perpendicular height, 

tct a be the perpendicular alcltude of any ifofceles 
pyramid or cone, and let b be the area of its baftr^ 
both taken according to the diredions given in art. 
^^^ : imagine alfo a cube whofe fide^ that is the fide 
of whofe fquare bafe, is lav then will 4a- be the 
area of the bafe^ and 8^^ the foHd conten:t of this 
cube: and if from the center of the cube lines be 
imagined to be drawn to the four angles of the bafr, 
they will be rhe outlines of an ifofceles pyramid whofe 
bafe is the fame with the bafe of the cube, to wit, 
and whofe perpendicular altitude is a ; whence 



8^' 



4£?' 



^ the folid content of this pyramid will be -z~^^ 

by the corollary in the ! aft article: but as this pyra- 
mid has die fame height a with the pyramid propotcd^ 
tbefe two pyramids will be to one another as their 
bafes^ by rhe corollary m the lafl anicle but one : 
hence the folid content of the pyramid propofed will 
cafily be had by faying^ as 4^% the bafe of thepy- 
■■famid within the cube^ it to ^ the bafe of the py^ 

I 



4<2 



jamid propofed^ fo is ^^ the folid content of thft 



former, to a fourths to wit — , which will be the 

3 

folid content of the lattcri therefore the folid content 
, . of an ifofceles pyramid or cone whofe bale is b^ and 

Birhofe dtitude is a^ is found to be — : but the fo- 

Hiid concetit of an ifufteles prifm or cylinder having 
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an equal bafe and height is ^^ 5 therefore every ifof- 
celes pyramid or cone is a third part of an ifofccks 
prfm or cylinder having an equal bafe and an equal 
perpendicular altitude, ^ E. D* 

Corollary i- 

Hence the folid canieni of an ifofceks pyramid or c$ne 
is found by rmUiplying the area of the Imfe into a third 
pari of the perpendicular altitude, or elfe ky multiplyif^ 
the area of the hafe into the wbok altitude^ and then 
taking a third part of the product. 

Corollary 2. 

Hin€i alfo it follows that all ifofccks pyramids and 
cones upon equal hafes are to one another as their 
heights. 

A Lemma* 

361. If a pyramid of at^ kind hi cut by a plane pa- 
ralld to its bafe, the quantity of the feliion, or (which 
is all one) the quantity of the Imfe of the pyramid cut off, 
mil always be the fame, let the figure of the pyramid 
be what it wjll, fo long as the bafe and perpendicular 
altitude of the whole pyramid^ and the perpendicular al- 
titude of the pyramid cut off continue the fame : in which 
cafe, the perpendicular dijiance of the plane of the fiUion 
from the plane of the bafe will alfo be the fame* (See 

Let J be the vertex of the pyramid, and let EC be 
any one fide of the bafe i let the lines JB and ^Cbe cut 
by the plane of the fedtion in the points!) and E refpec- 
tively, and let AFG he the perpendicular altitude of 
;he whole pyraniid, cutting the plane of the fcttion 
in F, and the plane of the bafe in G, both produced 
if need be : join FD^ FE^ GB^ GC : then fi nee the 
bafe of the pyramid cut off will always be fimilar 
to the bafe of the whole pyramid^ whereof DE and 
^Care correfpondent fides i and fince all fimilar plain 
^gures are to each other as tl^e fquares of their coht 

rcfpoa4eo^ 
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rcfpondent fides by the aotfa of the fixth book of 
the Elements, it follows that the bafe whofe fide is 



VX)E will be to the bafe whofe fide is BC as DE^ to 

\BC\ that is, by fimilar triangles, as AD- is to AE\ 

>r as AF"^ is to ^C Since then as AG^ is to AF"^ 

fo is the bafe of the whole pyramid to the bafe of 

I the pyramid cutoff j fo long as the three firft con- 
tinue the famcj the laft muft alfo continue the iamc. 



Corollary, 



Since $be number of Jtdes of the pyramid is mi con-* 
^erned in the demonjiration of this fropojitimt^ which 
mil he equally true^ be the number of fides what ti wili^ 
it mufi alfi be true of the cone, which is nothing eife but 
a pyramid of an infinite number of fdes, let the Jhape of the 
cone be what it will; that isy whither AG ibeperpendi- 
pilar altitude of the cone paffes through the center ofthi 
pafe or not. 

^M A Theorem* 

^^|S2, If a prifm or cylinder of any kind ke dtfaribed by 
^ the motion of a plain figure afcending umformly in a 
^^ horizontal pofttion to any given height the quantity 
^k if the folid thus generated will be the fame^ whether 
^K the defcribing plane afcends direBly or obliquefy to the 
]^», fame height % and confequently ell prifms and cylinders 

of what kind foever, that have equal bafes and equal 
^^ perpendicular heights^ are cfual^ whether they fiand 
^V upon thofe bafes ereS or reclining. 

Fur the better conceiving of this, let the defcribing 

K^lane be made, not to afcend all the way, but fomc- 
igies to afcend perpendicularly, and fometimcs to 
move laterally or edge way ^ and that by turns : then 
^ut is plain that the quantity of folid fpace, or rather 
^Rhe fum of all the folid fpaces thus defcribcd, will 
amount to no more than if the defcribing plane had 

ifcendcd all the way perpendicularly to the fame 
eight. Let the times of thefe alternate motions 
whcrcirt 



380 Of Pyramids^ Cmes^ PriffnSj BoOk ^ 

wiicrein they are performed be diminiflred and 1 
nximber be incrcafed ad infnitum^ and ihcy will ter- 
iTtinate at laft in an uniform oblique motion^ and the 
folid generated by this motion will- be f qiial to a fo- 
lid gnseratetl by a perpendicular motion of rfce fame 
plane to the fame height. ^ E. D: 

N* B, What has here been demonftratcd concern- 
ing prifms arid cylinders, may be further illutl rated 
by Diding a pack of cards, or a pile of halfpence out 
of an ereft into an oblique pofturci whereby it may 
caCIy be Iten, that neither the bafe, or the^ perpendi* 
cular altitude, nor the quantity of the folrd can be 
affeded by this change of pofture ; but the finer,^ that 
is the thinner thefc conflituent lamn^ are, the nearer 
they will reprefent an oblique folid. 

A Theorem, 
^6^. All pyramidi and corns of wfjat kmdfa'ever th 

bave equal l^afes mid equal perpendicular heights mri 

emaL 

lo evince this, let us imagine two plain figures 
(whether fimiliar or difllmilar to each other it matters 
not) to rife together from the fame level, one direftly, 
?ind the other obliquely, but both in a horizontaj 
pofuion, and always upon the fame level ; and let 
ihefe planes be imagined not to retain all along their 
6rft magnitude (as was fuppoftd in the laft article) 
but to kllen by degrees as they rife, fo as by their 
motion to defcribc tapering figures, and at laft to 
vaniih each in a point : then it is eafy to fee, that if 
fhe tapering figures thus defcribed be pyramids or 
cones having equal bafes and equal perpendicufar 
heights, theie defer ibing planes muft not only be 
equal to each other at fir ft, and vanilh at equal 
heights, but they muft leffen fo together as to be 
equal to each other at all other equal altitudes what- 
ever: this is evident from the laft article but one: 
and therefore the folids defcribed by them muft ne* 
cciTariJy be equal ^ £, D. 

Cqhoi** 




■ 
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C o R o L L A R r. 

Hence it fellows^ ih/ii whatever wf have dmon- 
ftrated toncermng ifofceks pyramids^ conest pri/ms and 
flinders with reffeM to $hmr propmnim om to amther^ 
imii h eqmlfy irue if all otiers^ w&aiiver fiape *r 
pofture th^ may be in : m^ that all pyramids and cme$ 
§f the fame height are to eatb ether us their hafes^ thai 
^11 pyramids and ernes upm equal kafes are as ihmr 
heights^ and that every pyramid or cone is a third pari 
ef a prifm or cylinder having an equal bafe^ and an 
equal perpendicular altitude, 

A Lemma* (Fig. 60,) 

364, tit A BCD be a fquare %vhsfe bafe is AD# 
and whafe diagonal is AC ; and upon the center A, and 
with the radius AB, defribe the quadrant or quarts 
Qfa circle BAD : dram alfo the line EFGH or LGFH 
tr^ where within the fquare^ parallel to the bafe AD^ 

tti% the fide AB /jf K» the quadrant BD in F, the 
diagonal AC in G, and the oppofite fide CD in H^ 
and Jain AF : I fay then that the fquare of EF and the 
fquare of EG put together wiU always be equal lo the 
fquare of EH< 

For the triangles jfBC and JEG are fimilar, as 
having on^ angle at A in common, and the angles at 
B and E right-, iherefore £G will be to E/i as BC is to 
if/fj but 5C is equal to B4^ from the namrc of a 
fquare i therefore EG will be equal to EA^ and EG* 
toEA\ and EF^+EG' to EP^E J' = AF'=JD* 
^EH\ that is, £P4-£G*=£//\ ^ E. D. 






A Theorem. 

^&^. Every fphere is two thirds of a cfrctmfcribrng 
cylinder^ that is^ a iy Under that zvill jUft contain 
' it. 

[ For fuppofing all things as in the laft article^ 

(fee Fign 60} hi the fquare ABCD be now fuppofcd 
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to turn roUnd its fixed fide JBt fo that the fqoarc 
may generate a cylinder, the quadrant a hemifphere, 
and the triangle JBC an inverted cone ; and Jet this 
tylindcr, and confequently the cone and hetnifphere 
be confidered as confifting of an infinite number of 
infinitely rhin cylindric lamina : then if EH reprefents 
the femidiameter of any one of thefe lamina belong- 
ing to the cylinder, EG will be the femidiameter 
of fo much of this lamina as lies within the cone^ 
and £F the femidiameter of fo much as lies wttbin 
the hemifphere: and becaufe (by the laft article) 
the fquare of EF and the fquare of EG are both 
together equal to the fquare of EH, it follows from 
corollary 6 in art. 347, that rhe two circJes whofc 
ftmidiameters are EF and £G, are both together equal 
to the circle whofe femidiameter is EH*^ which 
is as much as to fay in odier words, fince the 
line EH was taken indiflerently* that every parti- 
cular iamtna of the cylinder is equal to two correfpoa- 
dent laminie at the fame height, whereof one belongs 
to thecone» and the other to the hemifphere j there- 
fore €QmponendB^ the whole cylinder is equal to the 
cone and hemifphere put together: but the cone 
has been proved already to be a third part of the 
cylinder, as having the fame bafe and height, (fed 
art, 360 *,) therefore the hemifphere muft be the 
remaining two thirds of itj that is, every hemi- 
fphere is two thirds of a cylinder of the fame bafe and 
height. 

Let us now imagine two fuch hcmifphcreSt 
and two fuch cylinders to be put together in one 
common baf(^» and the two hemifpheres will con* 
fticute a fphere, and the two cylinders a cylinder 
citcumfcribed about that fphere, and the fpherc will 
now be twu thirds of the circumfcribing cylindcf* 
'^E.D. 



A The- 
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ATheorem. 

366. Every fphere is equal to a cone or pyr'amid whoji 

bafe is the furface of the' fphere and whofe perpen^ 

dicular altitude is its femidiameteir. 

To demonftrate this, let a body terminated by 
plain fides, regular or irregular, be fo conitituted as 
to admit of a fphere to be infcribed in ir, touching 
every fide in fome point or other, as the cube and 
an infinite number of other bodies will ; and from 
the center of the infcribed fphere imagine lines to 
be drawn to every angle of the circumfcribing body : 
then will this body be difl:ingui(hed into as many py- 
ramids as it hath fides, whofe bafes will be the fc- 
veral fides of the body, whofe common vertex will 
be in the center of the fphere, and whofe perpendi- 
cular heights will be radii drawn to the feverai points 
of contaift, and confequently will be equal : for as 
when a circle is touched by right lines, all radii 
drawn to the feverai points of contadt will be per- 
pendicular to the refpeftive tanapnt lines •, fo when 
a fquare is touched by planes, -Av radii drawn to the 
feverai points of contadt will be perpendicular to the 
refpedlive tangent planes. 

Let then r be the radius of the fphere, and fet 
4, ^, f, d reprefent the quantities or areas of the 
feverai fides of the circumfcribing body ; and the 
folid contents of the pyramids whereof that body i$ 

ar br cr dr 
compofed will be -^, — ^, — , — , and the fum of 

^ 3,333 

all thefe pyramids^ or the folid content of the body, 

Ml u ar-Yhr^crArdr -. - , , , . . 
will be — • ' ' . Let a-Yb^^c-^-d—s^ 

that is, let s be the whole furface of the circumfcribing 

rs rs 

body, and its folid content' will be - — : but -— is 

the content of a pyramid whofe bafe is /, and whofe 
perpendicular altitude is r\ therefore every body 
4 CAXcatcvtx.x^io^ 
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circumfcribcd about a fphere is equal to a pyramid 
whofe bafe is the fur face of the body, and whole per- 
pendicular altitude is the iemidiameter of the infcribed 
fpliere. 

Let us now imagine the feveral angles of this cir^ 
cumfcribing body to be pared off clofe by the furface 
of the fphere, fo as to create more fides and more 
angles, and we ihall ftill have a body circumfcribed 
about the fphere, though in another (hape ; and there- 
fore the proportion already advanced will be as true 
in relation to this body as to the former : whence it 
follows, that if we fuppofe the angles of the circum- 
fcribing body to be pared off ad infinitum^ that is, 
till it differs nothing frogfi the infcribed fphere, the 
propofition will be as true of the fphere itfcif as it 
was before of the body circumlcribed about it, to 
wit, that every fphere is equal to a cone or pyramid 
whofe bafe is the furface of the fphere, and whofc per- 
pendicular altitude is its femidiameter. ^ E. D. 

A Th£0R£M. 

^Sy. ^e furface of every fphere is equal to four great 
circles of the fame fphere. 

Where note^ that by a great circle of a fphere^ I mean 
any circle arifing from afeSion of a fphere into two equal 
hemifpberes by a plane faffing through its center^ in con^ 
tradtftin£lion to a lejfer circle arifing from afeilion of a 
fphere into unequal parts : or a great circle of a fphere 
may he defined to be a circle whofe diameter is the fame 
with that of the fphere. 

Let s be the furface of any fphere, d the diameter 
and b the area gf a great circle of that fphere ; then 
will b be the bafe of a circumfcribing cylinder, d its 
altitude, and ^^ its folid content; therefore by the 

laft article but one, — will be the folld content of 

3 
the fphere: but by the laft article, this fphere is 
equal to a cone or pyramid whofe bafe is <r the furface 
I of 
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of the fphere, and whofe perpendicular altitude is 

— its femidiameter, a third part whereof is -^ ; there- 
fore — will alfo reprefcnt the folid content of the 
fphere : whence we have the foilowirig equation, to 
wit, — = — 3 which being reduced gives ^ = 4^* 

^ E. D. 

From the three laft articles may be deduced the 
followino; corollaries : 



•o 



COROLLARtfiSk 

368. ifl", As the diameter of a circle is to the cir-^ 
cumference^ that is, as y to 22 nearly^ fo is the fquare 
of the diameter of any fphere to it^s furface. For fup- 
pofing the diameter of a circle to be to the circumfe- 
rence as I to Cy and putting d for the diameter of 
any fphere, cd will be the circumference of a great 
circle of that fphere, fince as i is to ^^ fo is d to cdi 

multiply then — the femicircumference, into — the 

radiusj and you will have the area of ^ great 

4 
circle-, therefore four great circles, or the furface of 
the fphere, will be cdd: but as i is to c^ (o is dd to 
cdd', therefore 6?^. 

2d, Whence it follows, that The furface of every 
fphere is equal to the produSl of the circumference of a 
great circle multiplied iMo the diameter of the fphere. 
For retaining the notation of the laft article, cdd the 
Ibrface of the fphere is equal to cd the circumference 
of a great circle multiplied into rfthe diameter. 

3d, The furface of every fphere is equal to the convex 
furface of a circumfcribed cylinder. For if a concave 
cylinder without it s two bafes be flit, and then opened' 
into a plinc, the figure of that plane will be a paral- 

B b VdQoj^:ccv-^ 
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Iclogram, whofc bafe will be that line which before 
was the circumference of the bafe of the cylinder^ 
and whofe height will be the fame with that of the 
cylinder i therefore as the area of a parallelogram is 
found by multiplying the bafe into the height, the 
furface of every cylinder muft be found by multiply- 
ing the circumference of the bafe into the height of 
the cylinder : but the circumference of a cylinder cir- 
cumfcribcd about a fphere is equal to the circumference 
of a great circle of the fphere, and the height of luch 
a cylinder is equal to the diameter of the fphere ; 
therefore the convex furface of the cylinder will be 
equal to the circumference of a great circle of the 
fphere multiplied into the diameter, which by th© lall 
corollary is the furface of theinfcribed fphere, 

4th, The falid cmtent of every fphere is equal u the 
prcduB of its furface multiplied into a third pari of the 
radius, or the radius into a third part af the furface* 
This is evident from art, 366, 

5 th, jfs Jx times the diameter of a drck is to the 
drcumferencty that is^ as 42 is to 22 or 21 t& 11 
nearly^ fo is the cube of the diameter of any fpbere io it*s 
folid content. For if we fuppofe the diameter of a 
circle to be to the circumference as 1 to c^ the furface 
of a fphere whofe diameter is d will be cdd by the 
lirJl corollary ; and this furface multiplied into a third 

part of the radius^ or into a third part of — , which is 
T", gives -^ the folid content of the fphere i but as 



6 is to c^ fo is d^ to 



r^ 



therefore as fiK times the 



diamefer df a circle is to the circumference f© is the 
cube of the diameter of any fphere to it's folid con- 



tent. 



6th, ^be furfaas of all fpberes are as the fqumis^ 

md the folid contents as the cukes of their diameters or 

femidiameters. For luppofing the diameter of any 

drcle 
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circle to be to the circumrerence as i to f> and fyp* 

pofing d and e to be the diameters of two fpheres, 

the lurfaces will be cd'- and ce"- by the firft corol- 

cd^ €e^ 

lary, and the folid contents will be -7- and — - by 

the laft; but cd'' is to ce^ as i' is to ^\ or as 

is to -^ as d^ is to <% ^t as 



— IS to i 

4 4 


and -^ 








To fhew the ufe of the properties of the fphere 
above defcribed, I fhall add the toilowing problems : 

Problem r. 

369. Tq find how many acrej ihe fur/ace of ibe whole 

earth contains^ 

Let the diameter ot a circle be to the circumference 

as d to f, and let i be the circumference of the earth ; 

de di"- 

then will — be its diameter* and — its fur face by 

the fecond corollary in the laft article. Now the cir- 
cumFcrence of the earth is 131630573 Englifii feet, 
or 24930 Englifh miles nearly^ allowing 5280 feet 
to a mile; therefore if we make ^1=24930, wc fhall 
have £'=621504900. Now the numbers 7 and 22 
are Icarcc exaft enough to exprefs the proportion of 
the diameter of a circle to the circumference in com* 
pany with (o large a number as^'v let us therefore 
ufe chat of 113 to 355, which we have elfewherc 
flicwn (fchol. I in art. 179*} to be much more exad j 

de* 
that is» let d=iii^ and rrr 3 55^ and — or the fur- 
face of the earth will be 1 97831 137 fquare miles ; 
but every fquare mile contains 640 acres, therefore 
if the foregoing number of fquare miles be mukipliei 
by 640, the produft t266u92768D will be the num- 
ber of acres required, 

♦ ^%c the Qoarto Editicn, p* 282, 

B b 2 N.^. 
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N. B. To be more exaft in any computation chan 
the daia on which it is founded, can be to little or no 
purpofe- 

Pkoblem 2. 

370, fP'hai muft be the dmmeter of a concave fpbere that 
-tvill juji bold an Englijh gallon ? 

By the fitch corolkry in art* 368, as 11 is to 21^ 
fu is the ibUd content of any fphere to the cube of 
its diameter: but the folid content of our iphere is 
282 cubic inches or an EngHfti gallon by the fup- 
policion : therefore the cube of ics diameter will be 
53 8 /i-, the cube root whereof 8 .135 will be the dia- 
meter itfelf 

N* 5. The extradtion of the cube root is taught 
in moft books of Arithmecic, and depends on the 
nature of a binomiaij as doth the ex t raft ion of the 
fquare root j and therefore whoever fees the reafon of 
the latter, may (without much difficulty) reafon him- 
felf into the former; but the extraftion of the roots 
of all fimple powers will beft be performed by the 
help of logarithms, as will be fliewn hereafter when 
we come to treat of the nature and properties of thofe 
numbers. 

Of the Spheroid* 

373* V ^Jphere he refolved into an infimiB numhef 
(f infinitely thin cylindrk laminsej and then thefe lami- 
nae^, retaining their drcular figure^ be all tncreafed or 
ell dimimfbed in the fame proportim^ they will confiituti 
a figure mlled a fpheroid ; and it is faid ta be prolate 
or obhng^ according as thefe conjUtuent lamin;^ are in- 
€reafed or dimim/hed. This a learner, who is unac- 
quainted with the nature of the ellipfis^ may (if he 
peafes) take for the definition of a fpheroid. 
From the definition here given it follows^ 
I ft, that Every fpheroid is to a fpbere upon the fami 
axis, as any one lamina in the farmer is to a like lamina 
in the latter from whence it was derived i or as any 

number 
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number ^/laminsc in the former is to the fame number of 
like lamina in the latter^ that is, as airf portion of the 
former comprthended between two parallel planes per- 
pendicular to it's axis^ is to a like portion of the latter, 

2dly it follows, that Every JphrQid^ as well as every 
fpherey is two thirds of a circumfcribing cylinder. For 
though a fpheroid be greater or lefs than a fphere upon 
the fame ^.w, the cylinder circumfcribed about the 
fpheroid will be proportionably greater or lefs than 
the cyJinder circumfcribed about the fphere : for ha- 
ving the fame length, they will be as their bafes; 
therefore the fpheroid will have the fame proportion 
to a cylinder circumfcribed about it, as the fphere hath 
to a cylinder circumfcribed about the fphere. 
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EMMA. 



374. The chord of any circular arc is a mem propor^ 
tional between the verfe'd fine of that arc and the dia- 
meter. 

Let jiBC (Fig* 61) be a femicircle whofe diameter 
is ^C, and aflTuming any arc as yiS, draw the ftraighc 
line AB^ which is it*s chord ; draw alio BD per pen -^ 
dicular to the diameter ^C in D, and the intercepted 
]ine JD is called the verfed fine of the arc JB* What 
wc are then to demonftrace is, that the chord yJB is a 
mean proportional between the verfed fine y^Dandthc 
whole diameter JCi and this is eafity done by draw- 
ing the other chord BC\ for then the triangle JBC 
will be right-angled at 5, as being in a femicircle, 
and confc^quently will be fimilar to the right-angled 
triangle JDBi whence JD will be to JB as JB to 
AC. ^ £. D. 

Problem 5. 

375* To find the folid content of afruflum of a hernia 
fphere or hemifpheroid comprehended between a great 
circle perpendicular to it'^s axis and any other leffer circle 
parallel to it^ having thefe two ofpofite bafes and the 



height of the fruflum given. 
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N. B. As Q AD is fometimcs ufed for the fquarc 
of JD^ or a fquare whofe fide is JD^ (o in our nota- 
tion in this and fome of the following articles, we . 
ftiall not fcruple to ufc Q JD tor the arra of a circle 
wliofe lemidiameter is JD^ 2 Q AD for iwo luch 
circles, tfr. 

Lee ABCD (Fig. 60,) be a fquare whofd bafe is 
AD and diagonal AC \ and upon the center^ and 
with the radius AB defcribe thequa<irant BAD\ draw 
alfo the line EFGH any where within the fquare pa- 
rallel to AD^ cut ling AB in £, the quadrant in K the 
diagonal in G* and the oppofitc fidt; CD in H. This 
done, imagine the whole figure to turn roand its 
fixed fide AB i then will the fquare generate a cylin- 
der^ the quadrant a hemifpheie, the triangle ABCzn 
inverted core, and the ctjrvitinear fpace AEFD fuch 
a frulUim of an hcmifphere as we are to find the folid 
content of, having given AD and EF the femidtame- 
ters of tlie two oppofite bafes, and AE tlie height of 
the frullum. 

In the 365th article by the help of this conflnic- 
tion it was demo-ift rated, that tlie hcmifphere gene-» 
rated by the quadrant ABD and the cone generated 
by the triangle ABC were together equal to the cy- 
linder generated by the fquare ABCD} and the tea- 
fons there given for fuch an equality, equally prove 
that the fruftum generated by the fpace AEFD and 
the cone generated by the triangle AEG will both to- 
gether be equal to the cylinder generated by the pa- 
rallelogram AEHDi but the cone generated by the 

AE 
is equal to Q)EG%- — *, and the cy- 



AEG 



triangle 

linder generated by the parallelogram AEHD is equal 

to O^D %AE — 3 O AD%—~7QAD3poEfix 

AE 

— , therefore if/ be put for the folid content of the 
3 

/rtillum, we {hall have the following cqaationi 
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AE -- AK 
f-\-QEGx—=2Q^D-^QEHx i tran- 

AE 
fpofe GEGx — — and then we fhaU have /= 
3 

^ . _ A R 

2QAD-{-QEH—(^EG>L^^: but by the 364th 

article, and the fixch corollary in the 347th, QEH 

= O EF-\-0 EG J therefore QEH—QEG = QEF: 

fubftitute O £F inftead of QEH~ QEG in the fore- 

n— AE\ 

going equation (/= zQAD-]- QEH-^ QEGx — I 

AE 

and you will have f—2QAD-]-Q)Et'% — : this is 

upon a fuppofuion that the folid propofed is a fruftuni 
of a hemifpliere. Let us now fuppofe the folid / to 
confift of an infinite number of infinitely thin cylin- 
dric lamina parallel to its bafe, and then that thefe 
hmin<e^ retaining their circular figure, be all dimi- 
nifhed in fomt given proportion^ fuppofe in the pro- 
portion of r to J s then it is plain that the folid / will 
degenerate into a frullum of an, hemifpheroid, and 
that it will be diminilhed in the proportion of r to j j 

____^ jfE 

but then the quandty 2 © AB + £Fx — will alfo 

I . ^ 

[ be diminilhed la the fame proportion i and therefore 

I / will flill be equal to 2 Q^^+O^^X — 1 whence 

\ ^ 

I we have the following theorem for finding the folid 

content of the fruftum propofed, whecher it be a 

fruftum of a hemifphere or hemifpheroid. 

^0 twice the arm of the greater bafs add the area af 

the kfs^^ muhiply the fum k^ a third part sf the altitude 

pf the fruftumy andjbe preduSl will be its folid content. 
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Problem 6._ 

376. ^0 find the convex fur face of ar^ fegment of a fphere 
.wbofe bafe and height are given\ .(F^g- ^Q.) 
Retaining the conftruftion of the laft article, and 
fuppofing what was there proved, if from the hemi- 
fphere generated by the fpace ABD be fubtrafted the 
Iruftum generated by the fpace AEFD^ there will 
remain a fegment of the fphere generated by the 
fpace BEF\ and if to this fegment agairi be added 
the cone generated by the triangle AEFj they will 
■both together- conftitute a fedtor of the fphere gene- 
rated by the fpace ABF ; and laftly, if the folid con- 
lent of this fpherical feftor be applied to or divided 
by a third part of the radius ADj the plane or quo- 
tient thence arifing will be equal to the convex fur- 
' face generated by the arc 5F, which is here propofed 
to be determined. For as every fphere is equal to a 
cone whofe bafe is its furface and whofe altitude is 
its radius, (fee art. 366) fo (and for the fame reafoa) 
muft every feftor of a fphere be equal to a cone whofe 
. bafe is the fpherical part of its furface, and whofe al- 
titude is the radius. Now the hemifphere generated 
by the fpace ABD being two thirds of a cylinder of 
the fame bafe and height, as was demonflrated in art. 
365, ifs fplid content will be expreffed by 2 QAD}i 

^-—z^zQADx — -^zQADx — ; and the folid 

content of the fruftum generated by the fpace AEFD 

ar ^f 

was 2 O ADx— + O ^^X — ; fubtradt the latter 

3 3 • 

from the former, and there will remain the fegment 
generated by the fpace BEF equal to 2 O-^Dx 

r-T- — O ^^X *— ; add to this the cone generated 
3 2 

AE 
by the triangle AEF, whofe content is 0-EjFx— r^ 

^njj YOU will have the fphpric fcdtpr generated by the 

i'pac^ 
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EB 

:e ABF equal to 2 © AB % — < Let the diameter 

of a circle be to the cfrcumference as i to c^ and 
zADxc will be the circumference of a great circle, 
whofe half ADxc multiplied into AD the radius^ will 
give AD'-Y.c for the area of a great circle j therefore 

KB 
QAD=AD'%Cy and 2 Q^Dx^, or the content of 

3 
EB 
the feftor^ will be 2AD'xcK — : but EB is the 

3 
Terfed fine of the arc BFi and therefore if we put /for 
the chord of that arc, we flull have zADxEB^"- by 
the laft article but one; and the folid content of the 

fedior will now be /*Xt^X s divide by ,and 

3 3 

you will have the furface generated by the arc BF 
equal to I'Xc: but as AD-Xcw^s equal to QADy lb 
will rxc be equal to /, that is, to a circle whofe 
radius is the chord of the arc BF : therefore ibe fur^ 
face of every fcgment of a fpbere is equal fa a circk whofe 
radius is the dijiance of the pole^ or vertical poini «/ ibe 
fegment, from the circumference of its bafe^ 

What has here been determined concerning the 
convex furface of a fegment of a fphere agrees entirely 
with what was determined in art, 367 concerning the 
furface of a whole fphere. For if we fuppofe the arc 
BF to be a femicircle, its chord will then be a diame- 
'ter, and the furface generated by this arc will be the 
furface of the whole fphere ; and therefore the furface 
of this fphere will be equal to a circle whofe radius is 
the diameter of the fphere, that is, 2 AD : but a circle 
whofe radius is lAD^ is quadruple of a circle whofe m- 
dius is ADy becaufe all circles are as the fquares of 
their femidiameters ; therefore the furface of every 
fphere is equal to four great circles of the fame^ as 
was there demonftrated, 



THE 




' C 394 ] 

THE 

ELEMENTS of ALGEBRA. 

B O O K IX, P A R T i 

Of powers and their indexes, 

37 5- ^ f ^ ^ ^ indexes of powers have been al- 
I ready confidcred^ fo far as they ferve 
M^ for a fort of (hort hand writing in 
Algebra; but the incomparable Newton has very 
much enlarged our views with refpcft to thefe in- 
ikxcs or exponents, infomuch that it is by their means 
chiefly^ that fo many excellent, ufeful, and compre- 
henfive theorems have been difcovered both in Alge- 
bra and Geometry, and more particularly in the doc* 
trine of Fluxions, This fort of notation therefore I 
fliaJl now endeavour further to explain, in my ob- 
fervations upon the following fmall table ; 

Powers without their indexes. 



IfXX^X- XXK^^ XXX* 9CX* X. I. — .* 



XX 



XXX 



XXXX xxxxx 



- Powers with their indexes. 



x^: x\ x^. 



^* 



X -. 



^'^. 



This table confifts of two rows, whereof the upper 
IS a feries of powers expreffed without their indexes, 
the common root or fundamental quantity being xi 
the lower exprelTcs the fame powers by the help of 
their indexes. 



m 





Oes IRVAT rONS, 

379. ift, By ibis table it appears thai every fuhfi' 
queni power is the quotient of the ne^t kfare it be divided 
by the common root x, and that every fubfequent inde^ 
is generated by fubtraMng unity from the next before it: 
Thus »* divided by ^ gives x^ x divided by x gives 1, 

I divided by x gives — » — divided by a- gives — 
t>c X xyi 

l^ci ihus again* 2 — iz:ii» 1 — 1=0, o--i=t — i^ 

_- J — 1=: — 2 [^c. Since then each row exhibits a 
regular feries, it follows that the, ncgaiiye indexes 
have the fame right to cxprefs the powers they belong 
to as the affirmative ones, and that x~^^ reprefents 

*— upon the ftime foundation diat ** reprefents xx, 

. adiy, . Therefore whatever numier is the iniex of any 
fower^ its negative %vill be the index of the reciprocal 
of that pGwer^ or of unity divided hy that power: 
Thus if 2 be the index of K;if, — 2 will be the index of 

— i if I be the index of *■, — ^i will be the index of 

XX 

— \ and fo of the reft. 

jclIy, In dl cafes whatever^ the adiUtim of indexes 

! etnfwtrs to the muUipUmtion of the powers to which the^ 

, pekng ; that /J> if any two powers of the fame quantify be 

multiplied together J the index of the muhiplieator added to 

the index of the multiplicand will give the index ofthepro- 

duM. Thus Jf' multiplied into x^ gives x^^ asxxxxxx 

gives xxxxx: thus a'^xj^*"* gives x" 



*, as XXX — 

XXX 



gives— : thus ;^ *x^ ' gives jir 1^ as — X^ gives 

X XX XXX 



; thus XXX * gives x^^ z^ xxx — gives i: 

XXXXX ^ XX ^ 

x^X^"" gives ^% as xxxxi gives xxx. 



thus 



*t^^^ 
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4th !y. In like nmnnmr the fubiraiiton of indexes 
mfwers to the divrjim ef powers ; that is^ if awf 
power of any quantity be divided hy a power of the 
fame quantity^ the inde^ of ihe divifor fubtraited from 
the index of the dividend leaves the index of she quotient. 
Thus x^ divided by x- quotes x\ as xxx divided by xx%\ 
quotes 5r: thus x' divided by x^^ quotes x^ as X)ff 

divided by — quotes xxxxx : thus x^* divided by 



*' quotes x *^ as — divided by xxx quotes 



XX 



xxxxx 



thus X ' divided by x ' gives 



x\ as -^divided by 

XX 



thus x^ divided by x ^ gives x\ as i 



laftly* X* divided by x^ 



— gives X : 
xxx ^ 

divided by ^— gives xx 

gives x^, as xx divided by xx gives i. 

5thly^ If ihe index of any fmer he muhipUid by ] 
1, 3, 4, &c, the produif will be ihe index of ihe fquare^ 
pthy fquare-fqmre^ &c, of that power : mtd > therefore \ 
if the index of any power be divided ^ 2, 3^ 4^ &c. 
the quotient will be the index of the fquare root^ cube 
root^ fquare-fqtiare root^ &c, of that power. Thus 
the fquare of x* is x+, its cube a:*, its fquare-fquare 
x^ : thus again, the fquare root of x" is x^ its cube 
root A?+ : its fquare-fquare root x^ &e : thus the fquare 

root of X or x' is x% its cube root x^^ its fquare- 
fquare root .v"^ &c: 



thus the fquare root of— or 
^ X 



Sff * i^x % its cube root x"^j its fquare-fquare root 
sc ^ ^c: thus X* figniJies the cube root of x\x^ 

m 

the fquare-fquare root of x'. And univerfally^ x7 

fignifies that root of x"" whofe index is » i as if 

y^^x^^ then J is faid to be that root of x^ whofe 

index 
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^ index is », and muft be expreflfed by ;^ " j and there* 
fore if in any cafe ^"'==7''^ it will be a good inference 

m 

Q fay thac y is equal to p^ % or that x is equal to 

IT 

6th\yy Powers are reducible to mare Jimple powers^ 

m oftm as their fraMiond indexes are reducible to mors 

Jmpk frafJism, Thus the fquare-fquare root of af* 

'is the fame with the fquare root of ^^ becaufe 

7thly, If the index of any power he an improper 

fraSHon^ and that fraStion be reduced into a whole 

\Mumber and a frafliony the power will hereiy be refolved 

into two fa^ors^ whereof one will have the whole 

number for its index^ and the other the fractional part^ 

J Thus 1= 2 -f I, and therefore x'^=^x^%x^ \ that is, 
, the fquare root ofx^ is equal to xx multiplied into the 
! fquare root of x. 

Sthly, Surd powers may be reduced to the fame root 
by a reduction of their fra^ional indexes to the fame 
denomination^ and thai, ^whether the^ be powers of the 

fame quantity or not. Thus x^ and_)?^ are the fame 

I as x^ and y^i, that Is, the fquare root of x^ and the 
cube root of jr are the fame as the fixth root of :v' 
and tlie fixrh root of y, and thus may furds of diffe- 
rent roots be compared together without any ex- 
traclion of thole roots. As for inftance, if any one 
ihould afk me> which of chefe two quantities is the 
greater, the fquare root of 2, or tlie cube root of 3 ? 

I Ihould anfwer, the cube root of 3 ; for the fquare 
I ^1 1 

root of 2 or 2* or z^ is equal to 8^ i but the cube 

I root of 3, or 3"^, or 3% is equal to 9^ 5 and 9"^ 

is greater than 8 ^ 
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pthly, ^bat the addition and fubtraSlidn of indexes 
dnfivers to the multiplf cation and di*uiJion of the powers 
to which they hiidngj-'hitds ifikdly true in ftaffional^ 
indeicesj as in integral ones. Thus ^^-t^^^t* ^"d 

. i t » •■•■'.' 

x^X^^=* J which I thus dcmonftrate. Let^6=y; 
then by the 6fth obfervation we fhall have j'=x% 

is equal to y^ by the third obfervacion ; therefore 

■ If. 

x^ multiplied into x^ gives x . After the fame man- 
ner, fince I — T=T9 it may be dcmonftrated that 

x^ divided by a?' will give x* ; for/ divided by^» 

gives ^, which is equal to x^ ; and the demonft rations 
iMfill be the fame in all other cafes. 



PART II. 

Of logarithms^ and their ufes. 

The definition of hgaritbns^ and confeStaries drawn 
from it. 

Art.z^o. X OGARITHMS are a fet of artificial 
f J numbers placed over againji the natural 
ones J ufually from i to looooo, and fo 
contrived that their addition anfwers to the multiplica- 
tion of the natural numbers to which they belong ; that 
is^ if any two numbers be multiplied together ^ andfo pro- 
duce a third, their logarithms being added together will 
conjlitute the logarithm of that third. 

Thus o .3010300, the common logarithm of 2, 
added to 

O .4771213, the logarithm of 3, gives 
o .7781513, the logarithm of 6, bccaufc 
6 is the product of 2 and 3 multiplied together. 

From 



ii 
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From this definition it follows fir ft, Jhat in mj 
fyfiem or iabk of hgarHhms wbaieveTy the logarithm of 
unity or 1 will be nothing: for as i neither increafes 
nor diminifhcs the number mukipfied by it, lb nei- 
ther will its logarithm cidier increafe or diminilh the 
logarithm to which it is added j and therefore the lo* 
garithm of i muft be nothing. 

adly^ Fw a like reafon^ the logarithm of a proper 
frdEiion will always be negative : for fuch a fraftion al- 
ways diminilhes the number multiplied by it, and 
therefore its logarithm will always diminifli the loga- 
rithm to which it is added. 

gdly. This property of logarithms^ whereby they are 
defined as above, affords us no fmall compendium in mul^ 
iiplicatiQu: for whenever one number is to be multi^ 
plied by another^ it is but taking out cheir logarithms, 
and adding them together, and their fum will be a 
third logarithm whofe natural number being taken out 
of the tables will be the produd: required; 

4thly, The fubiraBion of logarithms anfwers ta the 
divijion of the natural numbers to which th^ belong ; 
that is, whenever one number is to be divided by 
another, it is but fubtrafting the logarithm of the 
divifor from the logarithm of the dividend, and the 
remainder will be the logarithm of the quotient: and 
thus by the help of logarithms may the operation of 
divifion be performed by mere fubtraftion as that of 
multiplication was by addition, Hence^ as every 
froBion is nothing elfe but the quotient of the numera- 
tor divided by the denominator^ its logarithm will be 
found by fubtraBing the logarithm of the denominator 
from the logarithm of the numerator. To demonftrate 
this, to wit, that the logarithm of the divifor fub- 
trafted from the logarithm of the dividend will leave 
the logarithm of the quotient, let the number J be 
divided by the number 5, and let the quotient be the 
number C, and let the logarithms nt the numbers 
jf, B and C be ^, ^ and c refpedlvely ; I fay then 
that a^^b will be equal to e : for fince by the fuppo- 
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Ution ^=rzC, we fliall have A=BC^ and ^=^+r by 

the definition 5 whence 4 — i=2r, 

5chly^ ^j fi?^ fourth proportional is found 3y ;^ff/- 
tiplying the fecond md third numbers together^ and di- 
viding the produQ by thefirji^ fa the logarithm of every 
/ucb fmrth proportional will be found by adding the 
logarithms of the fecond aad third numbers together^ and 
fubtraBing from the fum the logarithm of thefrji. This 
renders all operations by the rule of proportion ver/ 
compendious and eafy ; efpecially afrer the pradi doner 
has pretty well inured himfelf to takeout of the table 
logarithms to his nunribers, and numbers to his loga- 
rithms : but this compendium is chiefly uferul in 
Trigonometry, both plain and fphericalj where every 
thing he wants is put down ready to his hands. 

6thly, If A be awy number wbofe logarithm is a, then 
the logarithm of A* will be 23, that of A% 3 a &c^ 

that of -^^ — a, thai of~^ — 2 a i^c, Jnd »«/- 

ver [ally ^ the logarithm of A"^ will be axni, and 
ibat^ whether the index m be integral or fra^ional 
affirmative or negative: on the other bandy if q be the 

iogarithm of afiy power of A, as 'of A*", then -^ will be 

the logarithm of A. The reafoo of all this is plain ; 
for as A'' is the produft of ji multiplied into itfdf, fo 
its logarithm will be the logarithm of Jl added to 
itfelf or doubled, that is za ; and fo of the higher 

powers. Again, as r- is the quotient of unity divi- 
ded by Ay Its logarithm will be found by fubtracling 
«, the logarithm of Ay from o, the logarithm of i* 

whichgivcs— ^5 and fo of the lower powers. Laftly, 
as V A when multiplied into itfelf, produces jf, fo 
its logarithm, when added to itfelf, ought to make 
a I therefore the logarithm of V vf will be f ^ ; and 
io af all the olba ti?&\otw^l ^gowers. Here then again 
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e have another inftance of the very great ufefulnefs 
r' a good table of iogarithms, to wit, in raifing a 
^number to any given power, or in cxtrafting any 
given root out of it, all which is performed with 
equal facility, only by multiplying its logarithm by 
'the index of the given power, or dividing it by the 
index of the given root j as doubling it for the fquare, 
tripling it for the cube &c ; halving it for the fquarc 
root^ trifefting it for the cube root &c : this, I fay, 
cannot but be very ufefui in a great many cafes, and 
more cfpecially in Annatocifm, where we have fome- 
imes occafion to extraft even the three hundred fixty 
ififth root of a number, as at other times to raife it 
^to the three hundred fixty fifth power, fcarce poffiblc 
'to be performed any other way ; to fay nothing of the 
innumerable miftakes that in fo long and laborious a 
calculation would be almoft unavoidable, all which 
are prevented by the ufe of logarithms. It cannot 
indeed be expeftcd that entire powers, and much Icfs 
ntire roots fliould be gained this way ; but it will be 
cafy in moft cafes to obtain as many terms as can be 
of any ufe to us. 

7thly, If any fit &f numhersy as A, B, C, D he in 
'CHlinual geomcirkal proportion^ their logarithms^ which 
'€ fhall caU^ a, b, c, d, will he in arithmetical pro- 
effion: for fince by the fuppofition ^ is to 5 as J is 

BCD 



to C as C is to i3, 
have 



that is, fince ^=^=7^* wefliall 



k~a^=^€^>^:^d — c by the fourth confcc- 
tary i therefore «, it, c, d are in ariihmtrticai progrcf^ 
rfion* ^ E. A 

Sthly, From this lafl confeiJary it wiUbi mfy^ having 
m numbers givm^ to find as nmny mean proportionals as 
ve pkafe between them. Let the given numbers be 
and/", and let it be required to find four mean 
proportionals between them, which we flull call 
, C, A £t fo that Jr Br C, I>, £, F may be ia 
incinual geometrical proportion • Here then it is 
pvident from the lad confeftary, (Jiat as tbefc n\im- 

C c Vv^v 



402 ^be Nature mdUfs Book IX. 

bcrs are in continual geometrical proportion, their 
logarithms, which we ftall call a^ by Cy dy ^, /, will 
be in arithmetical progreffion, whereof the extremes 
tf and/ are known, as being the logarithms of the 
known numbers A and F, and the intermediates may 
be found thus. Put x for the common difference of 
this arithmetic progreffion ; then will a^xz=:iy a^ix 
s=:r, a-^-^Xz^dy tf-|-4^r=:^, tf-j-jjxrr:/; whence y= 

^ — 5 whence ^-j-x or ^=:tf-|— ^^^ = y ih\-2X 

5 , 5 5 

or c=: ^^ ■> <J+3^ or d=i — -'-^j ^+4^ or ^=; 
5 5 

■ ^ i fo that the logarithms of the four mean pro- 

. 1 /. . 4^+/ 3^+2/- 2tf+-3f ^+4/ 
portionals fought are^— -^, ^ ^ . ^ \^ ^.,:±X : 

5 5 5 ' 5 

take then the natural numbers B, C, D, E of theft 

Jogarithms, and they will be the mean proportionals 

required. , ^ E. L 

[Logarithms the meajures of ratios. 

391. Logarithms are fo called from their being the 
arithmetical or numeral exponents of ratios : for if unity 
be made the common confequent of all ratios, or thfc 
common ilandard to which all other numbers are to 
he referred, then every logarithm will be the nume- 
ral exponent of the ratio of its natural nun^er to 
unity. As for inftance, the ratio of 81 to i a£lually 
contains within itfelf thefe four ratios, to wit, the 
ratio of 81 to 27, that of 27 to 9, that of 9 to 3, 
and that of 3 to i (fee art. 293 ;) all which ratios 
iare equal to one another, and to the ratio of 3 to 1 ; 
therefore the ratio of 81 to r is faid to be four times 
as big as the ratio of 3 to i (fee art. 294:) and 
hence it is that the logarithm of 8 1 is four times at 
big as the logarithm of 3. Again, the ratio of 24 
to J contaiaS) vsA pia^} ^ ttColved into ihefe three 
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ratios, to wit, the ratio of 24 to 12, that of 12 to 
4, and that. of 4 to i ; the firft of thefe ratios, to 
wir, the ratio of 24 to 12^ is the fame with that of 
2 to I V the fecond, to wit, the ratio of 12 to 4 is 
the fame with that of 3 to i \ and therefore the ratio 
ef 24 CO r is equal to the ratios of 2 to i, 3 to i» 
and 4 to I put together; and hence it is that the 
logarithm of 24 is equal to the logarithms of 2, 3 
and 4 put together : And univerfdl)\ the magniiude 
ef ibe ratio of A to i is to the magmiude of the raiio 
of B iv I as the kgariihm of A is £0 the logarithm of 
B. And hence we have a way of meafuring all ratios 
whatever J let their CQnfeqnents he what they will: as 
for example, the ratio ot AtoB is the excefs of the 
ratio of ^ to I above the ratio of ^ to i (fee art. 
296 J ) therefore the numeral exponent of the ratio of 
A to B will be the excefs of the numeral exponent of 
the ratio of ^ to i above the numeral exponent of the 
ratio of 5 to 1, that is, the csccefs or the logarithm of 
A above the logarithm of J?; therefore Thtfnagnitude 
of the ratio of A to B is to the magnitude of the ratio 
ofCtoD as the excefs of the logarithm of A^ above the 
kgaritbm ofB^ which is the fmafure of the former ratio^ 
is to the excefs of the logarithm */ C above the logarithm 
of D, which is the meafure of the latter ratio : and thus 
we fee that logarithms areas true and as proper mea- 
furcs of ratios as circular arcs are of angles, 

I might have defined logarithms from the idea here 
given of them, and thence have deduced all the other 
propfrties above defcribed: but as it is not every one 
that hath a jud and diftin£t notion of the nature aad 
compofition of ratios, I thought it more advifeable 10 
treat of them in ^ way more familiar to the learner^ 



Of Brlggs's Logarithms^ 

392, From the defimtion given in art* 390 it may 
eafdy he feen^ that if any one fyftem of logarithms be once 
jobtmmd^ an tnjkite number of others m£^ he derived 
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from them by increqfing or diminijhing the kgaritbms of 
ibat fyjlem in f&me given proportion. As for inftancc, 
in tiie (yltcm given let ^, b^ Cj be the logarithms of 
three numbers, A^ B and C, whereof the third is the 
produil of the other two multiplied togetheri then 
will a-\-bz=.€j by the definition. Let us now ima- 
gine all the logarithms of this given fyftem to be 
doublfd ; then will ^, i and r be changed into %aA 
2h and ic \ but as a^b was equal to c in the formerj 
Jyftem, io now will za-^-ib be equal to 2 f in the lat-! 
tcr; that is, all the numbers of this new fyftcm willl 
ftilt retain the property of logarithms. But though all 
ibefe different fyjfems be equally perfeS^ if computed to 
the fame degree of aecurag^ yet they will mt all ii 
equally convenient for ufe j for of allfyjiems or tables ef 
bgaritbms^ thai is certainly befi accommodated for pra^ice 
which is now in ufe^ and is commonly known ly the name 
ef Briggs*s kgaritbms. The Lord Napeir^ a Scotct 
Nobleman was the firft inventor of logarithms •, but 
our Countryman Mr. Br iggSy Profeffbr of Geometry 
in Grefbam Colkge, was undoubtedly the firft who 
thought of this fyftem, and propofing it to the noble 
inventor* the Lord Napeir^ he afterwards publifhed it 
with that Lord*sconfenc and approbation. 

The dijlinguiping mark of this fyflem isy thai herein 
the logarithm of to is i^ and confequently that of 100^ 2^ 
that of 1000, 3 J that of loooo, 4, &c ^ that ^ 1, 0, 

that of — or of o .1, — i. tlMi of crqfo *oi, 

''10 "^ ^ JOO *' 

^^2^ &c, /;; this fyjlem the integral parts of the loga* 

rithnts are always Sjiinguiped from the reft^ and called 

the indexes or chnraiferijiics of the lognrtthms whereof 

tbtyare parts : thus the logarithm of 20 is i .3010300, 

where the charaderiftic is 1 ; that of 2 is o •3010300, 

2 
where the charafteriftic js o : that of — or o .2 is 

— *+ •3010300, where — i is the charaderiftic, fSc. 
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33, Some of the chief advantages of 
beyond all others, will appear from the tollowing 
Iponnderacions. 

p ifl:. Whereas wc have frequent occafion to multi- 
ply and divide by 10, 100, 1000, t^c. this in this 
iyftcmis very readily performed^ only by adding tci 
or fubtrafting from the charafteriftic the number^ 
y, 2, 3, fcfrj and as thefe arc whole numbers, they 
'can only influence the index or chara&eriftic of a lo- 
garithm, wiEhouc afFe£b*ngthe decimal part, 

2dly, So long as ifTe digits that compofe any num- 
ber are the fame, and in the fame order, whatever be 
their places with refpeift to the place of units, the 
Jecimal parts of the logarithm of fuch a number 
nil always be the fame. As for inftance, let 44-/ 
k the logarithm of this number 34567 .89, wherd 
[4 is the charafleriftic, and / reprefenes the fum of all 
khe decimal parts % then will 5-I-/ be the logarithm 
[of 345678 ,9, 64"/ that of 34567S9, 7-]-/ that of 
^24567890, &c. On the other hand, ^-f-l will be 
[the logarithm of 3456 789, 24-^ that of 345 ,6789, 
\t^ that of 34 ,56789, o-(-/ that of 3 .456789, 
--i-j-^thatof 0,3456789, — 2-1-/ that of 0,034567891 
1 l^c : the reafon of this is plain ; for if [he number 
34567 .89 be multiplied by 10, the produft will be 
345678 .9 \ therefore if to 44-4 ^he logarithm of the 
I* former number, be added i, the logarithm of lo, 
I the fum 5-f-/ will be the logarithm of the latter. 
Again, if the number 34567,89 be divided by 10^ 
the quotient will be 3456. 7-89 ; therefore if from 
4-[-/, the logarithm of the former mimber, be fub- 
tra£tcd I, the logarithm of 10, the remainder 3+/ 
Will be the logarithm of xht^ latter. Here then wc 
fee the reafdn why in Briggs^s tables, the decimal part 
of every logarithm is affirmative, whether the whole 
logarithm taken together be fo or hot ; for in the 
logarithm of all numbers greater than unity, both 
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the integral and decimal parts are affirmative ; and 
therefore the decinpal part$ muft always be fo, lince 
thefe are not changed by changing the natural num- 
btf, fo long as the digits that compofe it are thelahiey 
r ■ ■ ■ «^ J • 
and in the fame order : thus or — .3 m^ be a I0-. 

garithm 5 but it is never expreflcd fo, but rather 
thus, — i-l— 7» ^^ negation being thrown wholly upon, 
tfce charaftcn/lic 

, 3dly. By this means in Briggi.s, fyftem the'ch'arac- 
teriiUc of the logarithm of aay number is eafilylcnown 
tKus : fupppfe I was afked, wb^t is the charac^eriifti^.of 
the logarithm of this number 345^7 .8.9 ? Here 3j con- 
i)der that this number lies between 10000 and 1 60000 \ 
therefore its logarithm muft be fdme number between 
4 and 5 ; tlierefore it muft be 4 with fome decimal parts 
annexed) that is, the charaft^riftic muft be 4, And 
again, fuppofe it was required, to aiTign the cliaradter- 
iftic of the logarithm of this h!utxiber, o .03456789 : 

here I confider that this number lies between ^— and 

-^ — , that is, between o.i apd 0.01, and therefore 

it3 logarithm muft lie between — i and — 2,- that hi 
its logarithm muft be — 2 with fome affirmative dc= 
^imal parts annexed, to leflVn the negation v thereffori 
the charafteriftic will be ^2. ' ' ' , 

^0 find, the cbaraSierijiic of Briggs's logarithm of 
any number. ' ^ 

394. Hence may be drawn a fhort and eafy rule 
for determining the index or charaderiftic of the lo- 
. garithm of any number given, thus. If the number 
given be a 'whole number^ or a mixt number conjtfting 
Pf integral and decimal parts^ then fo many removes 
as is the place of units to the right hand of thefirft 
figure^ of fo mariy units will the charaEleriftic conjifl : 
hit if the number ^fropofed be a, pure defimal^ thenfo 

many 
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many removes us is the place of unUs to the left band. 

of the firji Jignificant figure ^ of fa maftf negative units 

will the cbaraBerifiic confiji. Thus the index or cha- 

radcriftic of chc logarithm of this number 34567 -89 
'is 4, bccaufe 7 in the place of uniu is four removes 

to the right hand of the firft figure 3 : thus again^ 
I the charatteriftic of the logarithm of this number 
.0 *03456789 is — 2, becaufe o in the place of units 

is two removes to the left hand of the firft fignrficant 

figure 3. 

Thefe rules are the more to be obferved, becaufe 
•in fome tables the integral parts of ail logarithms 

are omitted, being left to be fupplied by the operator 
I himfelf, as occafion requires i by this means, the lo- 

farithms become of much more general ufe than if, 
y having their charafteriftics prefixed, they were 
tied down to particular numbers. 

Amther idea of kgariihms. 

395. In the fyfiem here defcrihed^ every natural num- 
ber iSy or may be mifideni as fome power of lOy and 
fits logarithm as the index of that power : for let a be 

the logarithm of any natural number as Ai, then fince 
Briggs's logarithm of 10 is r^ his logarithm of 10" will 
be a I this is evident from art. 390 confcft. 6 i there- 
fore yf mult be equal to io% fince they have both the 
'fame logarithm ■» that is, the natural number yfis 
Tuch a power of 10 as is expreflTed by Its logarithm ^^. 
This confideration gives us a new idea of logaathms, 
and to one acquainted with the nature of powers and 
their indexes, it will be no wonder that the addition, 
fubtraflion, muItipHcation and divifion, of thefe loga- 
»'Tithms anfwer to the multiplication, divifion, involu- 
I tion and evolution of their natural numbers* 

Precdutions to h ufid in working iy Br}ggs*s 
kgaritbms. 

396, Though thefe logarithms (as I obferved be- 
yFor^) arc preferable to all others, on Recount of their 

" ' ' * ' fvttv^\kii^ 



fimplkity and faciHcy in praflice, yec in ufing them 
Jbme precautions are to be obfcrvcd, which (to pre- 
vent tniftakes) I fliall here juft point out to the 
learner V as 

ift. In the nddiiion c/ kgariibms^ whatever is car- 
ried eraerfnm the decimal i§ the integral partf^ mufl be 
€mfidertd as affirmative^ and as Juch mujl he added ta 
ibofe integral parts^ whether they be affirmative qt ne' 
gative^ Thus — 3^-7000000 being added to — 4 
-|- ,8ooooooj the fum will be — 6-|- •5000000-, for 
though the fum of the charaftcriftics — 3 and — 4 be 
—7, the affirmative unit drawn from the decimals 
reduces it to — 6. 

2dly3 Whenever a fuhirallien is to be made in kga* 
titbmsy it muft be pafc^med in the decimal parts as ' 
ufual \ but if the choral eriftic of the fubtr abends or of 
ihe number from whence the fubtraSion is to be made^ 
er of bath be negative^ they muft be treated in the fub* 
trailiQn as the nature of fuch quantities requires* . Thus 
— 3+ ,8900000 fubtrafled from -^i-f- *76ooooo| 
leaves 1 ,8700000 1 for if ^1, on account of thcj 
decimals, be added to — j^ the charaftcriftic of the | 
fubtrahendj it will be reduced to — 2* which being 
fubtra<5ted from — ^i as above, leaves -J- 1* Nay, the J 
learner muft not be difcouraged if he iomerimes fiodij 
himfelf obliged to fubtraft a greater logarithm from] 
a Icfs, as will always be the cafe where the logarithm] 
of a proper fraftion is required : as for example, Ictj 
it be required to find the logarithm of '-: here fub- 
trading o ,3010300, the logarithm of 2, frot 
0,0000000, the logarithm of i, there will remaiti' 
— i-j- ,6989700, the logarithm of t i f<>J^ '^i this fub- 
cradlon, -]-i on account of the decimals being added 
to the charafteriftjc of the fubtrahend, gives i, whicli 
fubtrafted from o above, leaves — ii , 

Note, The logarithm of a vulgar fraBion may alfo 
he obtained by throwing it into a decimaL Thus the 
logarithm of -f- may be obtained, either by fubtrading 
the iogarithmof jftom that of 2^ or dfe by taking 

Qiat 
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out the logarithm of this decimal fraftion ,666666j^ 
which is the fame as the logarichm of the whole 
number 6666667, except chat the charaftcriflic of the 

Informer logarithm is — r , and that of the latter -|-6, 

PP S^ly, In the muUipBcaiwn of logarithms the fame 
care muft be taken as in addition. Thus if it be required 
to multiply this logarithm — 3 -]- ,7000000 by g» 
the produft will be — 21+ .30000001 for though 
the product of — 3x9 be — 27, yet the +6 drawn 

l_Trom the decimals reduces it to — 21. 

1^ 4thiy, Whenever a logarithm is to he divided hy 2, 
g, 4, &:c in order to obtain ihefquare^ cube^ biquadrate 
&c root of its natural number^ if the shara^teriftic be 
negative^ and will not be divided without a fralliony my 
way is t& refolve it into two farts^ to wtt^ into a mga^ 
tive part which will be divided^ and an affnnative part 
which will incorporate with the decimals annexed. Thus 
if I was to take the half of this logarithm — 1-|* 
j_*7OOOQO0| I cannot join the — i to the decimals an- 
aexedj becaufe they are quantities of different kinds ; 
therefore I refolve the charafteriftic ^—1 into two 

I parts, to wit, *^2-4-i, and then taking the half of 
^2, which is — I, I join the affirmative part +1 
^ the decimals annexed, and fo take the half of -^17, 
which is -|-8 i^c\ therefore the half of the aforcfaid 
logarithm is —i-j- ,8500000: had the charafteriftic 
cen i— 3, 1 (hould haverelblvcd it into*-44-i. Had 
of the fbrefaid logarithm been required, I Ihould 
lave refolved the charafteriftic — i into -^3^-2» 
jtnd fo Ihould have taken, firft, the third part of ^ — 3, 
fhich is ^-1 and then of 4"^7> which is *^9 : had 
le charafteriftic been ^^2, 1 fhould have rcfolved it 
[^nto — 3-^1 ; had it been —4, \ Ihoyld have refolvcd 
it into— 6-|-2, and fo on. 

N* B. Of all the tables hitherto in ufe whofe loga-^ 

rUhms do not run to above feven decimal places, I 

ike thofe publillied by Dodor Sbet^in to be the beft 

upon many accounts, and particularly in the difpofi- 

lion of the logarithms; theft therefore 1 ftiall not 
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truple to recommend to my readers^ whom J fhall 
alfo refer to the diredions there given for finding the lo- 
^nihmsot all abfolotc numbers frora i to 10000000, 
and via verfa. R\st I piuft own I cannot wiih equal 
jufticc recommend the method there taken to avoiJ 
negative indexes by creating new one^, and by ufing 
arichmedcal connpJements, Jt is not to be denied buc 
that this lort of pradice miy be abfolutely nccedary 
to iiich as know noibing of the nature and ufe of ne- 
gative quantiEiea; but chofe who do, I believe^ will 
find the ruies bcre laid down more natural and con- 
venient ; and as ihey carry their own reafons- along 
with them, I doubt not hut that the learner will find 
them eafirr to ^be ren^embGred, and lefs liable to be 
mifunderlVood. 

397* In .the tables above recommended, after tha 
logarithms on every page, are two columns, one called^ 
ft coWmn of difference^ and figned D, the othei 
cthcd a column of proportional pares, atid figned' 
Pis above, and Pre below : thefe two colunifis, a5 
well as the celt, have been explained by the authori 
but left they ibould not be thoroughly underftood by 
what is tlicre faid of them^ I fhall take the liberty byj 
a fingle inftance, to explain more at large the rearoftj 
and ufe of thefe columns : I fhall take my examplcl 
from the auihor himfelt. L^et it then be required 
find by th^ ^blcs the logarithm of this number of J 
fcven places, to wit, 5423 75S : to do this, 1 firft put] 
down 6, the character jftic of the logarithm foughtij 
according to the directions given in art. 3941 then 
I confiderin the next place, that though by the hel| 
of the tables we can find the logarithm of any num- 
ber under looooooo, yet that the abfolute numbers 
there do not, properly fpeaking, run to above five 
places i therefore I lower the abfolute number given, 
lo wit, 5423758, to this 54237 ,58, which will not 
affeft the decimal part of the logarithm fuugbt j then 
fetting afide the charaderiftic, I take out of the cables 
IJ16 logarkhtn of tbi five integral places 54237 

^KOQtding 
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according to the diredions there gi^cn, and find it 
to be 7^^42957 ; this I fubtraft from the logarithni 
of 54238, that is, from 7345037, and find the dif- 
ference to be 80. Bur the defign of the column of 
djfierences is on purpofe to axroid this fubcradlion i 
for had I taken out of that column the number oppo^ 
fite to 5+237, the uitegral part of the abfolute numr 
ber propjfed^ or if no fuch oppofire nunnber was ro 
be found, had 1 taken tire neareft number abov^c, 
(not below,) I fhould haw found' the number 80 .t, 
that is, in a whole number, 80, without any fubtratir- 
tion. Thus then the cafe ftands : as the abfolute 
number propofed 54237 .58 lies between the two 
neareft tabular numbers 542^7 and 54238, whofc 
difference is i, lb mult the logarithm fought lie be- 
tween the logarithms of the tabular numbers above 
mentioned, whofc differenteis 80 ; therefore I fay by 
the golden rule, as i, the difference of the two tabu- 
lar numbers between which mine Hes, is to So, the 
difference of the two tabular logarithms between which 
the logarithm fought lies, fo h ,58, the difference be- 
twixt my number and the neareft lets tabular number^ 
to 46, the difference betwixt the logarithm fought 
and the neareft lefs tabular logarithm ^ thercfure 
adding this difference 46 to the neareft Ids tabular 
logarithm, to wit, 7342957, I have 7343003, which 
being joined as decimal parts tr> the charafteriftic 6, 
gives 6 .7343303 for the logarithtn fought, This 
number 46, which was the fourth proporfiunal above 
found, is called the proportional part, becaufe it is 
the fame proportional part of So, the difference of the 
two neareft tabular logarithms, that .58-, the decimal 
part of the number propofed, is of i, the difference 
of the two neareft tabular numbers. Whoever attends 
to the foregoing operationi will eafi!y perceive, that 
. this proportional part 46 was gained from multiply- 
ing 80, the common difference, by ,58, the decimal 
parts of the abfolute number propofed ; and the fame 
would have been ob tamed if the common difference 
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80 had 6rft beea multiplied by ,5 and then by .08, 
and the produfts been taken into one fum : now it is 
to fave thefe two multiplications that the column of 
proportional parts was contrived \ lor whoever looks 
there for the common difference So will find all the 
produfts of the faid common difference multiplied by 
.1, ,2, .3, .4, .5&C to .9 inclufively; and look- 
ing for the number over againft .5^ he will find the 
number 40^ which fliews that the number 40 is ^Vi 
of the common difference 80 j fo alfo over againftj 
8 he wiil find the number 64^ which fliews that the 
number 64 is ^%. of the common difference 1 but wc 
do not want /^ of it, but 8 hundredth parts % there- 
fore he muft not take the number 64, but a tenth 
part of that number, to wit, 6 ,4 or 6, which bejn|^ 
added to 40, the proponional part before found, ^ 
gives 46, to be added to the neareft lefs tabular la- 
garithm in order to obtain the logarithm fought. 

But when all poffible exadnefs is required, and no 
errors arc intended to be committed, but fuch as un- 
avoidably arife from the imperfcdtion of the Ioga> 
rithms themfelves, I would advife the reader to com- 
pute the proportional parts himfcif, as above, rather 
than truft to the table for them* though he will rarely 
find any confiderable difference. My reafon for this 
advice is, becaufe in the table of proportional parts^ 
no notice is taken of decimals, whereas thofe decimals 
ought not in all cafes to be neglefted, at lead not till 
the operation is over, and the artift fees what ic is he 
throws away or takes into his account, to Icffcn the 
error ^ much as he can. 
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